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Abstract
We study an ensemble of random waves subject to the Aharonov-Bohm effect. The introduction of a point with a magnetic flux of arbitrary strength into
a random wave ensemble gives a family of wavefunctions whose distribution of
vortices (complex zeros) provides the topological phase effects associated with
the Aharonov-Bohm effect. Analytical expressions are found for the vortex number and topological charge densities as functions of distance from the flux point.
Comparison is made with the distribution of vortices in the isotropic random wave
model. The results indicate that as the flux approaches half-integer values, a vortex with the same sign as the fractional part of the flux is attracted to the flux
point, merging with it at half-integer flux. This is reinforced through a study of
the vortex trajectories in individual random waves, which reveals the transport
of topological charge to the flux point via a mechanism akin to that of Hilbert’s
hotel.
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Chapter 1
Introduction
1.1

General Introduction

The subject of this thesis is random wavefunctions in the presence of an AharonovBohm flux point. We shall study both individual random waves and the statistics
of the whole ensemble of such waves, in both cases focusing on the behaviour of
singular points in the wave.
Random waves provide a universal model describing diverse stochastic phenomena. A particular case is the isotropic random wave model [LH57a, WW10, BD00],
representing an ensemble of solutions of the Helmholtz equation (time-independent
wave equation) which is ergodic and statistically invariant to Euclidean transformations, and whose only lengthscale is determined by the wavenumber k. An
isotropic random function contrasts with a plane wave, which propagates in a
specified direction; this is similar to the difference between surface oscillations in
the bulk of the ocean [LH57b], and waves breaking close to the shore. A major
application of the random wave model follows from Berry’s hypothesis [Ber77a]
that random waves quantitatively resemble high-energy modes and resonances of
systems whose classical dynamics is chaotic, and much effort has gone into explor1

ing this under various conditions [WW10, Stö00, BS02, Ber02, KSW05, UR03].
As such, the random wave model plays an analogous role in the quantum chaology of eigenfunctions to the random matrix hypothesis for eigenvalues, i.e. that
spectra of Gaussian random matrices give a good model of the distributions of
energy eigenvalues for quantum chaotic systems, orthogonal or unitary depending
on whether time-reversal symmetry is preserved or broken [B+ 91].
Here we explore an ensemble of random wavefunctions in which, like waves
at the shore, time-reversal symmetry is broken: two-dimensional (2D) solutions
of a charged, scalar quantum wave in the presence of a point of electromagnetic
flux, that is, experiencing the Aharonov-Bohm (AB) effect [AB59, OP85]. Upon
circling the flux point, any quantum particle excluded from the flux acquires a
phase proportional to its charge times the flux strength. Being independent of the
path geometry, the AB effect provides a quintessential example of the role topology
can play in physics. High-energy modes of chaotic billiards with AB flux lines are
naturally complex, unlike usual real-valued cavity modes; they have been studied
numerically in detail [BR86b, BR86a], and Berry’s hypothesis suggests the results
of the complex AB random wave ensemble should agree with the behaviour of such
systems.
Elementary arguments show that on circling the flux point, a quantum particle should acquire the complex AB phase factor exp(iα), with dimensionless flux
parameter α = qΦ/~ for particle charge q and magnetic flux Φ. However, around
the flux, a wavefunction ought to be single-valued and continuous, which appears
inconsistent with the AB phase when α is not an integer [AB59, Ber80]. The
celebrated AB wavefunction [AB59] resolves this problem; it is a complex, singlevalued solution of the Schrödinger equation for a plane wave scattered by the flux
at the origin. When the quantum wave is initially travelling in direction Θ, it is

2

given in polar coordinates r, θ by
ψAB (r, θ; α, Θ) =

∞
X

(−i)|`−α| J|`−α| (kr) exp(i`[θ + π − Θ]),

(1.1)

`=−∞

where Jν denotes a Bessel function of the first kind of not necessarily integer order
ν. For kr  1, the wavefunction ψAB ∼ exp(ikr cos(θ − Θ) + iα[θ − Θ]) + O(r−1/2 )
[AB59, BCL+ 80], i.e. a plane wave multiplied by the AB phase factor, so that
although the integral of the phase χ = arg ψAB on a loop around the origin must
always be an integer multiple of 2π, for large loops the scattered wave cannot be
separated from the incident one. On the other hand, integrating χ on a small loop
around 0 gives 2πn, with n an integer, (despite ψAB being nondifferentiable at the
origin).
Phase patterns of complex random waves are dominated by their vortices (wave
dislocations), i.e. the nodal points where the phase χ is undefined [BD00, BR86a].
On a right-handed circuit around each vortex point, the phase changes generically
by 2π times a signed integer (statistically almost always ±1). This integer is
called the topological charge (or strength) of the vortex; it is superficially similar
to the AB phase, although the latter is determined by the external flux and may
be nonintegral (whence the wavefunction is nondifferentiable at 0). The total
topological charge of all the vortices in an area A is equal to the integral of the
phase χ around the boundary ∂A,
I

Z
dχ =

∂A

[∇ × ∇χ] d2 r = 2π

A

Z "X
A

#
si δ(r − ri ) d2 r,

(1.2)

i

following from Stokes’ theorem, since the phase gradient ∇χ circulates with the
sense of the topological charge and therefore has a finite nonzero curl when appropriately regularised [Den09]. The index i labels the vortices in A with positions
ri and charges si . The AB effect suggests this integral is non-zero whenever ∂A
encloses the flux point, so there must also be a topological charge there. The form
3

of the deterministic AB wavefunction (1.1) suggests that the topological charge of
the flux is the nearest integer n to the flux strength α (i.e. |α − n| ≤ 21 ), and therefore changes discretely at half-integer values. Similarly, the location and strength
of the phase vortices (i.e. the wavefront topology), is gauge-independent although
the geometry of the phase pattern is not, since it is altered by changing the phase
gradient. The observable content of the phase is therefore contained in the vortex
structure and this ought to be all that is needed for a complete description of the
Aharonov-Bohm effect in a random wave.
The regular phasefronts of a plane wave (Figure (1.1a)) are disrupted on encountering a flux point (Figure (1.1b)). As r increases, this distortion increasingly resembles a plane wave together with a noninteger phase discontinuity in
the shadow θ = Θ, leading to a nonintegral AB phase factor. These deterministic
phase patterns appear very different from those of random waves, shown in Figure (1.1c) for the isotropic random model, and its AB analogue in Figure (1.1d)
(defined later in (1.35) and (1.36)). Away from the flux, the two random wave
patterns look qualitatively similar, so it would seem that the effect of the flux is
rather subtle. Given this resemblance, how does the AB phase manifest itself for
random waves? What is the quantitative difference between the isotropic random
wave model and the AB random waves? How much does the flux alter the statistics of eigenfuntions in chaotic AB billiards, other than making them complex? It
is these questions we address in the following.
We now discuss each of phase singularities, the Aharonov-Bohm effect and
random waves in more detail.

4

Figure 1.1: The phase χ = arg ψ of deterministic and random waves, both free
and scattered by a flux point. (a) Plane wave exp(ikr cos(θ)) travelling left to
right; (b) AB wavefunction (1.1) for plane wave travelling left to right (Θ = 0);
(c) Isotropic random wave (1.35); (d) AB random wavefunction (1.36) with same
random variables aj , θj . Phases are represented by hue, as illustrated in Figure
(1.2), and in (b) and (d), the flux point, represented by a white disk, has α = 0.25.
Each square has side length 8π in units of R = kr.

5

1.2

Phase singularities

In this section we shall lay out the basic theory of phase singularities, emphasising
those aspects of particular relevance to the Aharonov-Bohm effect throughout.
We will however use other physical instances of phase singularities to highlight
particular features.
Our focus shall be on complex functions in two dimensions, so let us begin by
defining ψ as a map
ψ : R2 → C,

(1.3)

which during the course of this thesis we shall have cause to express both in terms
of its modulus ρ and phase χ and in terms of its real and imaginary parts ξ, η
ψ = ρ exp(iχ) = ξ + iη.

(1.4)

It shall become clear that the both the existence and topological nature of phase
singularities have their roots in the fact that the phase χ is an angle and so lives
on the circle, S1 .
Not all such maps will contain phase singularities, for example none are present
in the plane wave ψ = exp(ik · r). Generically however, singularities will occur
and indeed as we shall see in chapter 3 this is true when superpositions of plane
waves are taken. The simplest example of a map containing a phase singularity is
provided by
ψ = r exp(iθ),

(1.5)

corresponding to the map from cartesian to polar coordinates (r, θ). We might
attempt to determine the phase at the origin by picking some starting point and
tracking the phase as we move radially inwards to the origin. From this we would
conclude that the phase at the origin is the same as that at our original location,
but this is true for all starting points we might select. In reality we have no
6

way to consistently define a phase at the origin; this is what is meant by a phase
singularity. We are only rescued from this paradox by the modulus vanishing at
the origin and indeed it is always the case that phase singularities go hand-in-hand
with the nodal points of ψ.
Sticking with our specified function (1.5), let us consider a closed curve C which
surrounds the origin. We may parameterise this curve in terms of a single periodic
variable φ (not necessarily equal to the spatial angular coordinate θ, for example
the curve might enclose the origin more than once). The restriction of ψ to this
curve provides us with a map argψ : φ → χ, where, since they are angle variables,
both the domain and target space of this function are topologically circles, S1 .
We have engineered it so that φ varies from 0 to 2π as we complete a circuit of
C and, in order for ψ to be single-valued, having completed this circuit we must
have the same phase that we began with modulo 2π. That is to say, when we
traverse the circle in φ we must cover the circle in χ an integer s number of times
and accumulate a change in phase of 2πs. This integer, s, is named the winding
number for obvious reasons and can be used to group the set of closed curves
into equivalence classes, since all curves sharing the same winding number can be
transformed into one another by smooth deformations. To find s from ψ we simply
have to note that for a given increment in φ we move around the circle in χ by an
amount

dχ
dφ

and so
1
s=
2π

Z

1
dχ =
2π

I
∇χ · dr

(1.6)

C

This quantity is one of the main objects of study of this thesis and shall be referred
to throughout as the topological charge or dislocation strength. While all values
s ∈ Z are possible, the only phase singularities that occur generically are those
with s = ±1.
Were the curve to contain a point of selfintersection we could cut and rejoin
it so as to form two closed loops, preserving the curve’s orientation while we do
7

so. The resulting topological charge would then be sum of the topological charges
for the separate curves. This is analogous to the way in which a residue would be
found for integration of a function f : C → C along a selfintersecting contour.
We can see that the importance of phase singularities lies in the fact that
they determine the phase in their neighbourhood by inducing a phase circulation.
Going further, once the location and strength of all phase singularities has been
specified, the lines of constant phase (wavefronts) connecting them can be filled in.
The precise geometry of the wavefronts is unimportant as it is not gauge-invariant
(a change in the phase gradient will distort the contours of constant phase). The
full gauge-invariant content of a wavefunction is therefore encapsulated by its phase
singularity structure.
Phase singularities arise as a result of having a periodic (angle) variable continuously dependent upon spatial variables. They can be usefully represented by
joining the ends of the colour spectrum to make the hue this periodic variable.
This forms a colour wheel with the hue taking the role previously played by the
phase and the singularity appearing as the inability to ascribe a colour to the
central point, as can be seen in Figure (1.2). This colour-wheel depiction of phase
singularities has been used in the past [Win87], and shall be utilised throughout
this thesis. It should be noted however that the neighbourhood around phase
singularities does not generically possess rotational symmetry.

1.2.1

Phase singularities in physics

We must now transition from describing the mathematical formalism surrounding
the singularities of two-dimensional complex functions to considering how such
singularities might arise physically.
The behaviour of a quantum mechanical system is described by a complex
function, the wavefunction, which is able to exhibit the singular features we have
8

Figure 1.2: The colour wheel representation of phase singularities. The inability
to give a colour to the central point refelcts the undefined phase of a nodal point
in a complex function. The sense in which the colours progress around the wheel
denotes the topological charge of the singularity; +1 in a) and −1 in b).
discussed. Dirac was one of the first to pursue this possibility and in studying
quantised nodes of wavefunctions he showed that they could imply the existence
of magnetic monopoles [Dir31]. This was later pursued further by Hirschfelder et
al. [HGB74].
Similarly, in considering optical systems it is often sufficient to neglect the vectorial nature of the light field and simply treat it as the real part of a harmonically
oscillating complex scalar [Nye99]. Numerous studies of the resulting singular optics have been carried out [Wol50, Ber81b, Nye81]. Particularly influential was the
work of Nye and Berry [NB74] which introduced the term phase dislocations to
describe the optical singularities due to the their resemblance to the defects found
in crystalline structures. This analogy was developed further in [Den09] where
greater physical meaning was given to the Burger’s vector in the context of optical
waves.
This does not fully resolve the matter of finding physical significance for our
function ψ in (1.3). After all, as we noted in the case of optics, the physically
meaningful quantity is often merely the real part of a complex scalar, so why
invoke a complex function at all? It turns out it certain situations we have no
9

choice, as can be understood by looking back at what was the first example of a
phase singularity to be discovered.
In the 1830s Whewell was conducting a survey of the tides in the North Sea
[Whe33, Whe36], focusing his study on the wavefronts of the tidal wave, which he
termed cotidal lines. In [Whe33] he wrote
It will be easily understood that we may draw a line through all the
adjacent parts of the ocean which have high water at the same time;
for instance at 1 o’clock on a given day. We might draw another line
through all the places which have high water at 2 o’clock on the same
day, and so on. Such lines may be called cotidal lines; and they will be
the principal subject of the present essay.
The observations that were made resulted in regions of apparent conflict between
the measurements made around Britain and along the coast of mainland Europe,
such as the one illustrated in Figure (1.3). Whewell had the insight to see the
following resolution of this issue [Whe36]
It appears that we may best combine all the facts into a consistent
scheme, by dividing this ocean into two rotary systems of tide-waves;...
the cotidal lines may be supposed to revolve round [a point], where
there is no tide; for it is clear that at a point where all the cotidal lines
meet, it is high water equally at all hours, that is, the tide vanishes.
What is being described by Whewell is clearly a phase singularity, although
in the context of tides they are known as amphidromic points. However this
answer brings with it another question, why are these singularities, and for that
matter those of two-dimensional complex functions discussed previously, points
rather than lines? This property has its origin in the rotation of the Earth which
breaks time-reversal symmetry and causes the Coriolis force which appears in the
10

Figure 1.3: The cotidal lines between England and the Netherlands, taken from
[Whe36].
Hamiltonian like a magnetic field (the directionality of the Moon’s orbit also breaks
this symmetry). This means that the tidal wave must be described by the real
part of a complex function, whose singularities have co-dimension two as they must
satisfy two constraints (ξ = η = 0). If time-reversal symmetry was preserved but
there was still a driving force to cause tides, the tidal wave would be a superposition
of real spherical harmonics containing nodal lines and would be not just steady
but also stationary, like the oscillations of a drumskin [Ber01a]. This would lead
to the bizarre scenario where the tide is extremal everywhere simultaneously, with
abrupt changes between regions of high and low tide occurring whenever a nodal
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line meets the coast.
Therefore whenever we are seeking to describe a system in which time reversal
symmetry is broken we must invoke a complex-valued function and so any nodes
will be points rather than the lines they would be in real functions. This consequence of breaking time-reversal symmetry is of particular relevance to us, since
when we come to consider the Aharonov-Bohm effect the presence of a magnetic
field shall force time reversal symmetry to be broken and constrain our functions
to be complex.

1.2.2

Probability current and topological charge

Phase singularities form the epicentres of a current circulation, a fact which earns
them the name optical vortices when they occur in light fields; whence we shall
refer to them as phase vortices or simply vortices. The current density associated
with the complex scalar function ψ is
j = Imψ ∗ ∇ψ = ρ2 ∇ψ = ξ∇η − η∇ξ

(1.7)

and corresponds to the probability current density when ψ is a quantum mechanical
wavefunction and the Poynting vector when it is a scalar light field [Den01, BD00].
From this current density we can derive an associated vorticity
1
1
ω = ∇ ∧ j = Im∇ψ ∗ ∧ ∇ψ = ∇ξ ∧ ∇η.
2
2

(1.8)

In space ω imbues the vortex lines with a natural directionality [Ber01a]. In the
plane we can measure all phase changes relative to the plane normal (taken to be
ẑ), giving the topological charge as
s = sgn (ω · ẑ) = sgn (ξx ηy − ξy ηx ) .

(1.9)

ω is a two form whose total flux through a loop determines the topological charge
contained within. This flux is localised to the point singularities where ω pierces
12

the plane.
There are two routes we could take to arrive at (1.9), the first alternative being
to apply Stokes’ theorem to (1.6). Our other option is consider the local form of
ψ in the neighbourhood of a singularity, taken to be at the origin
ψ = ∇ξ · r + i∇η · r.

(1.10)

This defines a Jacobian matrix

M=

ξx ξy
ηx ηy




(1.11)

which provides the mapping between the neighbourhood of the origin in the (ξ, η)
plane and the locality of the singularity in the (r, θ) plane. The determinant of
this matrix fixes the strength of the singularity and again gives (1.9) [Den01].

1.2.3

Singularities of vector fields

We have discussed phase vortices as being singularities of the phase of the twodimensional complex function ψ, but we could also view them as being singularities
of the vector field formed from the phase gradient ∇χ. However, the circulation of
a generic vector field v around a singularity is not quantised, nor even independent
of the size of the loop C, it being equal to the integral of ∇∧v over the interior of C.
When the vector field is a gradient field it is curl-free and so there is no circulation
anywhere. Only when the vector field is the gradient of a periodic variable, such as
χ, do we find the curl to be concentrated in a set of delta functions whose strength
is integer multiples of the period and which impose a topological constraint on the
circulation around them.
This distinction between the strength of phase singularities and the singular
points of generic vector fields shall be thrust into sharp focus when we come to
consider phase singularities in the presence of a magnetic flux. We treat the flux
13

classically, not constraining its strength to be multiples of the flux quantum and
so can investigate how the structure of quantised vortices in a complex scalar field
is able to respond to the imposition of an arbitrary strength singularity. The
flux point enforces a boundary condition that the wavefunction cannot satisfy,
that of a fractional-strength singularity. It is this discord between the fractionalstrength singularity of the gauge field and the integer strength singularities of the
wavefunction that drives the phenomena we shall observe in chapters 3 and 4.

1.2.4

The geometric phase

Despite this important distinction between the phase vortices and the singularity in
the magnetic vector potential, there are unmistakeable parallels in their formalism.
We saw in (1.9) that the topological charge of a phase vortex can be expressed as
the flux of a two-form, ω through a loop enclosing it. Alternatively, it can be found
as the integral of a one-form dχ along this loop as in (1.2). Similarly Φ, the flux
of the magnetic field we introduce through a loop, can be found by integrating the
magnetic field B over the loop or integrating the magnetic vector potential around
it. These can be brought together under the unifying structure of the geometric
phase [Ber84] when a system is transported along a closed curve C in parameter
space a geometric phase is acquired, expressible as the flux of a two-form (the
Berry curvature) through any surface bounded by C or the integral of the Berry
connection along C. In order for this geometric phase to be non-trivial there must
exist degeneracies within the parameter space which act as monopole sources for
this two-form and mirror the singularities present in our wavefunction and gauge
field.
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1.2.5

Nodal lines in three dimensions

Although the work of this thesis is concerned with two dimensions, it would be remiss not to mention the nature of phase singularities in three dimensions. Besides,
even when the system lacks a third spatial dimension, this role can be played by
time or some parameter, such as the flux strength in our case. By always restricting our view to the plane we become like the inhabitants of flatland [Abb84], who
are baffled by the sudden appearance of a dot which grows into a larger and larger
circle before shrinking and then vanishing just as suddenly, caused by the passage
of a sphere through their world. Similarly, we are always seeing a planar section
of a structure of line vortices existing in (2 + 1) dimensions and the creation and
annihilation of phase singularities is the result of taking successive slices of closed
loops in this space.
Furthermore, as well as providing a different perspective on two-dimensional
phenomena, phase singularities in three dimensions have new properties unique to
themselves. In particular, they are able to form knots, as was shown explicitly in
[Den01, BD01]. Knotted singularities have since been shown to exist in quantum
mechanical [Ber01b], optical [ODP09, DKJ+ 10, POKD11, IB08] and water waves
[KI13]. It is still an open question to find analytic expressions for the probability
of these vortex lines to be knotted and the relative likelihoods of the different knot
types occurring, although numerical progress on this has been made [TD14, TD16].

1.3
1.3.1

The Aharonov-Bohm effect
Introduction

In 1959 Yakir Aharonov and David Bohm published their now famous paper [AB59]
in which they proposed a series of thought experiments to determine the role of the
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electromagnetic potentials in quantum mechanics. One such thought experiment
is now known as the Aharonov-Bohm effect and went as follows.
If an electron beam is split in two and the parts then recombined at a screen
then a diffraction pattern is produced, this is the well-known Young’s double slit
experiment. Now suppose that the two electron beams enclose a magnetic field,
such as could be produced by a solenoid and which is shielded so that to a good
approximation the electrons pass through a region where the field is zero. This
results in a uniform shift of the entire diffraction pattern, as illustrated in Figure
(1.4).

Figure 1.4: An experiment to detect the Aharonov-Bohm effect. The magnetic field
causes a phase difference between the two parts of the electron beam, meaning the
diffraction pattern is shifted from the dashed blue curve to the solid red curve.
The original pattern of peaks and troughs was formed because of the spatially16

dependent phase difference between the two incident beams of electrons. The
uniformity of the shift suggests that the magnetic field is inducing an additional
phase difference that is topological, it is independent of the position on the screen,
i.e. the geometry of the two electron paths, and determined only by whether these
paths enclose the magnetic field or not.
To have such a shift produced without the electrons experiencing a magnetic
field seems counter intuitive, but it is in fact necessary for a consistent picture of
quantum mechanics. If there was no shift then the solenoid would allow us to know
which slit an electron passed through without altering the pattern formed [AR08].
The existence of the effect is thanks to the topology of the system. By excluding
the electrons from the solenoid we have made them move through a space that is
not simply connected since it contains a hole. However, if we consider separately
the wave packets moving to the left and right of the solenoid, denoted ψL and
ψR , we see that these move in a simply connected region. The magnetic vector
potential A in both these regions can therefore be reduced to zero by a gauge
transformation and so the two wavefunctions are related to the A = 0 solutions
by a Dirac phase factor
q

ψL = ψL0 ei ~

R

q

R

ψR = ψR0 ei ~

L

R

A·dr
A·dr

(1.12)
,

(1.13)

where the integration is along the paths to the left and right of the solenoid and
q is the charge of the electron. Without the addition of the solenoid the two
wave packets would produce the expected interference pattern by forming the
superposition

1
Ψ = √ ψL0 + ψR0 .
2
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(1.14)

With the solenoid they recombine to form the superposition



R
q R
q H
q
1 
1 
1 
Ψ = √ ψL0 + ψR0 ei ~ ( R A·dr− L A·dr) = √ ψL0 + ψR0 ei ~ A·dr = √ ψL0 + ψR0 ei ~ Φ ,
2
2
2
(1.15)
where we have used the fact that the difference of the integral of the magnetic
vector potential along the two paths equals the integral along a circuit around the
solenoid, and therefore also equals the enclosed flux, Φ. We now have the result
that the solenoid introduces a phase difference proportional to the flux between the
two component waves, which in turn leads to the observed shift in the interference
pattern. However, the above wavefunction clearly fails to be single-valued for
α=

qΦ
~

fractional; we shall address this issue shortly when we discuss the form of

the Aharonov-Bohm wavefunction.
It had been thought that the electromagnetic fields were the physically meaningful quantities, with the potentials simply a mathematical convenience, as this
is what was observed in classical physics. However, the Aharonov-Bohm effect
demonstrated the significance that the potentials play in quantum mechanics.
However it is not solely a quantum effect, although it is often referred to as such.
More correctly it is a wave phenomenon and there are four classes of AharonovBohm effect corresponding to the choices of treating both the particle and flux
either classically or quantumly [Ber95]. In this thesis we shall be concerned with
the case of a quantum wave in the presence of a classical flux, meaning its strength
is not constrained to be a multiple of the flux quantum. The effect also has many
analogues, for example in fluid flow [BCL+ 80], in optics [LEFF14] and in general
relativity [Dow67].
These analogous effects can also provide us with useful pictures to understand
what appears to be a unintuitive effect. It is easy to imagine the form of the
flow lines of water when a linear flow meets a circulation and we can expect the
wavefronts of a quantum mechanical wavefunction to be distorted in a similar way
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by the presence of a magnetic flux. In the gravitational analogue of the AharonovBohm effect the role of the magnetic vector potential A is played by the metric
gµν , with the phenomenon occurring in a space that is flat everywhere save at a
single point, i.e. a cone, see Figure (1.5). If we consider drawing a triangle on the
surface of this cone, we can see that the interior angles will sum to π as normal
when we place the triangle in the flat space away from the vertex. However, if
the triangle encloses the vertex then the sum of its interior angles will have an
excess of α [Ati90]. The deformation of the triangle is therefore proportional to
the steepness of the cone, that is the amount of curvature concentrated in its
vertex. This mirrors our observations from the Aharonov-Bohm effect, except
there the ‘angular excess’ appears as an additional phase, or a rotation in the
internal space of the particle. Indeed there is a complete parallel between the
Riemannian geometry of the cone, with curvature at a single point, and the gauge
field present in the Aharonov-Bohm effect, where the B field is an isolated point
of field curvature and the A field provides a connection around this point.

Figure 1.5: The gravitational analogy of the Aharonov-Bohm effect. The cone is
flat everywhere except at its vertex. A triangle drawn on the cone which encloses
the vertex has its interior angles sum to π + α, with this angular excess analogous
to the phase acquired by a charged particle circling a magnetic flux. After [Ati90].
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1.3.2

The idealised Aharonov-Bohm effect

It will be helpful to treat a simplified version of the set up shown in Figure (1.4).
We assume the magnetic field to be concentrated in a solenoid which we take
to be straight, infinite in length and of vanishing diameter, so that it becomes a
single line of flux. Since this system is invariant to translations along the solenoid,
we can restrict our attention to a plane normal to the solenoid in which we have
a single flux point, taken to be at the origin. Our charged particle is free to
move throughout this plane, with the exception of the origin. This picture makes
the topology inherent in the Aharonov-Bohm effect clearer and is reminiscent of
our previous discussion of phase singularities. Treating the particle classically for
the moment we can, just as we did with phase singularities, classify closed paths
according to their winding number around the flux point, with all paths with
winding number n leading to the acquisition of a phase exp(inα).
To put this more formally, the loops in a space M (that is, embeddings of
S1 ) can be formed into a group, called the fundamental homotopy group and
denoted π1 (M ), where the elements are equivalence classes of paths which can be
deformed into one another and the operation is concatenation of paths [Nak03,
NS88]. The Aharonov-Bohm effect can then be viewed as associating a phase with
each equivalence class of paths, in other words, a group homomorphism π1 (M ) →
U (1). As mentioned, for a single flux point all paths can be characterised by a single
integer, the winding number and so π1 (M ) ∼
= Z and the group homomorphism is
simply the mapping n → exp(inα).
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1.3.3

The Aharonov-Bohm wavefunction

Two roads to the Aharonov-Bohm wavefunction
Now we are in a position to resolve the single-valuedness issue that arose in (1.15)
by presenting the analytic form of the Aharonov-Bohm wavefunction. We shall
describe two methods of arriving at this since the different approaches highlight
different aspects of the Aharonov-Bohm system.
We begin by considering the method employed by Aharonov and Bohm themselves [AB59], although we take the opposite convention for the sign of the flux
strength. They used the cylindrical symmetry of the idealised system we described
to write the wave equation in the field-free region as
 2



∂
1 ∂
1
∂
2
+
+
− iα + k ψ = 0.
∂r2 r ∂r r2 ∂θ

(1.16)

This has a general solution which can be written in terms of Bessel functions as
ψ=

∞
X


ei`θ a` J`−α (kr) + b` J−(`−α) (kr)

(1.17)

`=−∞

and by matching with the solution for the region containing the magnetic field it
can be shown that only positive order Bessel functions need to be retained. They
then show that a suitable value for the coefficients is a` = (−i)|`−α| and so arrive
at the result
ψ=

∞
X

(−i)|`−α| J|`−α| (kr) exp(i`θ).

(1.18)

`=−∞

The second approach will allow us to directly remedy the naı̈ve Dirac phase
factor approach employed above, which was useful in illustrating the nature of the
Aharonov-Bohm effect, but failed to provide a wavefunction that is single-valued
for generic flux strengths. In light of our previous discussion concerning the role
of the fundamental homotopy group we can see how a single phase factor may be
inadequate since it ignores the possibility of paths whose winding number exceeds
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1. Although such paths will be associated with a small probability, they do make a
contribution and should be included. A more careful application of Dirac’s phase
factor is therefore required, with just such an approach taken by Berry [Ber80].
While the previous method of Aharonov and Bohm expressed the wavefunction
as a summation over terms of fixed angular momentum, this approach leads to a
summation over terms of definite winding number, which is the complementary
variable to the angular momentum in the sense of Fourier transformations.
To summarise Berry’s approach, the starting point is to expand the incident
plane wave as a series of Bessel functions
exp(−ikr cos(θ)) =

∞
X

(−i)|`| J|`| (kr) exp(i`θ).

(1.19)

`=−∞

The Poisson summation formula allows this to be transformed to a summation
over winding number n
∞
X
n=−∞

Z
Tn (r, θ),

Tn (r, θ) ≡

∞

1
dλ exp(− iπ|λ|)J|λ| (kr) exp[iλ(θ + 2πn)],
2
−∞
(1.20)

where in this ‘whirling wave’ representation, each Tn (r, θ) is a multiple-valued
function which represents a wave that whirls around the flux n times in an anticlockwise sense before arriving at the point (r, θ). Applying Dirac’s phase factor
to each Tn (r, θ) separately to form the new set of whirling waves
TnD (r, θ) = Tn (r, θ) exp[iα(θ + 2πn)]
produces the correct Aharonov-Bohm wavefunction
∞ Z ∞
X
1
ψ(r, θ) =
dλ exp(− iπ|λ|)J|λ| (kr) exp[i(λ + α)(θ + 2πn)].
2
n=−∞ −∞

(1.21)

(1.22)

By reversing-Poisson-transforming this can be brought to the same form as (1.18).
A similar approach, although in a very different context, was taken by Edwards in
finding the probability of a polymer propagating around a straight rod [Edw67].
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This decomposition of the wavefunction according to winding number is also
evident in path integral approaches to the Aharonov-Bohm effect [MM84, BI81,
ST86]. Much of the formalism for such topological path integrals was laid out
by Schulman [Sch71, Sch81]. Such path integrals typically invoke, either explicitly or implicitly, the universal covering space, as a means of recovering a simply
connected space from the punctured plane introduced in the idealised picture of
the Aharonov-Bohm effect. This space is familiar as the Riemann surface of the
complex logarithm ln z = ln |z| + iθ.
Asymptotics of the Aharonov-Bohm wavefunction
It shall be useful to establish the far-field behaviour of the Aharonov-Bohm wavefunction, as it shall inform our expectations for the random Aharonov-Bohm waves
far from the flux. While what we say here is independent of any gauge choice, it
will be helpful to choose the sheet gauge, A(r) = − Φ2 δ(x) [Θ(y) − Θ(−y)] ex , Θ the
unit step function. With this choice made we can see the similarity with diffraction
of a scalar wave from an edge, a situation which was given its full solution by Sommerfeld, employing the covering space method described earlier [Som96, Som64].
The asymptotic form of the Aharonov-Bohm wavefunction therefore shares many
features with Fresnel diffraction from an edge. The flux point casts a shadow region of low intensity in the shape of a parabola, with its width growing like r1/2 ,
where r is the distance from the flux point. Within this region the oscillations
in intensity decay like r−1/2 , while outside it they decay like r−3/2 , meaning that
the effect of the scattering quickly fades away and the wave resembles the incident plane wave. The shadow region possesses a large phase gradient in order to
continuously match the phase between the two sets of wavefronts which have been
displaced by the flux.
A more detailed analysis of the large r behaviour requires an asymptotic treat-
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Figure 1.6: Asymptotic form of the Aharonov-Bohm wavefunction for a scattered plane wave incident from the left. The intensity plotted in a) shows a dark
parabolic region in the shadow of the flux point. This is also the region in which
the largest phase gradient occurs as can be seen from b). Each square has a side
length of 16π and the strength of the flux, marked with a white dot, is α = 0.375.
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ment of the Fresnel integral. Such treatments can be found in [BS99], where the
Aharonov-Bohm wavefunction away from the flux was shown to take values on the
Cornu spiral, [Han16], providing an asymptotic formula with an error of order r−3/2
in all directions from the flux and [Ber16] where higher asymptotic terms are considered in a form with discontinuities in the backwards direction. An asymptotic
approach has also been applied to the ‘whirling waves’ form of the wavefunction
[Ber10]. However the above is sufficient to establish that the behaviour of AB
random waves should tend to that of isotropic random waves in the large r limit.

1.3.4

Impact of the Aharonov-Bohm effect

The years that have passed since the discovery of the Aharonov-Bohm effect have
done little to diminish the attention it attracts. There have been many recent
theoretical developments, such as the asymptotic work outlined above and efforts
focusing on extending the analysis to multiple flux points [Št’89, Št’91, Št’93,
Bog16]. It has also proved useful in the study of the structure of materials, as
it causes their resistance to be oscillatory and flux-dependent [AA94, BSS+ 99,
PLK+ 10].
However the influence of the Aharonov-Bohm effect goes far beyond what has
so far been described. The proposed gauge field theory of Yang and Mills [YM54]
lent it heightened significance since it provided empirical evidence for the reality
of gauge fields and so was instrumental in the development of gauge field theory
as a cornerstone of modern physics [PT89]. It was through a careful consideration of the Aharonov-Bohm effect that Wu and Yang were led to the realisation
that while the field curvature Fµν underdefines electromagnetism and the phase

R
overdefines it, the non-integrable phase factor exp i A · dr (such as appears in
(1.12), (1.13)), provides the appropriate description [WY75]. This Abelian setting
then became the prototype for the integral formulation of all gauge field theories
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[Yan74, Wu78]. The Aharonov-Bohm effect has also spawned its own non-Abelian
analogues [WY75, WA67].
The Aharonov-Bohm effect also demonstrated the possibility of anyon statistics; that particles confined to two dimensions need not behave as bosons or
fermions but can acquire an arbitrary phase exp(iθ) [Wil82]. This is in analogy with the Aharonov-Bohm phase and shares the same origin, namely the nontrivial fundamental homotopy group of the punctured plane, described in 1.3.2.
The braiding of anyons in (2 + 1) dimensions is being studied as a possible route
to quantum computation [NSS+ 08].

1.4

Quantum billiards and random waves

In February 1809 Ernst Chladni visited Tuilerie Palace in Paris with a demonstration in which he vibrated a metal plate covered with sand. This palace was the
residence of the Emperor Napoleon, who had taken great interest in Chladni’s experiments, in which striking and beautiful patterns were formed, see Figure (1.7).
These patterns are formed by the vibrating plate displacing the sand until it settles
along the nodal lines of the eigenfunction being excited, since these are the only
parts of the plate from which the sand is not dislodged.
Much of the current interest in Chladni’s experiments stems from the equivalence between the Helmholtz equation, governing the vibrations of a plate, and the
stationary Schrödinger equation, describing the free motion of a particle within a
reflecting boundary. In this chapter we offer a brief review of these systems, known
as billiards, beginning with classical billiards, progressing to quantum billiards and
culminating in the particular case of quantum billiards containing a magnetic flux.
As we shall see, these systems provide the principal motivation for the work of
chapter 4.
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Figure 1.7: The patterns formed on a vibrating square plate, from [Chl30].

1.4.1

Classical billiards

Broadly speaking, the behaviour of classical Hamiltonian systems can be divided
into two classes: those that are integrable and exhibit regular motion and those
which are not and exhibit irregular, chaotic motion. In N dimensions for a system
to be integrable it must have N constants of motion In , including the Hamiltonian itself, which we take to be time-independent. These constants constrain the
system’s evolution in its 2N -dimensional phase space to lie on an N -dimensional
torus. The set of these invariant tori provide a foliation of the phase space, a particular torus can be selected by specifying the N constants and the position on this
torus can be given in terms of N angle variables, which are conjugate to the actions
In . By contrast, for systems whose motion is irregular the Hamiltonian is the only
constant and so the system can evolve unconstrained on a 2N − 1-dimensional
energy surface.
The above account is a simplification in that it only considers the extreme cases
of complete integrability or complete irregularity. Generically, most systems will
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display mixed behaviour with their phase space containing islands of integrability,
filled with invariant tori, amid a chaotic sea. Analysis of such systems can be aided
by KAM theory, but their intricacies need not concern us here.
Billiards are systems where the potential V (q) in the Hamiltonian
H(p, q) =

p2
+ V (q)
2m

(1.23)

is zero across some finite region and infinite elsewhere. This corresponds to a
particle of mass m confined to a finite area in which it moves freely and at whose
boundary hard-wall specular reflection occurs. The type of behaviour observed
in these systems is therefore completely determined by the shape of the billiard
boundary. For two-dimensional billiards the phase space is also two-dimensional,
the state of the system can be described by the position x around the boundary
at which the particle makes contact and the angle θ at which it does so. The
influence of the boundary can be captured by a phase space mapping M which
specifies how the state of the system changes each time the particle bounces off
the edge of the billiard,



xnew
θnew





=M

xold
θold


.

(1.24)

This mapping is area-preserving but in general non-linear and so cannot be expressed as a 2 × 2 matrix. However the deviation of two trajectories after N
bounces can be expressed in terms of a 2 × 2 matrix mN which has unit determinant and whose elements are specified by the geometry of the billiard’s boundary
(the exact form is given in the appendix of [Ber81a]). The size of the deviations
are determined by the eigenvalues of mN which in turn can be expressed in terms
of its trace. According to whether |Tr mN | is less than or greater than 2, the
eigenvalues will be imaginary exponentials leading to oscillating but bounded deviations, or real exponentials causing the trajectories to separate at an exponential
rate. (When |Tr mN | = 2 the deviation of the trajectories grows linearly.)
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Whether the particle trajectories are stable or unstable to small changes in
initial conditions is therefore completely determined by the boundary shape and
classical chaotic motion can be characterised by exponential sensitivity to the
starting point in phase space. For integrable billiards all trajectories are stable,
at least in the sense of not having exponential deviations, but examples of such
billiards are rare, in two dimensions the only examples are the rectangle and the
ellipse. There are many chaotic billiards but prominent examples are the Sinai
billiard, a square containing a circular region from which the particle is excluded
and the Bunimovich stadium billiard, formed as a rectangle with a semi-circle
appended to each end.

1.4.2

Quantum billiards

The question which presents itself is how do these two distinct classical behaviours
manifest themselves in the quantum regime? We must now seek solutions to the
stationary Schrödinger equation
i~

∂ψ
~2
= Ĥψ = −
∆ψ + V (q)ψ,
∂t
2m

(1.25)

with V (q) the billiard potential as before. By Bohr’s correspondence principle,
we would expect the form of the classical dynamics of a billiard to be reflected in
the quantum behaviour. For integrable billiards this is typically achieved by there
being a choice of coordinates in which the differential operator is separable. The
nodal sets of the eigenfunctions ψ then correspond to grid lines of the coordinate
system, for example a Cartesian grid and a set of concentric circles and radial lines
for the rectangular and circular billiards respectively.
Integrability also leaves its mark on the energy spectrum of the quantum system. The distribution of the energy level separations (suitably normalised) S has
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Poisson statistics
P (S) = exp(−S),

(1.26)

universal across all integrable systems. We can understand this by considering
that the eigenvalues of an integrable system will be determined by N quantum
 2

n2
for a rectangle with dimensions a
numbers, for example Em,n = π 2 m
+
2
a
b
and b. The energy spectrum will therefore consist of a superposition of discrete
sequences, which will inevitably lead to the above Poisson statistics, irrespective
of the details of the system, save for the case when

a
b

is rational.

For chaotic systems it is not immediately clear how to bridge the divide between
the classical and the quantum. Due to Heisenberg’s uncertainty principle we can
no longer define a particle trajectory and so cannot characterise chaos through
its exponential deviation from its neighbours. However, in the semi-classical limit
~ → 0 chaotic systems exhibit universal behaviour of their own in both their
eigenvalues and the corresponding eigenfunctions, as we shall now discuss.
Eigenvalues: random matrix theory
In 1984 Bohigas, Giannoni and Schmit [BGS84] proposed that the level spacing distribution of classically chaotic quantum billiards could be modelled by the
eigenvalue separation of a matrix whose elements were random variables with a
Gaussian distribution. The appropriate ensemble of matrices to sample from is
determined by the symmetries of the system: orthogonal if the system is timereversal symmetric, unitary when it is not and symplectic for time-reversal symmetric spin-1/2 systems. The elements of these matrices are real, complex and
quaternionic respectively and it is interesting to note the correspondence between
the three Gaussian random matrix ensembles and the three associative division
algebras [Dys62, Gin65].
Random matrix theory leads to markedly different spectral statistics from those
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observed for integrable systems. For time-reversal symmetric systems the Gaussian
orthogonal ensemble (GOE) leads to the so-called Wigner distribution
πS 2
πS
exp(−
),
P (S) =
2
4

(1.27)

while the Gaussian unitary ensemble (GUE) gives
P (S) =

32S 2
4S 2
)
exp(−
π2
π

(1.28)

for systems without time-reversal symmetry. In both instances there is a clear
difference in the behaviour at the origin compared to (1.26), with the vanishing of
(1.27), (1.28) implying an energy level repulsion with the occurrence of degeneracies suppressed.
Eigenfunctions: the random wave hypothesis
Early attempts to find quantitative differences between the eigenfunctions of systems with integrable and chaotic classical dynamics were made by Percival [Per73]
through considering matrix elements between different states. Our focus here will
be on the seminal paper of Berry [Ber77a] in which he made conjectures about
the probability density and correlation function for regular and irregular quantum
systems.
Since we wish to find hallmarks of the classical phase space structure outlined
earlier, it will be helpful to have a phase space picture for the quantum dynamics.
This is provided by the Wigner function

 

Z
q + q0
q − q0
0
∗
W (p, q) = exp(−ip · q )ψ
ψ
d N q0 ,
2
2
from which we can recover the probability density
Z
2
|ψ(q)| = dp W (p, q)
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(1.29)

(1.30)

and the correlation function
1
C(q, q ) =
|ψ(q)|2
0

Z

dp exp(ip · q0 )W (q, p).

(1.31)

Strictly all the above quantities are taken to represent their averages over a cell of
phase space whose dimensions are such that in the semi-classical limit it encloses
many oscillations of the wavefunction. The properties of the Wigner function have
been reviewed in [Ber77b]. For an integrable system it condenses in the semiclassical limit onto a N -dimensional delta function on the surface of an invariant
torus specified by the action variables
W (q, p) =

δ N (I(q, p) − In )
,
(2π)N

(1.32)

while for an ergodic billiard B it was conjectured by Voros [Vor76, Vor77] to take
the form
W (q, p) = R R
B

δ(p2 − |p|2 )
.
δ(p2 − |p|2 )dn pdn q

(1.33)

Taking (1.33) in combination with (1.31) gives the correlation function within
an ergodic billiard to be
0

C(q, q ) =

R

δ(p2 − |p|2 ) exp(ip · q0 )dN p
R
.
δ(p2 − |p|2 )dN p

(1.34)

This corresponds to the Fourier transform of a N -dimensional delta function, the
solution of which can be expressed in terms of Bessel functions. In the particular
case of two dimensions the correlation function is given by the slowly decaying
Bessel function of order zero.
The correlation function alone does not fully specify the statistical behaviour
of ψ, but it may be taken to be a Gaussian random function in the bulk of the
billiard. We can justify this heuristically by arguing that at some point P within
an ergodic billiard the wavefunction will consist of contributions due to reflections
from many parts of the boundary. These reflections will take paths of differing
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lengths to reach P and so will have different phases and in an ergodic billiard
it is reasonable to assume that there is no correlation amongst these phases. In
the absence of any other information about the system it is therefore natural to
make the Gaussian random wave ansatz, that a typical wavefunction in an ergodic
billiard, such as is displayed in Figure (1.8) for the Bunimovich stadium billiard,
can be modelled by a function of the form
N
1 X
ψ=√
ai exp(ipi · k + χi ),
N i=1

(1.35)

with the correlation function given by (1.34), phases 0 ≤ χi ≤ 2π independently
and uniformly distributed, the wavevectors ki having independent and uniformly
distributed directions and fixed modulus and the amplitudes ai Rayleigh distributed with ha2i i constant across all i.
This random wave hypothesis plays an analogous role for the eigenfunctions as
that of random matrix theory for eigenvalues. Just as for the Gaussian matrices,
the ensemble from which we sample Gaussian random functions is dependent upon
the symmetries of the system. As before, the functions are real-valued when timereversal symmetry is preserved and complex when it is broken.
Hence Gaussian random functions provide a universal model for the modes of
ergodic quantum systems. Further, thanks to the central limit theorem they have
multiple applications across disparate disciplines, including in cosmology [LL00],
optics [MW95] and both quantum and statistical field theories [ZJ02]. They also
provide a natural environment in which to study the morphological features of
waves described in chapter 1 since they are devoid of extraneous symmetries which
might otherwise inhibit their occurrence.
In spite of this our attention here shall be focussed more narrowly. For our
purposes the key point is that a suitable adaptation of (1.35) would provide a
model for the eigenfunctions of an ergodic billiard containing a line of magnetic
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Figure 1.8: A high energy eigenfunction of the Bunimovich stadium billiard with
Dirichlet boundary conditions. The corresponding eigenvalue is approximately
2016.3.
flux, known as an Aharonov-Bohm quantum billiard. In chapter 4 we present
just such an adaptation and investigate the statistical behaviour of the resulting
ensemble of eigenfunctions.
Quantum billiards with magnetic fields
Billiards containing magnetic fields allow the predictions of the preceding theory to
be tested, namely the prediction that breaking time-reversal symmetry will cause
a switch from GOE to GUE statistics. However, it can have a strong effect on
the classical dynamics too, a uniform magnetic field causes the particle to travel
along arcs of Larmor circles rather than straight lines and whether the dynamics
is regular or chaotic is determined by the size of the Larmor radius relative to
the radius of curvature [RB85]. This can make previously integrable billiards such
as the ellipse ergodic. It is therefore advantageous to have a magnetic field that
is not uniform but rather concentrated into a single flux line as this allows timereversal symmetry to be broken without distorting the geometry of the particle’s
path within the billiard (the set of paths which would otherwise pass through
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the location of the flux has measure zero). Such billiards are called AharonovBohm quantum billiards, since they are the bound state partner to the scattering
Aharonov-Bohm effect. Since the classical dynamics is unaffected by the flux the
expectation is for the universality class of the system to change suddenly when the
flux is introduced to an ergodic system.
This motivated the original study of Aharonov-Bohm quantum billiards [BR86b,
BR86a]. Although particular high-energy modes of a given billiard were examined
in [BR86a], the focus of the work was on the mode count statistics. AharonovBohm random waves have been considered [UR13], although in this case with
a view to finding the intensity correlations of the wavefunction. In this thesis
we study Aharonov-Bohm random waves, motivated by the physical system of
Aharonov-Bohm quantum billiards, for which they provide a model for the highenergy states. Our interest is in studying the behaviour of the phase vortices,
comparing it to that already observed in isotropic random waves and using it to
recover the familiar Aharonov-Bohm effect.
We construct our random Aharonov-Bohm waves in analogy with (1.35), rather
than using plane waves, we now take superpositions of the Aharonov-Bohm wavefunction. This gives
N
X
1 X
√
ΨAB (r; α) =
c` J|`−α| (kr) exp(i`θ),
aj exp(iαθj )ψAB (r, θ; α, θj ) =
N j=1
`
(1.36)

where here and hereafter ` sums from −∞ to ∞ unless otherwise stated, and
P
the coefficients c` = (−i)|`−α| N −1/2 N
j=1 aj exp(−i(` − α)θj ) are complex Gaussian
random variables satisfying hc` c∗`0 i = δ``0 if haj a∗j 0 i = δjj 0 . The factors exp(iαθj )
are included in the first summation to ensure that the choice of gauge is consistent
across all the constituent waves.
Having arrived at the model we shall study, we continue in the next chapter by
developing some of the tools we shall require. While previous studies of Aharonov35

Bohm quantum billiards have focused on the spectral statistics, our attention shall
be on the phase vortices. We first examine the phase vortex behaviour in individual
waves of the form of (1.36) and then their statistical behaviour across the ensemble
of such waves.
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Chapter 2
Theoretical methods
2.1

Calculating nodal statistics for Gaussian random functions

By the central limit theorem the probability distribution of the random superpositions defined above is a centred Gaussian, as are the distributions of any
of their spatial derivatives. This allows us to find the nodal statistics of such
functions using the well-established theory of multivariate Gaussian distributions
[Goo85, Fri95]. Any Gaussian random average hF (X)i of an N -dimensional vector of Gaussian random variables X, whose correlation matrix Σ has elements
Σij = hXi Xj i, can be expressed as
Z
hF (X)i =

P (X) =

1
√

(2π)N/2

F (X)P (X)dN X,



1
−1
exp − XΣ X .
2
detΣ

(2.1)

(2.2)

It is clear from the form of (2.2) that such averages are therefore fully determined
by the correlations hXi Xj i. Specifically, when P (X) is centred (has zero mean),
all odd moments vanish and the averages of more than two random variables are
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expressible in terms of the two point correlations by Isserlis’ theorem, a finitedimensional version of Wick’s theorem,
hX1 X2 . . . X2n i =

X

Y

hXi Xj i.

(2.3)

pairings p (i,j)∈p

In (2.3) we decompose the 2n random variables into n pairs and take the product
of their averages. We then sum over all possible pairings, of which there are
(2n!)/(2n n!).
Although we only consider monochromatic waves in this thesis, for completeness we briefly set out approach for isotropic random waves with a generic energy
spectrum, following the exposition of [Den01, WW10]. We begin by defining the
two-point correlation function of a general complex random function ψ,
hψ ∗ (r1 )ψ(r2 )i
C(r1 , r2 ) = p
,
h|ψ(r1 )|2 |ihψ(r2 )|2 i

(2.4)

which is normalised to be unity for r1 = r2 . When ψ is stationary, that is averages are invariant to translation, the correlation function is dependent only on
r2 − r1 and when it is additionally isotropic, so that averages are invariant to rotations, the correlation is a function of the magnitude r = |r2 − r1 | only. By the
Wiener-Khinchin theorem we have that the correlation function is related to the
distribution of the wavevectors k as specified by the energy spectrum Π(k) by a
Fourier transform
Z
C(r) =

dn k Π(k) exp(ik · r),

with Π(k) a non-negative function satisfying
Z
dn k Π(k) = 1,

(2.5)

(2.6)

confirming that C(0) = 1 and meaning that C(r) ≤ 1 for all r. It is also dependent
only on the magnitude |k|, so that all the angular variables in (2.6) can be integrated over, returning a factor given by the surface area of a unit n−1 dimensional
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sphere, σn−1 = 2π n/2 /

n−2
2



!. The final integration is over the normalised radial

spectral density, Π̃(k) = σn−1 k n−1 Π(k), giving
Z ∞
dk Π̃(k) = 1.

(2.7)

0

We are now in a position to find any two-point correlation in terms of derivatives of the correlation function, or equivalently by (2.5), as moments of the radial
spectral density. In doing so we rely on the fact that the operations of taking a spatial derivative and taking the ensemble average commute. Therefore, considering
the real part of ψ we have
hξ1 ξ2 i = C(r),

ξ1 = ξ(r1 ),

ξ2 = ξ(r2 ),

(2.8)

from which it follows that
hξ1 ∂x2 ξ2 i = ∂x22 hξ1 ξ2 i = C 00 (r).

(2.9)

Similarly, fixed point averages can be expressed as derivatives of the correlation
function evaluated at the origin.
That spatial derivatives commute with the ensemble average also has the consequence that the correlation function must obey the same equation as the random
function itself. In the particular case of monochromatic waves this means that
C(r) must satisfy the radial part of the Helmholtz equation
1
C 00 (r) + C 0 (r) + k 2 C(r) = 0,
r

(2.10)

meaning that C(r) is given by a zero order Bessel function,
C(r) = J0 (kr).

(2.11)

This is consistent with (2.5), since for monochromatic waves Π(k) is a radial
delta function, whose Fourier transform is J0 (kr). It should be noted that this
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is the same correlation function as we arrived at from Berry’s hypothesis, meaning monochromatic waves are the appropriate choice for application to quantum
chaos.
The above arguments are not valid for our consideration of random waves in the
presence of an Aharonov-Bohm flux. By inserting a flux point we have selected a
unique origin meaning our random functions are no longer stationary with respect
to spatial translations, and two-point correlations are only isotropic if one of the
points is at the origin. Consequently the correlation function of our field, as defined
in (2.4) is not a function of a single variable and the Wiener-Khinchin theorem does
not hold. This makes the calculation of the expectations slightly more involved,
and they will now not be constants but rather functions of r, the distance from the
flux point. Furthermore, as we shall see, by breaking symmetries we cause more
elements of the correlation matrix Σ to be non-zero.
We shall come to calculating the correlations in the presence of a flux later.
For now it shall be instructive to consider the nodal statistics for isotropic random
waves, focusing on the average topological charge density and the average vortex
density, which was first found by Berry [Ber78] and then re-derived by Halperin
[Hal81] along with the corresponding two-point correlation functions, found by
Berry and Dennis [BD00, Den01]. All these quantities shall provide useful points
of reference for our nodal statistics in the presence of a flux line. In the limit of
infinite R = kr limit they must tend to the isotropic random wave densities, while
for finite R it will be instructive to use the correlation functions to compare the
influence the flux has on the surrounding vortex structure with that of a standard
phase singularity.
The topological charge density ρ(R) and vortex density ∆(R) can be found
using the ensemble averages of the real and imaginary parts of Ψ = ξ + iη, as
described in detail in previous studies [BD00, Den07]. They take the respective
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forms
ρ(R) = hδ(ξ)δ(η)(∂R ξ∂θ η − ∂θ ξ∂R η)i,

(2.12)

∆(R) = hδ(ξ)δ(η)|∂R ξ∂θ η − ∂θ ξ∂R η|i,

(2.13)

where here and hereafter we use the definition that
xθ ≡

1 ∂x
.
R ∂θ

(2.14)

In anticipation of our following calculations, we shall re-derive these results without
recourse to the above arguments and with the unusual choice of polar coordinates
(r, θ) and the Bessel-function expansion of a plane wave,
exp(ik · r) =

∞
X

(−i)|`| J|`| (kr) exp(ilθ),

(2.15)

`=−∞

so that, following from (1.35), our random function has the form
N
∞
X
1 X
iγj
ψ=√
aj e
(−i)|`| J|`| (kr) exp(ilθ − θj ).
N j=1
`=−∞

(2.16)

Here θj is the angle between the vectors kj and r, 0 ≤ γj , θj ≤ 2π are uniformly
randomly distributed and the aj have a Rayleigh distribution. We now have as
our random variables X = (ξ, η, ξR , ξθ , ηR , ηθ ). Taking the correlation hξ 2 i as an
example we have
hξ 2 i = h

1
N

1
=h
N

X
j1 ,j2 ,`1 ,`2

aj1 aj2 cos(γj1 −

π
π
|`1 | + `1 (θ − θj1 )) cos(γj2 − |`2 | + `2 (θ − θj2 ))J|`1 | (kr)J|`2 | (kr)i
2
2

1
δj1 ,j2 δ`1 ,`2 aj1 aj2 J|`1 | (kr)J|`2 | (kr)i
2
j1 ,j2 ,`1 ,`2
1 1 X 2X 2
= h
a
J (kr)i
2 N j j ` |`|
1 1 X 2
= h
a i = 1.
2 N j j
X
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(2.17)

Similarly,
1 1 X 2 2 X 02
k a
h(∂R ξ)2 i = h
J (kr)i
2 N j j j ` |`|
k2
.
2

=

(2.18)

In full we have
hξ 2 i = hη 2 i = 1,

(2.19)

h(∂R ξ)2 i = h(∂R η)2 i = h(∂θ ξ)2 i = h(∂θ η)2 i =

k2
,
2

(2.20)

with all other correlations vanishing.
We can therefore find the average density of vortices for isotropic random waves
to be
∆irw =



1
−1
dXδ(ξ)δ(η)|ξr ηθ − ηr ξθ | exp − XΣ X
2

Z

1
√

(2π)3 detΣ
Z
1
√
=
dξr dξθ dηr dηθ |ξr ηθ − ηr ξθ | exp(−(ξr2 + ξθ2 + ηr2 + ηθ2 )/k 2 ).
3
(2π) detΣ
(2.21)

We now make a change to polar coordinates for the gradients, (ξr , ξθ ) → (R1 , θ1 )
and (ηr , ηθ ) → (R2 , θ2 ), meaning that the modulus factor is rewritten as R1 R2 | sin φ|,
φ = θ2 − θ1 . θ1 therefore does not appear and can be integrated over immediately
giving a factor of 2π
∆irw =
=

(2π)2

1
√
2
√

Z
detΣ

(2π)2 detΣ
k2
=
.
4π

∞

Z

∞

dR1
0

Z

Z
dR2

0
π

dφR12 R22 | sin φ| exp(−(R12 + R22 )/k 2 )

0

Z
dφ sin φ

0

2π

∞

2
dRR exp(−R /k )
2

2

2

0

(2.22)

The approach used here, the same as that laid out in [Den01], relies upon
the ensemble of random functions being isotropic, since the transition to polar
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coordinates requires all the derivatives to have the same correlations. The average
topological charge density can be calculated in the same way, the difference being
that the modulus sign is no longer present so that we have
Z ∞
Z ∞
Z 2π
1
√
ρirw =
dR1
dR2
dφR12 R22 sin φ exp(−(R12 + R22 )/k 2 )
2
(2π) detΣ 0
0
0
= 0,

(2.23)

as a result of the integral over φ.
The corresponding topological charge and vortex number correlation functions
are
gs (R) =

1
hδ(ξ0 )δ(η0 ) (∂x ξ0 ∂y η0 − ∂x η0 ∂y ξ0 ) δ(ξ1 )δ(η1 ) (∂x ξ1 ∂y η1 − ∂x η1 ∂y ξ1 )i ,
∆2irw
(2.24)

g(R) =

1
hδ(ξ0 )δ(η0 ) |∂x ξ0 ∂y η0 − ∂x η0 ∂y ξ0 | δ(ξ1 )δ(η1 ) |∂x ξ1 ∂y η1 − ∂x η1 ∂y ξ1 |i ,
∆2irw
(2.25)

where subscripts 0 and 1 denote quantities evaluated at r0 (fixed) and r1 , and
R = k|r1 − r0 |. The calculation, which we only briefly summarise, now requires
using (2.1) with
X = (ξ0 , ξ1 , ξ1R , ξ0R , ξ0θ , ξ1θ , η0 , η1 , η1R , η0R , η0θ , η1θ ).
For gs (R) we can use Wick’s theorem (2.3) to express the result in terms of
hX3 X4 ihX11 X12 i+hX5 X6 ihX9 X10 i and, finding the expectations using (2.16) gives


4 ∂
J12 (R)
gs (R) =
.
(2.26)
R ∂R 1 − J02 (R)
The calculation for g(R) is significantly more involved; it can be expressed as
an integral representation [BD00] or in closed form as a complicated expression
involving elliptic integrals [Den01]. Both the calculations for gs (R) and g(R) are
given in full in [Den01].
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2.2

Symmetries and the correlation matrix

Let us now examine why the correlation matrix for isotropic random functions has
the form it does, namely


1 0



0


0
Σ=

0


0

0

0

0

0

1

0

0

0

0

k2
2

0

0

0

0

k2
2

0

0

0

0

k2
2

0

0

0

0

0





0


0
.

0


0


(2.27)

k2
2

It is useful to think of Σ as being composed of the upper-left 2 × 2 matrix, a
neighbouring 2 × 4 matrix and the lower-right 4 × 4 matrix. These correspond
to the correlations containing zero, one and two derivatives respectively; we now
consider each of these sub-matrices in turn.
The structure of the 2 × 2 matrix can be understood by writing ψ = ρeiχ so
that
hψψ ∗ i = h(ξ + iη)(ξ − iη)i = hξ 2 i + hη 2 i = hρ2 i,

(2.28)

which is clearly invariant to a global gauge transformation and this internal U (1)
symmetry forces
hξ 2 i = hη 2 i.

(2.29)

For the off-diagonal elements we have
hψ 2 i = h(ξ + iη)2 i = hξ 2 i − hη 2 i + 2ihξηi = 2ihξηi = hρ2 e2iχ i = 0.

(2.30)

Turning to the 2 × 4 matrix, we can see that four of these elements vanish as
a result of stationarity and isotropy as
hf ∂i f i = 1/2∂i hf 2 i = 0,
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f = ξ, η,

i = r, θ.

(2.31)

For the remaining correlations which contain both ξ and η the same argument
yields
∂r hξηi = 0 =⇒ hξηr i = −hηξr i,

(2.32)

∂θ hξηi = 0 =⇒ hξηθ i = −hηξθ i,

(2.33)

of which the first vanishes because the average contains the product cos(γj1 −
+ `1 (θ − θj1 )) sin(γj2 − π2 |`2 | + `2 (θ − θj2 )), while the latter vanishes because
P 2
it involves the sum
`J|`| (kr), which is clearly zero by symmetry. We shall see
π
|` |
2 1

that J` (kr) can be thought of as describing a state with angular momentum `
and so the +` and −` terms correspond to states with equal and opposite angular
momenta and can be transformed into each other by the operation of time-reversal.
We are therefore led to the key connection between the presence of time-reversal
symmetry and the terms in (2.33) vanishing.
Finally, a combination of isotropy and the phase symmetry of the wavefunction
determines that the diagonal elements of the 4 × 4 matrix are all equal. Then
hξr ξθ i = hηr ηθ i,

hξr ηr i,

hξθ ηθ i

(2.34)

all vanish, again due to the product cos(γj1 − π2 |`1 | + `1 (θ − θj1 )) sin(γj2 − π2 |`2 | +
`2 (θ − θj2 )) and
hξr ηθ i = −hξθ ηr i = 0

(2.35)

on account of time-reversal symmetry.
We note that the terms in (2.35) are those of the Jacobian factor averaged to
give the topological charge density and so the result ρirw = 0 is a direct consequence
of time-reversal symmetry. Indeed we could have anticipated this result without
doing the calculation, since a non-zero topological charge density would correspond
to a net phase circulation and thus a choice of orientation, impossible for a timereversal symmetric ensemble.
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Isotropic random waves have both a statistical translational symmetry and
time-reversal symmetry. We have seen how the latter leads to a vanishing average
topological charge density and translational invariance can have the same effect.
Any net topological charge will produce a circulating phase gradient, which cannot
be used to tile the plane periodically without there being a conflict on the boundaries of whatever unit cell we choose, along which the phase gradient is therefore
undefined. This connection between translational invariance and vanishing topological charge density is valid regardless of whether the symmetry is statistical for
averages over the whole ensemble, as is the case for isotropic random waves, or
holds exactly for each constituent function. This second case occurs for elliptic
functions, doubly-periodic maps C → C, which are constrained by their periodicity to contain as many poles as zeros (and hence zero topological charge) with
their unit cell.
Despite this, it would appear possible to have a non-zero topological charge
while maintaining translational symmetry by imposing a uniform magnetic field
on a system. The appropriate ensemble of eigenfunctions is then that of the chaotic
analytic function [Han98], which can possess a net topological charge density. We
have no need to introduce any spatial variance in the magnetic field and so the
translational symmetry of the system remains unbroken. There is a flaw in this
reasoning however; it is not the magnetic field B but the vector potential A that
appears in the equations of motion and this does vary as a function of the spatial
coordinates. Similarly, the chaotic analytic function is not translationally invariant
but instead has a modulus that increases monotonically as a function of distance
from some designated origin. We can view this as a consequence of the lack of
time-reversal symmetry, with the orientation selected by the magnetic field causing
the translational symmetry to disintegrate by making orthogonal translations no
longer commute. It is not true that translational and time-reversal symmetry are
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locked together, for example only the former is broken by the presence of a point
scatterer or a boundary. However, this demonstrates the difficulty of generating
a non-zero topological charge density while only breaking one of them. It also
reinforces the idea that the idealised picture of the AB effect outlined earlier is the
most convenient way to study random waves with a net topological charge.

2.3

On some sums involving Bessel functions

Due to the form of the Aharonov-Bohm wavefunction (1.18) Bessel functions
shall feature heavily in this thesis. We therefore briefly summarise some of their
key properties before proceeding to the less familiar aspect of infinite sums of
fractional-order Bessel functions. These series appear as elements of the correlation matrix and therefore shall feature in all ensemble averaged vortex statistics.
Finding closed-form expressions for them will therefore aid our later analytical
work and is the focus of this section.

2.3.1

Basic properties of Bessel functions

Bessel functions were first investigated by Friedrich Wilhelm Bessel in 1824 and
are solutions of the following equation that now bears his name
r2 y 00 + ry 0 + (r2 − ν 2 )y = 0,

(2.36)

where ν is a potentially complex constant known as the order of the Bessel function
Jν (r). Although we shall be concerned with fractional-order Bessel functions,
insight into the general form of Bessel functions can be gained by considering
those of integer order, which correspond to states of fixed angular momentum.
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Figure 2.1: A semi-classical argument provides the general form of Bessel functions.
The semi-classical picture for a state with fixed angular momentum is shown in
a), with all particle paths missing the origin by the same distance. The intensity
of the corresponding Bessel function, J2 (R) is shown in b) and is compared with
the semi-classical prediction of a

√1
r

decay from a caustic in c) with the Bessel

function solid and the semi-classical prediction dashed.
Semi-classically we can argue that a state with fixed angular momentum has
a completely undetermined angular position and so can be considered as being
composed of particle paths which have uniformly distributed directions but the
same distance of closest approach to the origin. We can see from Figure (2.1a)
that this leads to the formation of a circular caustic whose radius is determined by
the value of the angular momentum and outside which the line density falls like 1r .
The line density corresponds to the probability of finding the particle in a given
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region. Moving to the quantum regime this probability is given by the square of
the wavefunction, so we expect the Bessel functions to have a

√1
r

decay for large r.

In addition the effects of diffraction should reduce the divergence at the caustic to
a finite peak and decorate the decay with oscillations, while evanescent waves allow
exponentially suppressed penetration into the classically forbidden region within
the caustic. These features can be confirmed from both the intensity plot of J2 (r)
in Figure (2.1b) and the comparison between the Bessel function and the semiclassical prediction in Figure (2.1c). This semi-classical argument was originally
provided in [KR60] and is also given in [SG09].
This intuitive picture is indeed borne out by the limiting forms of Bessel functions, even when the order is fractional. The power series for Bessel functions
 2 k
r
∞
 r ν X
4
k
Jν (r) =
(−1)
(2.37)
2 k=0
k!Γ(ν + k + 1)
can be truncated to give the small r approximation
 r ν
1
,
Jν (r) ≈
Γ(1 + ν) 2

(2.38)

while asymptotically
r
Jν (r) ≈


2
νπ π 
cos r −
−
,
πr
2
4

(2.39)

both of which accord with the semi-classical predictions made above.
Bessel functions also obey certain recurrence relations which shall be of use to
us later. We make no attempt to justify these and merely state them here:
2ν
Jν (r),
r
d
Jν−1 (r) − Jν+1 (r) = 2 Jν (r),
dr
ν
d
Jν−1 (r) − Jν (r) = Jν (r),
r
dr
ν
d
−Jν+1 (r) + Jν (r) = Jν (r).
r
dr
Jν−1 (r) + Jν+1 (r) =
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(2.40)
(2.41)
(2.42)
(2.43)

2.3.2

Infinite sums of Bessel functions

With the basic behaviour of Bessel functions established, we now turn to considering the following six infinite series which, as we shall see, arise as elements of
the correlation matrix
a=
d=

∞
X

2
J|`−β|
(R), b =

`=−∞
∞
X

02
J|`−β|
(R), e =

`=−∞

∞
X

0
J|`−β| (R)J|`−β|
(R),

c=

`=−∞
∞
X

∞
1 X
`J 2 (R),
R `=−∞ |`−β|

∞
1 X 2 2
1
0
`J|`−β| (R)J|`−β|
(R), f = 2
` J|`−β| (R).
R `=−∞
R `=−∞

(2.44)
As stated previously our aim is to derive closed-form expressions for these series,
generalising more familiar results such as
∞
X

∞
X

2
J|`|
(R) = 1,

2
`2 J|`|
(R) =

`=−∞

`=−∞

R2
2

(2.45)

to the case when the order of the Bessel functions is non-integer. In doing so we
shall make extensive use of the work of Hansen [Han66] and the first step shall be
to reduce them to sums of individual Bessel functions and the fundamental sum
Aν (R) =

∞
X

2
J`+ν
(R).

(2.46)

`=1

We do this by recursively reducing the power of ` in the summations using
"∞
#
∞
∞
X
X
X
R
`n J`+p (R)J`+q (R) =
`n−1 J`+p+1 (R)J`+q (R) +
`n−1 J`+p−1 (R)J`+q (R)
2
`=1
`=1
`=1
−p

∞
X

`n−1 J`+p (R)J`+q (R)

(2.47)

`=1

and then replacing any remaining summations not of the form of (2.46) through
∞
X
`=1

J`+p (R)J`+q (R) =

R
[Jp+1 (R)Jq (R) − Jp (R)Jq+1 (R)] ,
2(q − p)
50

(2.48)

with both of these relations coming from [Han66]. Once the summations have been
reduced in this way we shall return to the matter of the summation in (2.46).
Since a . . . f have summations from ` = −∞ to ∞ while those in (2.46)-(2.48)
range from ` = 1 to ∞, all calculations will require first dividing the summation
into the appropriate parts. From this point onwards all R-dependence of the Bessel
functions is suppressed. Given the recursive nature of the calculations, it makes
sense to consider the summations with the lowest powers of ` first, since these shall
produce results that will be useful for the later summations. It will also allow us
to show the general approach in a simple context. We therefore begin with a, b
and d.
Of these the simplest is a, for the time being we merely isolate the ` = 0 and
` = 1 terms to write

2
a = Jβ2 + J1−β
+ Aβ + A1−β .

(2.49)

For b we begin by rewriting the differentiated Bessel function using (2.41) to give
∞

1 X
b=
J|`−β| J|`−β|−1 − J|`−β| J|`−β|+1
2 `=−∞

(2.50)

before expanding the summations in these two terms and applying (2.48)
∞
X

J|`−β| J|`−β|−1 = Jβ J−1+β +

`=−∞

∞
X

J`+β J`+β−1 +

`=1

∞
X

J`−β J`−β−1

(2.51)

`=1

 R

R
2
J1+β J−1+β − Jβ2 −
J1−β J−1−β − J−β
= Jβ J−1+β −
2
2
(2.52)
∞
X
`=−∞

J|`−β| J|`−β|+1 = Jβ J1+β +

∞
X

J`−β J`−β+1 +

`=1

∞
X

J`+β J`+β+1

(2.53)

`=1

 R 2

R 2
= Jβ J1+β +
J1−β − J−β J2−β +
J1+β − Jβ J2+β .
2
2
(2.54)
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Combining these terms we have
b=

R
1
(Jβ J−1+β − Jβ J1+β ) + [Jβ (Jβ + J2+β ) + J−β (J−β + J2−β )
2
8
−J1+β (J1+β + J−1+β ) − J1−β (J1−β + J−1−β )]

(2.55)

and all that remains is to bring this to a more compact form by using (2.40) on
the bracketed pairs of terms to give
b=

=

1
1
(Jβ J−1+β − Jβ J1+β ) + [Jβ (1 + β)J1+β + J−β (1 − β)J1−β − J1+β βJβ + J1−β βJ−β ]
2
4
(2.56)
1
[Jβ J−1+β + J−β J1−β ] .
2

(2.57)

Similarly, we begin by re-expressing the derivatives in d through (2.41)
∞

1 X  2
2
d=
J|`−β|−1 − 2J|`−β|−1 J|`−β|+1 + J|`−β|+1
4 `=−∞

(2.58)

and by separating the summations and using (2.48) as before we have
∞
X
`=−∞
∞
X

2
2
2
2
J|`−β|−1
= Aβ + A1−β + Jβ2 + J−β
+ J1−β
+ J−1+β

(2.59)

2
J|`−β|+1
= Aβ + A1−β

(2.60)

`=−∞
∞
X

J|`−β|−1 J|`−β|+1 = J−1+β J1+β +

∞
X

J`−β−1 J`−β+1 +

`=1

`=−∞

= J−1+β J1+β +

∞
X

J`+β−1 J`+β+1 (2.61)

`=1

R
R
[J−β J1−β − J−1−β J2−β ] + [Jβ J1+β − J−1+β J2+β ] .
4
4
(2.62)

Using these in conjunction with (2.58) gives us
d=


1
1
2
2
2
− 2J1+β J−1+β
[Aβ + A1−β ] + Jβ2 + J−β
+ J1−β
+ J−1+β
2
4
R
− [J−β J1−β + Jβ J1+β − J−1−β J2−β − J−1+β J2+β ]
8
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(2.63)

We now consider the expressions for c and e. This represents the first time we
have cause to use the recursion relation (2.47), which we do to write
"∞
#
∞
X
1 X 2
−
c=
`J
`J 2
R `=1 `−β `=1 `+β
( "∞
#
∞
∞
X
X
1 R X
2
=
J`−β+1 J`−β +
J`−β−1 J`−β + β
J`−β
R 2 `=1
`=1
`=1
"∞
#
)
∞
∞
X
X
R X
2
J`+β+1 J`+β +
−
J`+β−1 J`+β − β
J`+β
.
2 `=1
`=1
`=1

(2.64)

Using (2.48) and collecting terms we then arrive at
c=

 R
β
2
+ [J−β (J−β − J2−β ) + J1+β (J−1+β − J1+β )
Aβ + A1−β + J1−β
R
4
−Jβ (Jβ − J2+β ) − J1−β (J−1−β − J1−β )] .

(2.65)

In the same way we have from (2.41)
∞

1 X
` J|`−β| J|`−β|−1 − J|`−β| J|`−β|+1
2R `=−∞
#
"∞
∞
∞
∞
X
X
X
X
1
`J`+β J`+β+1 .
`J`−β J`−β+1 +
`J`+β J`+β−1 −
`J`−β J`−β−1 −
=
2R `=1
`=1
`=1
`=1

e=

(2.66)
By applying (2.47) to each of these terms and then using (2.48) where applicable
we find
e=

1 2
2
2
J + J1−β
− Jβ2 − J1+β
+ β [Jβ (Jβ + J2+β ) + J1+β (J−1+β + J1+β )
4 −β
−J−β (J−β + J2−β ) − J1−β (J−1−β + J1−β )]}

(2.67)

and via (2.40) we can bring this to the final form
e=



1 
2
2
2
+ 2β (J−β J1−β + Jβ J1+β ) .
R J−β
+ J1−β
− Jβ2 − J1+β
4R
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(2.68)

At last we come to the expression for f and we again begin by separating the
summation
f=

1
R2

"

∞
X

2
`2 J`+β
+

`=1

∞
X

#
2
`2 J`−β
.

(2.69)

`=1

Applying (2.47) to each of these terms gives
"∞
#
∞
∞
∞
X
X
X
X
R
2 2
2
`J`+β+1 J`+β +
`J`+β−1 J`+β − β
` J`+β =
`J`+β
,
2 `=1
`=1
`=1
`=1
"∞
#
∞
∞
∞
X
X
X
X
R
2 2
2
`J`−β+1 J`−β +
`J`−β−1 J`−β + β
` J`−β =
`J`−β
.
2 `=1
`=1
`=1
`=1

(2.70)
(2.71)

All of these expressions have appeared in the calculations for c and e; applying
(2.47) and (2.48) in the same manner as before we eventually arrive at

 2
1 
2
2
2
2(A
+
A
)(2β
+
R
)
+
−4(2
+
(β
−
4)β)
+
(2
+
3β)R
J1−β
f=
β
1−β
4R2
2
2
2
+2R2 J2−β
− 3βR2 J−1+β
+ 2 [4 + β(3β − 5)] RJ1−β J−β + (3β − 1)R2 J−β


+2β(3β − 1)RJ−1+β Jβ + 4β 2 + (1 − 3β)R2 Jβ2
(2.72)

With this in place we now return to finding a closed-form expression for (2.46),
taking as our starting point the following equation,
Z r
∞
X
dt
2
Jk+p (r) = p
Jp2 (t) −
t
0
k=1

again from Hansen [Han66]
1 2
J (r).
2 p

(2.73)

We shall proceed by inserting the power series for the Bessel function (2.37) and
then performing the integral over t, ultimately showing
 that the expression can be 
p p + 12
rewritten in terms of the hypergeometric function 2 F3 
; −r2 .
1 + p 1 + p 1 + 2p
Using (2.37) we have
 2 n1 +n2
Z r
Z r  2p X
∞
− t4
dt
t
dt
2
p
Jp (t)
= p
t
2
n !n !Γ(p + n1 + 1)Γ(p + n2 + 1) t
0
0
n1 ,n2 =0 1 2
 2 N
Z r  2p X
∞ X
N
− t4
t
dt
= p
,
2
n!(N
−
n)!Γ(p
+
n
+
1)Γ(p
+
N
−
n
+
1)
t
0
n=0
N =0
(2.74)
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with N = n1 + n2 . Integrating over t gives us
−p

4 pr

2p

∞ X
N
X
2−2N −1
N =0 n=0

(−r2 )N
N + p n!(N − n)!Γ(p + n + 1)Γ(p + N − n + 1)

(2.75)

and our main task now is to perform the summation over n. This is most easily
done by noting that the terms in the denominator resemble those found in binomial
coefficients and so we can write

N
N  
X
X
1
1
N
N + 2p
=
n!(N − n)!Γ(p + n + 1)Γ(p + N − n + 1)
N !Γ(2p + N + 1) n=0 n
n+p
n=0

N  
X
1
N
N + 2p
=
N !Γ(2p + N + 1) n=0 n
N −n+p


2N + 2p
1
,
(2.76)
=
N !Γ(2p + N + 1) N + p


+2p
N +2p
where in the second step we have used the symmetry that Nn+p
= N +2p−(n+p)
.
The final expression then follows since the result of choosing n from N and then a
further N − n + p from N + 2p is to choose N + p from 2N + 2p. The summation
over n means that all ways of making this partition have been included. By reexpressing the binomial coefficients in terms of gamma functions we arrive at
N
X
n=0

1
1
Γ(2p + 2N + 1)
=
,
n!(N − n)!Γ(p + n + 1)Γ(p + N − n + 1)
N !Γ(2p + N + 1) Γ2 (p + N + 1)
(2.77)

and therefore
Z r
∞
X
dt
2−2N −1
Γ(2p + 2N + 1)
(−r2 )N
2
−p
2p
p
Jp (t) = 4 pr
. (2.78)
t
N + p Γ(2p + N + 1)Γ2 (p + N + 1) N !
0
N =0
All that remains now is to bring this to a more recognisable form, which we do via
the relation between the gamma function and the Pochhammer symbol (x)m ,
Γ(x + m) = Γ(x)(x)m ,

(2.79)

and the duplication formula for the gamma function
1
Γ(2x) = π −1/2 22x−1 Γ(x)Γ(x + ).
2
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(2.80)

Applying (2.79) to the denominator of (2.78) and (2.80) to the numerator gives
∞
X
(p)N ( 12 + p)N
1
(−r2 )N
4−p pr2p
−1/2 2p−1
π
2
Γ(p)Γ(p+
)
.
Γ2 (1 + p)Γ(1 + 2p) N =0
2 (1 + p)N (1 + p)N (1 + 2p)N N !
(2.81)

We can then use (2.78) again to give π −1/2 22p−1 Γ(p)Γ(p+ 21 ) = Γ(2p) and recognise
that the summation over N corresponds to the definition of a hypergeometric
function, providing the result
∞
X
k=1

−p

2
Jk+p
(r) =

2p



1
2



p p+
1
4 pr Γ(2p)

; −r2  − Jp2 (r).
2 F3
+ p)Γ(1 + 2p)
2
1 + p 1 + p 1 + 2p
(2.82)

Γ2 (1

This concludes the work of this section. To facilitate referring to the results
we have attained here, we now collect our expressions for a, . . . , f . Along with


1
−ν
2ν
ν ν+2
4 νr Γ(2ν)
1

Aν (r) = 2
; −r2  − Jν2 (r)
2 F3
Γ (1 + ν)Γ(1 + 2ν)
2
1 + ν 1 + ν 1 + 2ν
(2.83)
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we have

2
a = Jβ2 + J1−β
+ Aβ + A1−β ,

(2.84)

1
(Jβ J−1+β + J−β J1−β ) ,
(2.85)
2
 R
β
2
+ [J−β (J−β − J2−β ) + J1+β (J−1+β − J1+β )
Aβ + A1−β + J1−β
c=
R
4
b=

−Jβ (Jβ − J2+β ) − J1−β (J−1−β − J1−β )] ,
(2.86)

1
1
2
2
2
+ J1−β
+ J−1+β
− 2J1+β J−1+β
d = [Aβ + A1−β ] + Jβ2 + J−β
2
4
R
− [J−β J1−β + Jβ J1+β − J−1−β J2−β − J−1+β J2+β ] ,
(2.87)
8
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2
2
2
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R J−β
+ J1−β
− Jβ2 − J1+β
+ 2β (J−β J1−β + Jβ J1+β ) ,
(2.88)
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2
2
2
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2(A
+
A
)(2β
+
R
)
+
−4(2
+
(β
−
4)β)
+
(2
+
3β)R
J1−β
β
1−β
4R2
2
2
2
+2R2 J2−β
− 3βR2 J−1+β
+ 2 [4 + β(3β − 5)] RJ1−β J−β + (3β − 1)R2 J−β


+2β(3β − 1)RJ−1+β Jβ + 4β 2 + (1 − 3β)R2 Jβ2 .
(2.89)
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Chapter 3
Aharonov-Bohm random waves
We have seen that the acquisition of topological charge at the flux point is central
to the AB effect. In the standard AB wavefunction this is achieved through the
formation of a nodal line at half-integer flux strengths, as can be observed in Figure
(3.1). However, when we break the symmetry by forming a random superposition
of such wavefunctions the nodal line disappears. Does any trace of the nodal line
remain in the random AB wave? Is there some alternative mechanism that allows
the transport of topological charge to the flux point in a random wave? If not it
would call into question the notion that the AB effect could manifest itself in a
random wavefunction. It is therefore vital that we address this issue and we shall
seek to do so here by studying the trajectories of vortices in the AB random waves
as the flux strength is varied.
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Figure 3.1: The phase of the AB wavefunction for increasing flux strengths:
α = 0, 0.25, 0.45, 0.5, 0.55, 1. The formation of a phase vortex at the flux point
is achieved via the creation of a nodal line at α = 0.5. Each square has side length
4π in units of R = kr.
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3.1

Vortex trajectories

Due to the periodicity of the AB wavefunction, we need only consider the vortex
trajectories during a unit variation of the flux strength parameter α =

qΦ
.
~

However

this periodicity also places a significant restriction on the allowable motion since
the initial positions and signs of all phase vortices must be replicated in the final
configuration, with an additional vortex at the flux point. This suggests that for
many vortices their trajectories might form closed loops, but this cannot be true
for the vortex that moves to the flux point. This vortex never leaves the flux point
so its trajectory cannot be part of a closed loop. However it must still be replaced
in the final vortex structure, as too must the vortex that replaces it, implying the
existence of an unending chain of vortex trajectories, with each vortex moving one
place along as the flux strength is changed by a unit amount.
Although we were naturally led to this picture by the constraint of periodicity,
a chain of vortex motion extending infinitely far from the flux point would seem to
be in conflict with a second constraint, that the wavefunction should resemble the
flux-free case more and more closely as we move further from the flux point. This
does not seem to accord with having significant phase vortex motion arbitrarily
far from the flux point.
Figure (3.2) shows snapshots of the phase structure at various values of the
flux strength, with the positive and negative vortices indicated by white and black
dots respectively. We can see that we indeed have an additional positive vortex
at the flux point when α =

1
2

and although this extra vortex changes the phase

of the wavefunction significantly, the positions and signs of all other vortices are
identical in the starting and final configurations. Any nodal line is notably absent
throughout this process however and so we must have some other mechanism at
play.
In Figure (3.3) we have superposed the vortex trajectories upon the flux-free
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phase structure and can now see that what we anticipated has been borne out.
Many trajectories form closed loops, either as a single vortex performing a small
orbit before returning to its starting position or through the creation and annihilation of oppositely signed pairs. Creation and annihilation events appear as the
meeting of oppositely coloured arrows by their tails and heads respectively. The
gaps between the arrows that are visible at these points are indicative of the speed
at which pairs of vortices jump apart or snap together at such events.
The key feature though is the string of vortices extending away from the flux
point which has the net effect of delivering a positive topological charge to the
origin. This is not simply done by positive vortices moving inwards but, by means
of creation and annihilation of oppositely signed vortex pairs, we alternately have
inward motion of positive vortices and outward motion of negative ones. It was not
clear from elementary arguments that this need be the case, and to emphasise this
fact we from now on refer to it as a vortex street, in analogy with the sequences
of vortices of opposite sense that occur in fluid dynamics.
If we were to vary the flux strength in the opposite sense, decreasing α from
0 to −1 then the trajectories would remain the same save for their orientations
reversing and a positive vortex would be expelled from the flux point, leaving
behind a negative topological charge as required. While the vortex trajectories in
some random waves will resemble those of Figure (3.3), it is equally likely for the
vortex which ultimately moves to or away from the flux point to be negative.
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Figure 3.2:

The phase of a random Aharonov-Bohm wave for α

=

0, 0.25, 0.5, 0.75, 1. The positive and negative phase vortices are indicated by white
and black dots respectively. In the bottom right the resulting vortex trajectories
are superposed over the flux-free phase structure (also given in isolation in Figure
(3.3)). Each square has side length 4π in units of R = kr.
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Figure 3.3: The trajectories of the phase vortices from Figure (3.2) are superposed
upon the flux-free phase structure. The arrows indicate the motion of the vortices
during a unit increase in the flux strength and are Bezier curves formed by sampling
at 1000 equally spaced values of the flux strength.
This infinite vortex street is a physical representation of what is known as
Hilbert’s hotel [Ruc13, Moo12, Vil14]. This is a hotel with a countably infinite
number of rooms, all of which are occupied. Despite appearing fully booked, the
management is always able to accommodate a fresh arrival by requesting each
guest to move one room along. The occupant of room 1 moves to room 2, that of
room 2 to room 3 and so on until all the hotel’s current guests have been given a
new room. This may seem impossible since there are infinitely many guests, but
since the number of rooms is also infinite there is always an (n + 1)th room for
the guest in room n to move into. When this is completed the new arrival can be
placed in room 1. This demonstrates the non-intuitive nature of countably infinite
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sets, that is sets with cardinal number ℵ0 , namely we can add a countably infinite
number of elements to such a set without changing its cardinality.
It is this somewhat paradoxical trick which allows a phase vortex to be added
at the flux point without the conservation of topological charge ever being violated.
In our case the set in question is the vortex street composed of a countably infinite
number of vortices. The vortices are created in oppositely signed pairs but rather
than then annihilating with each other, they annihilate with a vortex from a
neighbouring pair. Just as each guest in Hilbert’s hotel can move one room along,
each vortex can annihilate with a neighbouring one and when this is done there is
one vortex left over which moves to the flux point.
Just as optical systems can also play host to phase singularities, so too have
they been seen to exhibit realisations of Hilbert’s hotel, for example in orbital
angular momentum quantum states [PMM+ 15] and optical beams imprinted with
a fractional-strength vortex by means of a spiral plate [Gbu16]. The spiral plate
also induces a line discontinuity in the beam and since both of these features
are unsustainable in the optical wave, propagation beyond the plate causes the
discontinuity to disintegrate into a string of vortices which are alternately positive
and negative. There is an apparent similarity, which has been commented upon
previously [Ber04], between these beams and fractional-flux-strength AharonovBohm waves. The standard Aharonov-Bohm eigenfunction at half-integer flux
with its discontinuity line, clearly visible in Figure (3.1), is then framed as a
degenerate instance of this.
The behaviour in random eigenfunctions seems closer to that of the optical
beams, in that we again have an infinite string of vortices. While both systems
involve trying to capture a fractional charge through a structure of integer strength
vortices there are some significant differences between the two systems. In the
optical case we are concerned with the propagation of a wave which has been
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imprinted with a vortex of a given fractional strength which it cannot sustain.
In the case of Aharonov-Bohm random waves the fractional charge is continually
imposed by the flux point and we are concerned with the vortex motion as this
fractional charge is varied. The vortices in the optical beam must alternate in sign
as they are all born out of a zero line. While similar alternation seems to occur
in the Aharonov-Bohm random eigenfunctions, it is not currently clear why this
need be the case.
We have demonstrated that an infinite vortex street provides an alternative
‘Hilbert’s hotel’ mechanism which allows the AB effect to occur within a random
wavefunction. However we do not have an explanation for why the vortex street
is composed of vortices of both signs and we have also not yet established how
generic the features we have observed are.

3.2

Robustness of the vortex street

We shall test the robustness of the vortex street we have observed by perturbing
the random eigenfunction from before. Figure (3.4) shows the flux-free phase
structure along with the vortex trajectories for successive perturbations of the
wave. Each perturbation involves replacing the directions of two of the twenty
constituent waves with new ones selected from a uniformly random distribution.
As we perturb the random eigenfunction the vortex trajectories interact with each
other with parts of the vortex street pinching off to form closed loops, or other
loops joining onto the street.
Although the particular shape of the vortex street is greatly distorted and
certain segments are gained or shed, we always appear to have an infinite street
of both positive and negative vortices with one end at the flux point. The sign of
the vortices is not strictly alternating; there are often many vortices of the same
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sign in a row, but this is not important and merely reflects the randomness of the
eigenfunction. The same would be true of the optical beam propagating through a
spiral phase plate in a realistic setting rather than the idealised model considered
in [Ber04].
We can now say with a greater degree of confidence that the mechanism for
bringing topological charge to the flux point in a random AB wave is the vortex
street we have described. The key features of this vortex street seem to be generic
and not destroyed by perturbations.
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Figure 3.4: The vortex trajectories in our initial random Aharonov-Bohm wavefunction shown in Figure (3.3) along with those in successive perturbtions of it.
The perturbations are achieved by replacing the angles of incidence with a value
selected from a uniform distribution for 2,4,8,10 and 12 of the 20 component waves.
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3.3

Relating the random vortex street to the deterministic nodal line

We have discussed two mechanisms for transporting topological charge to the flux
point: the nodal line and the vortex street, but up until now have treated them as
distinct phenomena. The former occurs in the standard AB wavefunction while the
later occurs in random superpositions of AB waves (as well as optical beams passed
through a spiral phase plate). However we shall now make a direct connection
between the nodal line and the vortex street by showing that a nodal line is formed
in a suitable chosen superposition of AB waves.
The nodal line was lost in the random AB waves because symmetry was destroyed, so to recover it we must reinstate this symmetry. We choose waves of the
following form
Ψ=

N
−1
X

exp(iαφj )

j=1

∞
X

(−i)|`−α| J|`−α| (R) exp(i`(θ − φj )),

φj =

`=−∞

2πj
,
N

(3.1)

such that the flux-free scenario corresponds to a unit amplitude plane wave travelling along N − 1 of N evenly-spaced directions. The nodal line will then form
along the one unused direction, in our case this is θ = 0. When the flux strength
is half-integer and along the line θ = 0 this wavefunction becomes
Ψ=

N
−1
X
j=1

=

∞
X
`=1



∞
π X
2π
2π
`−1/2
exp(i j)
(−i)
J`−1/2 (R) exp(−i` j) + exp(i(` − 1) j)
N `=1
N
N
`−1/2

(−i)

J`−1/2 (R)

N
−1 h
X
j=1

π
π i
exp(i(1 − 2`) j) + exp(i(2` − 1) j) .
N
N

(3.2)

It is clear that if the sums ranged from j = 1 to N the phasors would form a
closed circuit in the complex plane and so would sum to zero. Performing the
summations over j for the terms in [•] therefore gives the negative of the j = N
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terms so that
∞
X
Ψ=−
(−i)`−1/2 J`−1/2 (R) [exp(i(1 − 2`)π) + exp(−i(1 − 2`)π)] .

(3.3)

`=1

Since ` ∈ Z these two remaining phasors point in opposing directions and sum to
zero. We have therefore recovered the half-integer flux strength nodal line in a
superposition of AB waves.
We can see the mechanism at work when Ψ is given by (3.1) with N = 6 in
Figure (3.5); it behaves in much the same way as the standard AB wavefunction
shown in Figure (3.1). However, unlike in that case we now have a rich vortex
structure away from the flux point, the trajectories of which can be seen in Figure
(3.6). The high degree of symmetry present in the wave can be clearly seen, with
a line of symmetry along the x-axis. Since a nodal line can be formed there is no
call for the vortex trajectories to form anything other than closed loops. We have
not indicated the nodal line in Figure (3.6) but it is important to note that its
presence causes the vortices to change sign as they pass through it, in a way that
is visible in Figure (3.5).
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Figure 3.5: The phase for a symmetric superposition of five AB waves ((3.1) with
N = 6) for α = 0, 0.25, 0.45, 0.5, 0.55, 1. The formation of the nodal line at α = 0.5
mirrors that which was observed for a single AB wave in Figure (3.1). Each square
has side length 4π in unit of R = kr.
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Figure 3.6: The trajectories of the phase vortices in the symmetric superposition
of AB waves shown in Figure (3.5), superposed upon the flux-free phase.
If we now destroy the symmetry that we have carefully engineered by perturbing
the angle of one of the N − 1 waves in (3.1) we find that the nodal line buckles
and fractures into a vortex street, as can be seen in Figure (3.7). If we perturb
the angle by an amount γ, then, depending on the sign of γ we can cause the
vortex nearest the flux to be positive or negative (in Figure (3.7) γ = 0.05). This
clearly demonstrates that the nodal line and the vortex street are not distinct
phenomena, but rather the former is a degenerate case of the latter, as was argued
in [Ber04]. It also suggests that the reason that the vortex street contains both
types of vortex is the same as for the spiral phase plate. In both cases it can be
viewed as being born from a nodal line as a result of disturbing the wave, either
due to varying the random parameters or as a result of propagation past the phase
plate. We can therefore now answer the questions we posed at the start of this
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chapter. The generic method by which topological charge is brought to the flux
point in a random AB wave appears to be a vortex street which functions in the
same manner as Hilbert’s hotel. Although the nodal line, and more generally the
shadow region behind the flux, are never visible in a random AB wave, they are
not completely lost, but can be faintly discerned in this vortex street.
Although random AB waves model the high-energy states of AB quantum
billiards, they do not replicate their exact behaviour but rather capture their
qualitative features. This is clearly seen by the fact that the vortex street we have
studied here is the generic mechanism in an AB random wave but could never
form in a finite billiard. Indeed the wavefunctions in AB quantum billiards have
been shown to form a nodal line at α =

1
2

[BR86a]. That they are able to do

so is most likely a consequence of false time-reversal symmetry breaking [BR86b],
meaning that at half-integer flux strengths the modes of AB quantum billiards are
real, while our wavefunctions are still complex.
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Figure 3.7: The phase vortex trajectories when the wavefunction shown in Figure
(3.6) is perturbed with perturbation angle γ = 0.05.
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Chapter 4
Vortex statistics of
Aharonov-Bohm random waves
Having established a mechanism by which the Aharonov-Bohm effect may manifest
itself in a random wave, we can now return to our principal objectives. These
are to investigate the statistical behaviour of the phase vortices in such waves,
considering what effect the flux has compared to a generic phase vortex in isotropic
random waves and showing that this statistical behaviour can be used to recover
the Aharonov-Bohm effect.

4.1

Phase gradient and vortex statistics

The topological charge density ρ(R, β) and vortex density ∆(R, β), as functions
of R = kr and the fractional part of the flux β can be found in the same way as
in the flux-free case (2.12), (2.13), although the calculation is now slightly more
involved. The calculations involve α- and R-dependent variances of the fields and
their derivatives, and, by ensemble averaging of (1.36), the relevant nonvanishing
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ones are
a=

hξ 2 i = hη 2 i

=

X

=

X

2
J|`−α|
(R),

(4.1)

0
J|`−α| (R)J|`−α|
(R),

(4.2)

`

b=

hξ∂R ξi = hη∂R ηi

`

c=

hξ∂θ ηi = − hη∂θ ξi

d=

h(∂R ξ)2 i = h(∂R η)2 i

1X 2
`J|`−α| (R),
=
R `
X
02
=
J|`−α|
(R),

(4.3)
(4.4)

`

1X
0
(R),
`J|`−α| (R)J|`−α|
e = h∂R ξ∂θ ηi = − h∂R η∂θ ξi =
R `
1 X 2 2
f=
h(∂θ ξ)2 i = h(∂θ η)2 i
= 2
` J|`−α| (R),
R `

(4.5)
(4.6)

these being the six infinite summations considered in chapter 2. In the case of
integer flux α = n (i.e. β = 0), statistics are equivalent to the isotropic random
wave model, and the sums have simple form: a = 1/2, d = f = 1/4, b = c = e = 0.
In the general case, they can be calculated in closed form as expressions of sums and
products of Bessel functions, together with a certain 3 F2 hypergeometric function,
as given in 2.3.2, (2.84)–(2.89).
Although we could calculate ρ from (2.12), it is more direct to calculate the
average of the curl of the phase gradient, then proceed to relate this to the phase
change around a region by (1.2). Explicit calculations of the azimuthal and radial
averages χθ , χR involve the quantities (4.1), (4.3) and can be calculated by employing the methods laid out in 2.1. A derivative of the phase χ with respect to a
variable i (which is R or θ) can be expressed in terms of the real and imaginary
parts of Ψ, ∂i χ = (ξ∂i η − η∂i ξ)/(ξ 2 + η 2 ). Therefore the ensemble average of ∂θ χ is

 Z ∞

ξ∂θ η − η∂θ ξ
h∂θ χi =
=
(ξ∂θ η − η∂θ ξ) exp −u(ξ 2 + η 2 ) du,
(4.7)
2
2
ξ +η
0
where in the last equation, a standard integral representation commutes with the
average. Applying (2.1) to (4.7) with X = (ξ, η, ∂θ ξ, ∂θ η) (so Σ involves only
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a and c), the gaussian integrals are straightforward (incorporating the quadratic
form u(ξ 2 + η 2 ) into the gaussian matrix in the exponent), with the result that
P
Z ∞
2
2c
1 ` `J|`−α| (R)
c
−1
P
.
(4.8)
χθ (R, α) = R h∂θ χi =
=
du
=
2
(R)
(1 + 2au)2
a
R ` J|`−α|
0
A similar argument applies for h∂R χi with X = (ξ, η, ∂R ξ, ∂R η), which vanishes
due to the different form of Σ, so that the ensemble averaged phase gradient is a
pure circulation around the origin, as it would be for a single vortex there [Den09].
The charge density ρ now follows from (1.2),
1
1 ∂
h∇ × ∇χi =
h∂θ χi ,
2π
2πR ∂R
1 ae − bc
=
,
π a2

ρ(R, α) =

(4.9)
(4.10)

where in (4.9) the curl operator commutes with ensemble averaging, and (4.10)
follows from (4.8). Of course, ρ(R, α = n) = 0, as for the isotropic random wave
model. ρ given here is dimensionless; it acquires a factor of k 2 as a density in
terms of r.
The calculation of ∆ in (2.13) is more involved due to the presence of the
modulus sign. We begin from
∆ = hδ(ξ)δ(η)|∂R ξ∂θ η − ∂θ ξ∂R η|i
Z
dt
1
= − − ∂t hδ(ξ)δ(η) exp (it[∂R ξ∂θ η − ∂θ ξ∂R η])i
π
t
where again a standard integral identity has been used [Den07], with

(4.11)
R

−

denoting

a Cauchy principal value integral with a pole at the origin. We now apply (2.1)
where X is 6-dimensional and Σ involves all of the averages (4.1)-(4.6). We proceed
as before, first integrating the δ-functions, then Gaussian integrating over the field
derivative variables, whose quadratic form combines the components of Σ−1 and
that of the modulus in (4.11). After all this, there is only the Cauchy principal
value integral in t,
Z
1
(i(bc − ae) − [c2 d − 2bce + b2 f + a(e2 − df )]t)
dt
∆ = 2−
.
2
2
2
2
2
2π
(a + 2i(bc − ae)t − [c d − 2bce + b f + a(e − df )]t ) t
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(4.12)

Figure 4.1: Statistical vortex distributions, normalised with respect to the isotropic
random wave density ∆irw . (a) Radial topological charge density ρ(R, α); (b) radial
vortex density ∆(R, α). Values of the fractional part of the flux β are 0.25 (solid
line), −0.25 (dotted), 0.49 (dashed), 0.05 (dot-dashed) and 0 (thick).
The integrand has two complex double poles in the complex t plane as well as the
simple pole at the origin. Writing the principal value integral as the average of
the integral of two contours on the real t line (avoiding the origin in the upper and
lower half-planes respectively), we have a residue contribution from each double
pole. The net result of these contour integrals gives
∆(r, α) =

1 (bc − ae)2 + (ad − b2 )(af − c2 )
p
.
2π
a2 (ad − b2 )(af − c2 )

(4.13)

Again, the integer flux case emulates the isotropic random wave, ∆(R, n) = ∆irw =
1/4π. The calculation of ρ can be performed directly with this set up without the
modulus sign in (4.11), and can be shown to give (4.10), as it must.
The normalised radial densities ρ(R, β)/∆irw and ∆(R, β)/∆irw are plotted in
Figure (4.1) for several different choices of β. In both cases, the densities tend to
those of the isotropic ensemble results as R → ∞ (ρ → 0, ∆ → ∆irw ), since far
from the influence of the flux each scattered AB wavefunction is almost a plane
wave. Features of the dependence of ρ and ∆ on β can be understood from first
principles: when β = 0 (α = n), there is no time-reversal symmetry breaking, so
the distributions of positive and negative vortices are equivalent and ρ(R, n) = 0.
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Furthermore, sending β → −β (equivalent to a time-reversal operation) reverses
vortex charges, so we expect
ρ(R, −β) = −ρ(R, β)

and

∆(R, β) = ∆(R, −β).

(4.14)

These follow from considering the sums in (4.1)–(4.6) appearing in (4.10) and
(4.13); reversing the sign of β is equivalent to ` ↔ −` in each of the sums, so the
signs of c and e reverse but those of a, b, d, f do not.
It might be expected that β =

1
2

would produce the largest fluctuations of ρ

since this is furthest from integer α; the curve for β = 0.49 in Figure (4.1a) suggests
this is not the case. Indeed ρ(R, n + 1/2) = 0, since from (4.14) in combination
with the α periodicity of ρ,
ρ(R, n + 1/2) = ρ(R, 1/2) = ρ(R, −1/2) = −ρ(R, 1/2) = −ρ(R, n + 1/2). (4.15)
The ‘false time-reversal symmetry breaking’ of β = ± 21 unbiases the sign of ρ
everywhere, like an isotropic random wave, though the random wave model remains
complex-valued. This differs from eigenfunctions of chaotic AB eigenfunctions with
standard boundary conditions, which can be written as real functions times an
overall phase factor, with corresponding Gaussian orthogonal ensemble eigenvalue
statistics [RB86]. There is no analogous effect on ∆(R, β = 12 ), and indeed from
Figure (4.1b), β =

1
2

has the largest fluctuations in vortex density.

Asymptotic expressions for ρ and ∆ may be found using the analytic forms of
a, . . . , f , for which we assume β ≥ 0 without loss of generality. For large values of
R,
ρ∼

(1 − 2β) sin(βπ) sin(2R)
,
2π 2
R2

∆∼

1
sin(βπ) cos(2R)
+
,
4π
2π 2
R

R & 2π,
(4.16)

tending to the isotropic random wave values as R → ∞ and when β = 0. As we
have seen, when β = 21 , ρ vanishes whereas variation around the asymptotic value
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of ∆ is largest. Furthermore, ρ decays with R−2 , more rapidly than the R−1 decay
of ∆, and their oscillations are out of phase. For small R, the first terms of the
expansions agree,
ρ, ∆ ≈

(1 − 2β)Γ2 (1 + β) −4β (1 − 2β)2 Γ4 (1 + β) 2−8β
R
− 3−8β 4
R
.
22−4β πΓ2 (2 − β)
2
πΓ (2 − β)

(4.17)

The first term diverges at R = 0 when β > 0 (the second when β > 1/4); in fact,
following terms (equal for ρ, ∆) behave as R2n−4(n+1)β , more of which diverge as β
approaches 1/2; the coefficients all vanish at β = 1/2.
It is natural to compare these AB vortex densities with the corresponding
densities of vortices in the isotropic random wave model at a distance R from a
vortex of fixed sign, say +1. These densities are given by the 2-point correlation
functions, discussed in 2.1. These functions are normalised with respect to ∆irw
so, for instance, the number correlation g →R→∞ 1. Therefore gs (R) is analogous
to ρ(R)/∆irw , giving the average topological charge density at R from the fixed
+1 vortex, and likewise g(R) to ∆/∆irw . For large R, g(R) ∼ 1 + 4 sin(2R)/πR
[HKS+ 09], contrasting with ∆(R, β)/∆irw ∼ 1 + 2 sin(βπ) cos(2R)/πR; in addition
to the β-dependence, the peaks of maximum and minimum density are shifted by
π/4 in R. Similarly, the asymptotic form gs (R) ∼ 8 cos(2R)/πR2 , has a similar
relationship with ρ(R, β)/∆irw ∼ 2(1−2β) sin(βπ) sin(2R)/πR2 ; in both cases, the
charge oscillations decay more rapidly than the number oscillations, and are out
of phase with them. Both g(R) and gs (R) are finite and nonzero at the origin,
such that g(R) + gs (R) ≈ O(R2 ) [BD00, Den01]. This is because, statistically,
vortices of like charge repel, as can be seen from the like-charge correlation function
g+ (R) = 12 [g(R)+gs (R)], with unlike correlation function g− (R) = 12 [g(R)−gs (R)].
g+ and g− are plotted in Figure (4.2a): unlike charges are more likely to surround
the vortex for R . π2 , before both oscillate in phase, decaying as R−1 .
The analogous quantities for the AB random waves are the normalised positive
and negative vortex densities ∆± (R, β) = (2∆irw )−1 [∆(R, β) ± ρ(R, β)], plotted in
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Figure 4.2: Radial densities of positive and negative topologically charged vortices,
assuming a topological charge at the origin. The thick lines (thin lines) represent
the positive (negative) vortex density. (a) Isotropic random wave assuming a
positive vortex at the origin. (b) AB random wave with β = 0.375, with densities
normalised with respect to ∆irw . All densities approach

1
2

as R → ∞.

Figure (4.2b) for β = 83 . Assuming 0 < β ≤ 21 , from the previous discussion we see
that for large R these oscillate in phase; for small R, ∆+ diverges as R−4β whereas
∆− ≈ O(R4β ), corresponding to the earliest terms in the small-R expansions of ρ
and ∆ which do not agree. This strong divergence of ∆+ suggests that a positive
fractional-strength flux attracts a positive vortex increasingly as β approaches
1/2; we have already discussed how the integer topological charge on the flux line
increases by +1 when β reaches 1/2.

4.2

Topological charge near the flux

The divergence of the vortex density ∆(R, β) at R = 0 suggests a fractionalstrength flux attracts a vortex with a sign equal to signβ. We have also discussed
how the flux point has an integer topological charge n which jumps by ±1 when
β → ± 12 . In this section, we find it more convenient to define β for 0 ≤ β ≤ 1
rather than − 12 ≤ β ≤ 21 , so the topological charge of the flux depends on whether
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β<

1
2

(where it is n) or β >

1
2

(where it is n + 1).

We investigate the topological charge and vortex behaviour near the flux using
a small-R expansion of ΨAB (r, θ; α) in (1.36), noting that, from the limiting form
of Jν (R), the lowest order approximation is
"
#
 β
 1−2β
R
X0
X+1
R
ΨAB (R, θ; α) ≈
exp(inθ)
+
exp(iθ) ,
2i
Γ(1 + β) Γ(2 − β) 2i
(4.18)
where for integer `, X` are the complex random variables
N
1 X
X` = √
aj exp(i[γj − (n + `)θj ]),
N j=1

(4.19)

which are independent and identically distributed. The topological charge at the
origin is n or n + 1 depending on the relative magnitude of the two summands in
[•] in (4.18) close to the origin. When 0 < β < 12 , the ` = 0 term dominates so
the flux charge is n; when β > 12 , the +1 term dominates so the charge is n + 1.
If β = 21 , it is n + 1 if |X+1 | > |X0 |, and n otherwise; since their distributions
are equivalent, averaging yields n + 12 . This confirms the previous statement that
the number of vortices at the origin can only change when α = n + 12 , in a way
identical to that in the deterministic case [BCL+ 80]. When β >

1
2

it is natural to

rearrange (4.18) so the ` = +1 term becomes the ‘constant’ term in [•] in (4.18),
and the ` = −1 term acquires a exp(−iθ) factor.
We wish to use (4.18) to estimate the position of the nearest vortex to the
origin. An expansion of the form A + B(x + iy) + C(x − iy) tends to have a +1
vortex close to the origin if |B| is significantly larger than |A| and |C|, and a −1
vortex if |C| is larger; if B and C have equivalent magnitudes it is harder to predict. When β is near zero, however, the first term omitted from the expansion,
proportional to X−1 (R/2i) exp(−iθ) in [•] in (4.18), competes with the ` = +1
term, consistent with the random wave being close to an isotropic random wave
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whose topological charges are balanced. However, as β approaches 1/2, this neglected term loses significance near the origin, solving the right hand side of (4.18)
is a good approximation for the position of the nearest vortex, which is positive.
With this assumption, if the nearest vortex has coordinates Rnv and θnv , the
angle θnv is uniformly random, and depends on arg(X0 /X+1 ). The radial distance
Rnv satisfies


1−2β
Γ(1 + β) Rnv
|X0 |
= γ,
(4.20)
=
Γ(2 − β)
2
|X+1 |
where the random variable γ has a probability distribution function P (γ) =
2γ/(1 + γ 2 )2 , since |X0 | and |X+1 | are independent Rayleigh distributed random
variables. Making the appropriate change of variables, we find Rnv has the probability density
(1 − 2β)Γ2 (1 + β)Γ2 (2 − β) (Rnv /2)1−4β
Pβ (Rnv ) =
.
(Γ2 (2 − β) + Γ2 (1 + β)(Rnv /2)2−4β )2
Of course, this is only valid when 0 <

1
2

(4.21)

− β is small, and in fact the expectation

value of Rnv with respect to the distribution (4.21) diverges for β >

1
4

(due to

cases where |X0 | is sufficiently larger than X+1 so that solving ΨAB = 0 requires
more terms in the expansion in R). In this approximation, the approach of the
nearest vortex to the flux as β approaches

1
2

can be captured by the conditional

mean hRnv iδ of Rnv with respect to (4.21) subject to 0 < Rnv < δ, which is




1 1
16ε Γ2 ( 3 + ε)
1 
hRnv iδ = zδ  2 F1 
;
− 1 ,
where z = 4ε 2 32
,
1
1+z
δ Γ ( 2 − ε)
1 + 4ε
(4.22)
with ε =

1
2

− β, and 2 F1 denoting a usual hypergeometric function. Approximat-

ing this for small ε using [NIS08] §15.12, hRnv iδ ≈ 2δε, confirming our previous
statement that a positive vortex merges with the flux as β % 21 . The arguments
are similar for β > 12 , where the roles of ` = 0 and +1 are reversed.
Therefore, when 0 < β < 12 , the nearest positive vortex is somehow tethered
to the flux, and is the cause of the small-R, β-dependent divergence in ρ and ∆ in
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(4.17), whose increase with β is due to the approach of the vortex to the flux point.
The flux at the origin also has positive topological charge, so unlike two regular
like-charge vortices which repel, the flux and nearest vortex effectively attract.

4.3

Recovering the Aharonov-Bohm effect

We now return to our original objective, to see how the Aharonov-Bohm effect—
that is, the phase factor exp(2πiα) for noninteger α—is recovered for the integrals
of phase χ around (large) loops enclosing the flux point. This is related to the
total topological charge enclosed by the loop (due to the flux and the vortices) by
(1.2). The average phase integral I(R, α) on a circle C of radius R centred at the
origin, is simply found from the average azimuthal phase gradient χθ (4.8),
I
1
c
I(R, α) =
Rh∂θ χ(R, α)idθ = n + R ,
(4.23)
2π C
a
where c and a depend on β and R, and are given in closed form in (2.84) and
(2.86) (as discussed above, c is antisymmetric and a is symmetric in β, with β now
defined − 21 ≤ β ≤ 12 ). Rc/a is the total topological charge due to vortices enclosed
in the disk of radius R, not including the origin. n is the integer charge due to the
flux at the origin.
We have seen that ρ(R, α) = 0 for integer and half-integer α, so the only
contribution to I(R, α) is from the topological charge at the flux. When α = n,
c = 0, so I(R, n) = n, as we would expect. When α = n + 21 , c/a = 1/2R and so
I(R, n + 12 ) = n + 12 , an average of the integer charges n and n + 1 as discussed in
Section 4.2.
We would expect that for any flux strength α, I(R, α) in (4.23) should behave
like the corresponding integral for a deterministic scattered wave: it should tend
to n as the circuit’s radius R → 0, but give the full AB phase α when R 
1. For small R, the sums of c and a are dominated by the lowest order terms,
83

Figure 4.3: The integral of the phase gradient over a centred circle of radius R
divided by 2π, for various choices of flux α: 0.25, 0.5, 0.6, 1, 1.35 (solid, dotted,
dashed, thick and dot-dashed lines respectively).
and approximating from the explicit forms for β > 0, Rc/a ≈ constant × R2−4β .
Therefore as R → 0 this term vanishes and indeed limR→0 I(R, α) = n. When
R  1, from asymptotic expressions of (2.84), (2.86), which we omit, we find
c/a ∼ β/R, so for large radius R, I(R, α) ∼ α, indeed recovering the general AB
effect. Of course, this fractional quantity is only a statistical average – the phase
integral around C for any particular sample function must be an integer multiple
of 2π. Plots of I(R, α) against R for different choices of α are shown in Figure
(4.3).
I(R, α) is the average total topological charge inside radius R; over the whole
plane except the origin, the average sum of all the vortex signs is therefore found
R∞
to be 2π 0 Rρ(R, β)dR = β, the fractional part of the flux strength. This may
be considered a fractional form of the topological charge screening between vortices, well-studied in the isotropic random ensembles [BD00, FW98, Fol03, Den03].
Since in the isotropic model the total ρ must be zero, the (suitably normalised)
integral of gs (R) over the plane must give −1 to compensate the vortex at R = 0,
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Figure 4.4: Average vortex excess N (β). When R & π/2, the excess oscillates
around the mean, with error due to this oscillation as in the shaded area.
analogous to Coulombic screening in ionic fluids [SJL68]. The second moment of
this integral gives a measure of the squared screening length; this in fact diverges
for the isotropic random wave model [Den03] (due to the slow decay of Bessel
correlations); similarly, since Rc/a ∼ β + O(R−1 ), the fractional screening length
due to the flux also diverges.
The total number of vortices in the disk D(R) (excluding the flux point) differs
from the expected random wave average of πR2 ∆irw by an excess
Z R
N (R, β) = lim
2πR0 (∆(R0 , β) − ∆irw )dR0 .
ε→0

(4.24)

ε

The approximation (4.16) suggests that for R & π/2, the effect of further increasing R merely causes N to oscillate about a steady mean N (β), i.e. N (R, β) ∼
N (β)+sin(βπ) sin(2R)/2π, represented in Figure (4.4). N (β) is small for β . 1/2,
then increasing close to 1, as the nearby vortex migrates towards the flux line. Thus
N (β) may be interpreted as the statistical confidence of the presence of the additional vortex. From (4.16) we see that the fluctuations in ∆(R) are annular rings
of width π/2, with alternating excesses and deficits, the extra, nearest vortex only
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becoming statistically visible once it is within π/2 of the flux, and N (β) is well
approximated by integrating only up to R ≈ π/2.
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Chapter 5
Conclusions and outlook
5.1

Vortex streets

We have investigated a random wave model of the Aharonov-Bohm effect, solving
Schrödinger’s equation in the presence of a flux point. As with the standard AB
wavefunction (1.1), random AB waves have an unobservable integer topological
charge n at the flux point, with this integer changing as the flux strength passes
through half integer values. However we have shown that unlike in the conventional
AB wavefunction where the topological charge at the flux point changes by means
of a nodal line, in random AB waves the mechanism for this is an infinite vortex
street. This street is composed of vortices of both signs and the way in which
it allows a vortex to be transported to, or away from, the flux point provides
an illustration of Hilbert’s hotel. We have made a connection between these two
mechanisms by realising the degenerate nodal line case in a highly symmetric
superposition of AB wavefunctions. Any perturbation of this superposition causes
the infinite vortex street to be born out of the nodal line. This suggests that the
vortex street is the remnant of the shadow region in the standard AB wavefunction.
Although the precise form of the vortex street is of course unique to a particular
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random wave, certain features, such as the mix of both positive and negative
vortices, seem to be generic. This increases the likelihood of being being able to
prove such results analytically. Doing so might also aid finding a direct quantitative
connection between the behaviour of vortices near the flux in a particular random
wave and the vortex statistics of the ensemble as a whole.

5.2

Vortex statistics

Around an asymptotically large circuit enclosing the flux, the total phase change
is 2πα = 2π(n + β). The observable, fractional part of this phase change is due to
the random arrangement of ±1 phase vortices (complex zeros), whose distribution
is subtly shifted from the more familiar distribution in isotropic random waves,
especially close to the flux point which tends to attract a vortex of sign sgnβ,
merging with it as β approaches 12 . The justification of same-sign vortex attraction
was supported both using the statistical vortex densities (Section 4.1) and a smallR approximation (Section 4.2).
The flux-adapted random wave model described here falls into the menagerie of
random function models which map onto chaotic wave systems, such as boundaryadapted models [Ber02, BI02, Whe05], as well as the chaotic analytic function
[Han98], which is a model for wavefunctions in uniform magnetic fields, whose
(complex analytic) vortices only have one sign. In our case, our system is a model
for Aharonov-Bohm billiards, and we can compare the results of our analysis with
the preliminary results of [BR86a], by looking at the vortex count in a chaotic
AB billiard as a function of energy. As we discussed in the previous section,
for sufficiently large distances (i.e. eigenfunctions above the lowest energies), the
overall effect on the vortex count is to add no more than one (with a positiondependent fluctuation also of constant magnitude). This is consistent with the
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vortex-count analogue of the Weyl series [WW10, Stö00], as a flux point acts like
the constant (curvature dependent) term of constant order, correcting the first
term (area × density) and second, perimeter term (explored in boundary-adapted
models). From a wave chaos viewpoint, therefore, the primary effect of a noninteger
flux is to break time-reversal symmetry, but apart from a wavelength or two from
the flux line, the random wave has statistical euclidean symmetry.
The magnitude of the effect of the flux, manifested through the densities ρ
and ∆, appears to have no more of an effect on the distribution of vortices than
a single vortex itself. We speculate that the main effect of the flux is, in fact,
in attracting the nearby vortex; the rigid long-range structure of the vortex distribution (exemplified by the divergent topological charge screening length) then
guarantees the rest of the arrangement at the correct asymptotic orders. It would
therefore be interesting to study how the position of the nearest vortex is related
to the phase integral around circles with large R in particular sample functions,
which must be 2π times an integer but average to 2πβ. This might illuminate the
difference in relative phase shift between the asymptotic forms of ρ and ∆, and
the pure isotropic vortex pair correlations g and gs from (2.24), (2.25), which may
be related to the fact that the flux of fractional sign β attracts, rather than repels,
a like-sign vortex. This hypothesis could be tested further with a calculation of
the 2-point number and charge correlation functions in the random AB model,
which now depend on the vectorial displacement of two vortices from the flux; if
the main role of the flux is to attract the nearby vortex, the vortex pair correlation
functions should differ very little from their isotropic counterparts, even close to
the flux. Such a calculation may also reveal subtle effects of the flux beyond the
simple densities considered here.
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5.3

Further possible extensions

Two main ways in which we might extend the work of this thesis further are to
consider different properties of the singularities and to change the setting in which
these singularities occur. For the first of these, it is worth noting that the AB random waves allowed us to observe correlation-like effects through the calculation of
densities, as was demonstrated through the fractional screening of the topological
charge density. However, the phase of a complex scalar function can exhibit all
the morphologies available to two-dimensional vector fields, namely circulations,
sources and sinks, and saddle points. Only phase circulations were involved in our
consideration of the dislocation strength but all of these morphologies contribute
to the corresponding densities for the Poincaré index. This index is a distinct
topological quantity from the dislocation strength which is defined for a vector
field v as
1
IP =
2π

I

1
dvθ =
2π
C

I
∇vθ · dr,

v = (vr , vθ ),

(5.1)

C

which in two dimensions can be viewed as the total rotation of the vectors on a
closed loop around the singularity. Phase singularities correspond to circulations of
the phase gradient and have IP = +1, regardless of whether s = ±1. Sources and
sinks both also have IP = +1, while IP = −1 for saddle points. It is expected that
the Poincaré index obeys the same topological screening relations as the dislocation
strength, but as the corresponding Gaussian integral is more involved this has yet
to be shown [Den03]. It is possible that this could be demonstrated more easily by
showing a fractional-strength screening of the flux point. Although the form of the
AB wavefunction is more complicated than that of the plane wave, this would only
require the calculation of a density rather than a two-point correlation function.
In this thesis we have considered the topology of phase vortices, but not their
local geometry. The Jacobian matrix M defined in (1.11) describes the structure
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of ψ in the neighbourhood of a vortex, with the intensity ρ2 given by the quadratic
form
ρ2 = rT Mr.

(5.2)

This defines what is known as the core anisotropy ellipse. Since the contours of
j can be shown to be circular in the neighbourhood of a singularity [Den01], the
p
contours of |∇χ| form complementary ellipses to those of the intensity; they
have the same eccentricity but the directions of the major and minor axes are
reversed. This leads to the local geometry shown in Figure (5.1), with the lines of
constant phase squeezed along the major axis of the intensity ellipse and spaced
apart along its minor axis.

Figure 5.1: The local geometry around a generic phase singularity. An elliptical
contour of intensity in black is superposed on the corresponding phase structure.
This local geometry has been studied in the context of isotropic random waves,
where the probability distribution of the eccentricity was found and it was shown
that the vortex cores have a high mean eccentricity. It would be interesting to
see how the flux point affects the geometry of the vortices; both their shape,
measured through their eccentricity, and their orientation with respect to the radial
line to the flux point. The second of these is of course meaningless in the case
of isotropic random waves, but would indicate whether the vortices tend to be
elongated towards the flux or normal to it. It was observed in [Den01] that the
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mean eccentricity of phase vortices was independent of the energy spectrum of the
random waves and we would expect this to be maintained in the presence of a flux.
However, most quantities do not possess this immunity to changes in the energy
spectrum, leading us to the first way in which we might seek to alter our ensemble
of random waves. In [Den01, BD00] vortex densities and two-point correlation
functions were found for generic spectra, with a particular focus on examples of
physical relevance such as the uniform and Gaussian distributions. As our main
motivation stemmed from quantum chaos we have only considered monochromatic
waves, but it would be interesting to determine how dependent the results are
on the energy spectrum. Preliminary investigations suggest that the fractional
topological charge screening we observed is preserved, although the precise form
of the vortex densities is not. This is in line with the results for isotropic random
waves.
In the introduction we alluded to the new phenomena that arise in threedimensional random waves. There are two ways in which we could extend our study
into the third dimension. A straight flux line would allow us to study the effects of
the flux on the twist, twirl and curvature of the nodal lines. Each planar section
normal to the flux would appear like the ensemble we have already considered. The
other possibility is a Hopf link; two closed loops of flux linked together. The AB
effect typically becomes largely intractable when multiple fluxes are involved due
to the fundamental homotopy group being non-Abelian. The Hopf link provides
an exception to this however and if we take the most symmetric realisation, a
circle threaded normally by an infinite line then the flux lines coincide with the
singularities present in toroidal coordinates. This facilitates the description of
the AB effect and means that in principle it should be possible to derive the
wavefunction from a ‘whirling waves’ argument analogous to that employed by
Berry but utilising toroidal harmonics rather than Bessel functions. Comparing

92

these two three-dimensional flux arrangements would allow us to investigate any
interplay between the topology of the flux and the topology of the nodal lines in
the wavefunction.
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[Stö00]
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