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Abstract

In this thesis, systems of modern optics are investigated from the perspective of catastrophe

theory, and seen to deviate from their corresponding ideals when physicality is enforced upon

them. Chapters 1 and 2 present introductory material and mathematical techniques needed in

later work. In Chapter 3, a new finite-energy Airy beam with a sharply truncated spectrum is

investigated, which may be generated by a uniformly illuminated, finite-sized cubic phase. The

resulting incomplete Airy beam is mathematically tractable, with simple expressions describing its

propagation, centre and total integrated intensity. Moreover, asymptotic interpretation allows the

derivation of explicit expressions linking the cutoff to the extent of the beam’s main lobe, as well

as the region for which it displays Airy-like behaviour. The derived expressions are then shown

to approximate the dynamics of less severe cutoffs, and provide a means of enhancing the Airy

beam’s main lobe. Chapter 4 presents an analysis of the Talbot effect beyond the paraxial regime,

where deviation from Fresnel propagation destroys perfect, periodic self-imaging. The resulting

interference structures are described using post-paraxial theory, and are seen to be similar to,

but do not precisely replicate, the standard integral representation of a diffraction cusp – the

Pearcey function. The work illustrates that aberration can occur as a consequence of improving

the paraxial approximation, rather than due to imperfections in an optical system. Chapter 5

investigates a new solution of the paraxial equation based on the Pearcey function, encountered

in earlier chapters. The Pearcey beam displays properties similar not only to Airy beams but

also Gaussian and Bessel beams, including an inherent auto-focusing effect, form-invariance on

propagation and self-healing. The theory of Pearcey beams is presented, along with experimental

verification of their auto-focusing and self-healing behaviour. Finally, Chapter 6 shows that

the auto-focal plane of the Pearcey beam is a generalisation of the Gaussian waist. Then, the

concept of beam beams is introduced, which simulate 1 + 1D wavepackets in their transverse

planes. Different beam beams are investigated and seen to share characteristics with each of the

previously studied systems.





1 | Introduction

...all things in nature are dark except where exposed by the light.

Leonardo da Vinci

1.1 A brief history of light

Light has ever been a fundamentally important physical entity. The vast majority of sensory

information we receive on a daily basis is visual, and it is then no surprise that the investigation

of light’s properties and behaviour – optics – should constitute one of the oldest disciplines within

science1. Despite its venerable history, the field of optics is more exciting today than it was

even in Newton’s era, with a plethora of interdisciplinary applications from the manipulation

of microparticles [Baumgartl et al. 2008] to the control of lightning [Kasparian et al. 2008].

Such longevity must in part be due to the evolution of our understanding of light, which has

arguably proven itself the most fascinating of physical phenomena.

According to historical consensus, Galileo Galilei2 believed that light traveled as particles,

an idea that resonated with Newton’s own understanding and led to his development of Pierre

Gassendi’s largely speculative corpuscular theory of light, wherein discrete light particles travel

in straight lines with finite velocity and kinetic energy.

This intuitive understanding held with Newton’s view of physical reality as the interaction of

material points through forces, and held precedence for almost 100 years in no small part due to

Newton’s own renown. Ultimately though, the corpuscular theory failed to explain the mounting
1It is often claimed that the proportion of visual information processed by the brain is 90% (e.g. in [Lipson

et al. 2010]), but [Sivak 1996] concludes there is no firm basis for this assertion.
2Against convention, Galileo is often referred to by his first name, since at the time of his birth (1564) in Italy,

not only were surnames optional, but Galileo itself was a traditional surname in his family. Changes in the law
designed to prevent tax avoidance led to his adopting the compounded Galileo Galilei.

1
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observational evidence of diffraction and birefringence, and attention shifted to focus on Huygens’

wave theory, suggested in his Treatise on Light [Huygens 1678].

Huygens’ wave theory gained momentum (figuratively), when Thomas Young demonstrated

in 1801, interference fringes from diffraction about a thin strip of card placed in a narrow beam of

sunlight (see [Lipson et al. 2010] and Young’s later publication [Young 1807]). Augustin-Jean

Fresnel continued the mathematical development of the theory, publishing an essay in 1818 for

the French Académie des Sciences. Poisson hoped to disprove the wave theory by arguing that

Fresnel’s essay predicted a bright spot arising behind an occluding disk. Dominique-François-Jean

Arago conducted the experiment and observed the spot, providing conclusive evidence of the

wave-like nature of light3.

Inspired by earlier work, Maxwell published versions of the equations that still bear his

name [Maxwell 1865], combining electricity and magnetism and introducing electromagnetic

waves. From his expressions was obtained a wave-equation governing electromagnetic waves,

wherein their speed was calculable from experimentally determined constants. The value obtained

closely matched, within reasonable error, the speed of light previously measured by Fizeau and

Foucault4, leading to the idea that light was an electromagnetic wave.

By the beginning of the the 20th century, the wave nature of light was well understood. Indeed,

Maxwell’s equations and their description of light as an electromagnetic wave with constant

velocity, ultimately led Einstein to develop special relativity. Quantum mechanics followed shortly

on its heels, and once more the nature of light seemed almost too enigmatic to reconcile with

existing scientific understanding.

Ultimately though, light’s more peculiar characteristics found a home within the unintuitive

framework of quantum mechanics, and today, there exists little confusion with regards to its

wave/particle duality [Griffiths 2003].

Nevertheless, rays as a description of light’s behaviour have persisted in the scientific con-

sciousness, often as the first contact students have with optics. Moreover, they are frequently

assumed to underlie, at some level, the vast majority of optical behaviour. Why then, knowing as

we do, that light rays are physically unrealistic, do we possess such an apparent fondness and

lack of willing to abandon them?
3Arago later observed that the phenomenon had been discovered over a century earlier by [Delisle 1715]

and [Maraldi 1723]
4Rømer perhaps made the first quantitative estimate of the speed of light in [Rømer 1677], estimating that it

took 22 minutes to travel the diameter of the earth’s orbit.
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The reason is obvious, of course. Not only are rays intuitively easy to understand, but

as a descriptive and predictive theory, they work incredibly well on the sorts of length scales

encountered on a daily basis, where the geometric optical approximation of negligible wavelength

is entirely reasonable. Indeed, the majority of modern optical systems, such as camera lenses and

commercial microscopes are still developed using ray-tracing techniques.

However, while useful, the geometric optical model of light has a fundamental failing with

regards to quantitative description. Outside specially designed optical systems, it is natural for

rays to cross one another and for focusing to occur. Rarely though, would such focusing be

perfectly concentrated at a point5. Instead, rays overlap along lines (in two dimensions) and

surfaces (in three) in structures known as caustics. Figure 1.1 shows examples of various caustic

structures formed by the reflection of rays from arbitrarily curved (light blue) mirrors. Parallel

rays from above are specularly reflected and caustics are formed where they overlap, shown as

thick white lines in the images. The bright network of lines on the bottom of a swimming pool,

shown in Fig. 1.2, is an example of a common, physical system where such caustics arise.

Historically, such a system of bright, interconnected lines was understood qualitatively in

terms of overlapping rays, refracted by the water’s uneven surface. However, accurate quantitative

description was not possible – when geometric optical rays are treated as individual entities and

their contributions summed, the model predicts an infinite intensity of light on the caustic, failing

exactly where it is needed most.

In 1838, George Biddell Airy circumvented this issue in his study of the rainbow [Airy 1838]

by describing the diffraction pattern near a caustic not in terms of rays, but rather as a diffraction

integral – the Airy function (see §2.1.1). Unfortunately, Airy lacked the mathematical techniques

needed to calculate his integral at large distances from the caustic, and so could not compare his

predictions to experimental observations [Berry & Howls 1993]. Over a century later, Trevor

Pearcey, a British-born Australian mathematical physicist, published an investigation into the

electromagnetic field around a cusped caustic [Pearcey 1946]. He also described the diffraction

pattern in terms of an integral, but unlike Airy, Pearcey’s pioneering work on computers enabled

him to accurately calculate the intensity and phase of the field.

In 1975, the work of René Thom (and later of Vladimir Igorevich Arnol’d), led to the

introduction of catastrophe theory, the primary result of which is a classification of the structurally

stable, topologically distinct caustic forms (known as catastrophes in the general setting). Rather
5Nature took several hundreds of millions of years to evolve the human eye. The earliest fossil records of eyes

are from the Cambrian period, roughly 500 million years ago [Parker 2009].
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than defining caustics solely by their constituent rays, catastrophe theory assigns a canonical

integral to each caustic form, from which their rays are derived under appropriate short-wave

approximations [Berry & Upstill 1980]. From the perspective of optics, these diffraction

integrals clothe each caustic in its own delicate diffraction pattern, with intensity variations on

the scale of the wavelength, making the subtle decoration invisible in daily phenomena.

While the theory generalises the concept of caustics to higher dimensions, necessitating

their relabelling as catastrophes, the work in this thesis is primarily concerned with the first

two members of the family – the Airy and Pearcey functions. In fact, in three and fewer

dimensions, there are only five distinct catastrophes, of which the fold of the Airy function, and

cusp of the Pearcey function, are the simplest. The three-dimensional (3D) catastrophes will

play only minor roles (e.g. see §5.7). For an introductory review of catastrophe theory and its

application to optics see [Berry & Upstill 1980], or for a more expansive discourse see the

general treatment in [Poston & Stewart 1997]. The work of [Nye 1999] provides a cogent,

geometrical interpretation of the theory’s main results, while an alternative scheme for taming

geometrical rays is presented in a series of papers [Forbes & Alonso 2001] et cētera.

In recent decades, catastrophe theory has not been widely appreciated, perhaps as a conse-

quence of its dealing with the supposedly outdated construct of rays. However, it has a natural

place in the hierarchy, as the connection between geometrical and physical optics, linking rays

to the fine interference structures caused by light’s wave nature. Moreover, it illustrates that

it is not individual rays that are important in optics, but families of rays. Then, diffraction

catastrophes occupy a ‘mesoscale’ between the wavelength-sized interference of light and the

bright, interconnected caustic networks thrown from a wine glass on a bright day.

In this thesis, I investigate three systems of modern optics where diffraction catastrophe

integrals arise naturally. Thinking of these systems from the perspective of catastrophe theory

(including the mathematical asymptotic framework commensurate with this) leads to new insight

into both the nature of the systems, and the catastrophes themselves. Their occurrence in each

case is all the more important because it strengthens the link between modern optical systems

and rays, and allows for simplified interpretations through geometrical reasoning.

In Chapter 2 the first members of the diffraction catastrophe integrals – the Airy and

Pearcey functions – are introduced and interpreted via the asymptotic methods requisite for

their calculation. The understanding developed there is taken into Chapter 3 to examine the

regularisation of infinite-energy paraxial Airy beams, and shown to provide a succinct and elegant
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description of a common optical beam. Chapter 4 examines a system very different to that of

Chapter 3, wherein transition away from paraxial propagation causes apparent aberration of

perfect self-images of a grating. The link to catastrophes is made explicit, except that the canonical

integral is incomplete. Chapter 5 introduces a new optical beam based on the Pearcey function,

which displays some remarkable characteristics that, together with the results of Chapter 6, shed

light on the nature of focusing, as well as providing a candidate beam for novel applications.

Before going further, it will be useful to introduce some of the basic concepts of classical

optics, along with their corresponding mathematical frameworks. In the following sections, I

outline the derivation of key equations and the mathematical techniques pertinent to the work of

this thesis, so that they may be referenced in later sections.

1.2 Propagation of light

In the 1860s, James Clerk Maxwell published several papers containing expressions characterising

the electromagnetic field. Rather than the concise vectorial expressions that are recognised today,

Maxwell presented twenty equations in his work A Dynamical Theory of the Electromagnetic

Field [Maxwell 1865]. It was Oliver Heaviside who combined these with others already published

by Maxwell in On Physical Lines of Force [Maxwell 1861] (etc.) to give the four famous equations

r · µ0H = 0

r⇥ E + µ0Ḣ = 0

r · "0E = ⇢

r⇥ H � "0Ė = J,

(1.2.1)

(1.2.2)

(1.2.3)

(1.2.4)

wherein E = (E
x

, E
y

, E
z

) and H = (H
x

, H
y

, H
z

) are the electric and magnetic field vectors

respectively. The constants "0 and µ0 are the permittivity and permeability of free space, while

⇢ and J are the charge density and current density respectively, both of which are zero in the

absence of charge and current.

Maxwell’s equations, coupled with the Lorentz Force law, provide a complete description of

the theory of classical electrodynamics (see p.326 of [Griffiths 1998]). It is not surprising then,

that these equations underpin so large a volume of the work in this thesis. Specifically, it is

the Helmholtz equation, which arises from Maxwell’s equations, that describes the behaviour of
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Figure 1.1: Examples of caustics generated from the first specular reflection of rays

from arbitrary curves. Parallel rays from above are reflected from the curved surfaces

at varying angles, overlapping along bright caustic lines. Only the first reflection is

shown. These images were made by adapting code from [Rogers 2010]).
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Figure 1.2: An example of a caustic network visible at the bottom of a swimming

pool; the wavy water surface causes refraction of light rays to overlap along bright

lines. Over time, the lines move but do not wink in and out of existence, highlighting

the structural stability of caustics.

electromagnetic fields as waves.

The character of E can be seen more clearly by taking the curl of eq. (1.2.2)

r⇥ (r⇥E) = �r⇥ µ0Ḣ, (1.2.5)

where the left hand side, the curl-of-the-curl-of-E, can be expressed using the vector calculus

relation of (eq. (8) in §10.31 of [Gradshteyn & Ryzhik 2007])

r⇥ (r⇥E) = r(r ·E)�r2E. (1.2.6)

In free space and in the absence of currents, the first term of the right hand side of (1.2.6) vanishes

by eq. (1.2.3) since ⇢ = 0, and the right hand side of (1.2.5) can be substituted by (1.2.4). Then

r2E� "0µ0Ë = 0, (1.2.7)

which describes a propagating wave with speed 1/
p
"0µ0. An analogous wave equation exists for
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the magnetic field

r2H� "0µ0Ḧ = 0. (1.2.8)

The speed of these waves matches the experimentally determined speed of light6, originally

leading Maxwell to suggest that light is an electromagnetic wave. All components of the electric

and magnetic fields are governed by the same scalar equation, [(1.2.7) and (1.2.8) respectively].

The work in this thesis will not consider the effects of nonlinear, dispersive, inhomogeneous or

anisotropic media, so treatment by the scalar theory will prove sufficient. Nor will there be need

to incorporate time-evolution (except where explicitly analogous to the propagation direction, see

§4.8). Then the electric field may be taken to have harmonic time dependence

E = E0e
�i!t, (1.2.9)

where ! is the angular frequency. The wave equation (1.2.7) then becomes (upon cancelling the

time-dependent exponential in each term)

r2E0 +
!2

c2
E0 = 0. (1.2.10)

This equation embodies the propagation characteristics of light modelled as a scalar wave, and

will be of paramount importance throughout this thesis (as well as another which is derived

from it shortly). Before that however, it serves to take a short detour to introduce the Fourier

transform.

1.3 The Fourier transform

Jean Baptiste Joseph Fourier (1768-1830) invented the mechanism of analysis known today as

Fourier series, wherein a periodic function is described by a discrete sum of harmonics [Fourier

1822]. The Fourier transform is an extension of the concept of Fourier series, which allows a

function to be expressed as the continuous integral over frequencies of harmonics. Modern optics

is a theory of waves, and this has entailed the adoption of Fourier analysis at its heart. The

power of the approach will be hinted at by its extended application throughout the presented

work, but no full justice can be done within the confines of this thesis. There are many excellent
6The speed of light is 299, 792, 458 ms�1, an exact value since the definition of the meter is taken from it.
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texts on the subject e.g. [Goodman 2005] gives a comprehensive introduction.

Different disciplines have their preferred conventions regarding Fourier transforms, and even

within disciplines, opinions differ. The convention adopted in this thesis is plane-wave oriented,

such that a function, '(r), be given by the superposition of plane wave components weighted by

its Fourier transform. Then

'(x) =

ˆ 1

�1
dnk e'(k) exp(ik · x), (1.3.1)

where x is the n-dimensional position vector, k is its Fourier partner and e'(k) is the Fourier

transform of '(r). Taking this definition, the Fourier transform is then given by

e'(k) = 1

(2⇡)n

ˆ 1

�1
dnx '(x) exp(�ik · x), (1.3.2)

where the contentious but requisite factors of 2⇡ are included as a scaling. Equations (1.3.1) and

(1.3.2) are of fundamental importance in modern optics, since they relate the spatial and frequency

distributions of a function, corresponding physically to the transformation by a lens [McCutchen

1964]. That is, the spatial distribution of a laser profile is transformed to its Fourier spectrum by

passing through a lens.

I will adhere to the definitions in this section throughout the rest of the thesis, departing

from them only briefly in Chapter 4. The reason for this departure is to simplify the resulting

expressions and to conform with much of the literature which already exists on the subject. I

hope the reader will forgive the change, which should nevertheless be clear.

An example of the power of Fourier relations is the integral representation of a Dirac delta

function [Griffiths 2003], which will find application numerous times in later work. The Dirac

delta function, �(x), is defined by the property

'(a) =

ˆ 1

�1
dx �(x� a) '(x) (1.3.3)



1.4 The Helmholtz equation 10

subject to '(x) being a continuous function. From the Fourier relations (1.3.1) and (1.3.2)

e'(k0) = 1

2⇡

ˆ 1

�1
dx e'(x) exp(�ik0x)

=
1

2⇡

ˆ 1

�1
dx

ˆ 1

�1
dk e'(k) exp(ikx)

�
exp(�ik0x)

=

ˆ 1

�1
dk

⇢
1

2⇡

ˆ 1

�1
dx exp

⇥
ix(k � k0)

⇤�
e'(k). (1.3.4)

Comparing the last line of (1.3.4) to eq. (1.3.3), it is clear that, in general

�(x� x0) =
1

2⇡

ˆ 1

�1
d� exp

⇥
i�(x� x0)

⇤
, (1.3.5)

which then amounts to requiring the inverse transform of a Fourier transform to return the original

function. The integral relation (1.3.5) describes a Dirac delta function at x = x0. Intuitively,

�(x� x0) can be understood as the total contribution from an infinite range of frequencies, which

interfere destructively everywhere except at x = x0, where all contributions are in phase and

hence their total superposition diverges. Equation (1.3.5) is used frequently in the following.

1.4 The Helmholtz equation

Returning to the wave equation for the electric field, eq. (1.2.10), we are now equipped to express

it in its most common guise. Restoring the functional dependence of E0 on position, x, and

substituting the electric field for its Fourier representation gives

✓
r2 +

!2

c2

◆
E0(x) = 0

=

✓
r2 +

!2

c2

◆ ˆ 1

�1
d3k fE0(k) exp(ik · x)

=

ˆ 1

�1
d3k fE0(k)

✓
�k2 +

!2

c2

◆
exp(ik · x), (1.4.1)

since the operator r2 applies only with respect to x and where k = |k|. Neglecting the trivial

case of E0(x) = fE0(k) = 0, eq. (1.4.1) holds only if

k2 =
!2

c2
. (1.4.2)



1.5 The paraxial approximation 11

Then, the wave equation (1.2.7) takes its most recognisable form

�
r2 + k2

�
E0(x) = 0, (1.4.3)

as the Helmholtz equation [Stamnes 1986]. This describes the scalar, monochromatic, time-

independent behaviour of the electromagnetic field as a second order, partial differential equation

in terms of its inherent spatial frequency, k. In monochromatic optics, k is the wavenumber and

is given by the relation

k =
2⇡

�
, (1.4.4)

where � is the wavelength of the radiation [Griffiths 1998].

Unfortunately, the Helmholtz equation is often difficult to solve exactly for given initial

boundary conditions, as a consequence of being second order in all variables. However, a very

powerful approximation can be made as a consequence of the nature of the waves considered in

this work, i.e. those of a coherent laser beam. This is the paraxial approximation.

1.5 The paraxial approximation

The paraxial approximation, also called the Fresnel approximation or the parabolic approximation,

is treated in most texts on optics e.g. [Born & Wolf 1980]. As will become clear throughout

the thesis, the approximation occurs in different guises, but for now we examine its most common

interpretation.

Suppose E(x) satisfies the Helmholtz equation, (1.4.3). Further, suppose

E(x) = F (x) exp(ikz), (1.5.1)

where F (x) is a complex modulation of the plane wave represented by the exponential factor,

propagating in the z-direction. Then, the Helmholtz equation gives (where functional dependence

has been suppressed for brevity)

�
r2 + k2

�
E = r2

?F eikz + @2
z

(F eikz) + k2F eikz

= r2
?F eikz + @2

z

F eikz + 2ikeikz@
z

F � k2F eikz + k2F eikz. (1.5.2)
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The derivative r2
? is taken perpendicularly to the direction of propagation, while @

z

is the partial

z-derivative. In (1.5.2), the last two terms cancel one another and the exponential term may

be factored out. The essence of the paraxial approximation is the assumption that the second

order derivative with respect to propagation distance, z, is negligible compared to the other

terms [Siegman 1990]. Explicitly

@2
z

F ⌧ k@
z

F. (1.5.3)

Physically, the paraxial approximation amounts to assuming the direction of propagation deviates

only minimally from the axis of propagation, i.e. angles with the propagation direction are

small [Born & Wolf 1980].

For the case of a laser, this is evidently a very fair approximation, evinced by the small spot

of light projected by any common laser pointer on a distant wall or screen. Then, from (1.5.2),

the paraxial wave equation can be expressed

r2
?F (x) + 2ik@

z

F (x) = 0. (1.5.4)

The power of this approximation is due in no small part to the amenability of Gaussian integrals,

the connection to which is made shortly in §1.8.

With the Helmholtz and paraxial equations, (1.4.3) and (1.5.4), we have governing descriptions

for the behaviour of scalar light fields in different regimes. Since the remit of physical theories is

to make predictions, a method is desirable for determining the evolution of a given field under

the appropriate conditions, i.e. according to the Helmholtz and paraxial equations. There exists

a Fourier based mechanism to do just this, known as the angular spectrum method.

1.6 The angular spectrum method

The following derivation is attributed to §3.10 of [Goodman 2005], but variations of it can be

found in most good textbooks – e.g. [Mandel & Wolf 1995], [Stamnes 1986] or [Born &

Wolf 1980]. Fundamentally, the process amounts to the integration of plane waves weighted

according to the spectrum of the initial field.

Let U(x, y) be a field with spectrum eU(k
x

, k
y

), then the field at a parallel z-plane, U(x, y, z)
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has a 2D Fourier transform eU(k
x

, k
y

; z). Then, from (1.3.2)

eU(k
x

, k
y

; z) =
1

(2⇡)2

¨ 1

�1
dxdy U(x, y, z) exp (�ik

x

x� ik
y

y) , (1.6.1)

and (1.3.1)

U(x, y, z) =

¨ 1

�1
dk

x

dk
y

eU(k
x

, k
y

; z) exp (ik
x

x+ ik
y

y) , (1.6.2)

where k
x

and k
y

are the Fourier pairs of x and y respectively. Moreover, the field U(x, y, z) must

satisfy the Helmholtz equation, (1.4.3), so

�
r2 + k2

�
U(x, y, z) =

¨ 1

�1
dk

x

dk
y

�
r2 + k2

� eU(k
x

, k
y

; z) exp (ik
x

x+ ik
y

y)

=

¨ 1

�1
dk

x

dk
y

�
@2
z

+ k2 � k2
x

� k2
y

� eU(k
x

, k
y

; z) exp (ik
x

x+ ik
y

y) ,

(1.6.3)

where @
z

is the partial derivative with respect to z. Since (1.6.3) is equal to zero, eU(k
x

, k
y

; z)

must satisfy the expression

@2
z

eU(k
x

, k
y

; z) + (k2 � k2
x

� k2
y

) eU(k
x

, k
y

; z) = 0. (1.6.4)

A simple solution of this equation is obtained by taking

eU(k
x

, k
y

; z) = eU(k
x

, k
y

) exp
⇣
iz
q

k2 � k2
x

� k2
y

⌘
. (1.6.5)

The square root term in the exponential is recognised as the z-component of the wavevector, k
z

,

from the usual 3-vector component relation

k
z

=
q

k2 � k2
x

� k2
y

, (1.6.6)

where k2 > k2
x

+ k2
y

for propagating waves. If k2
x

+ k2
y

> k2, it is important to choose the

appropriate branch to ensure decay of evanescent waves. Finally then, restoring eqs. (1.6.6) and
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(1.6.5) to the expression for U(x, y, z) in eq. (1.6.2) gives

U(x, y, z) =

¨ 1

�1
dk

x

dk
y

eU(k
x

, k
y

) exp
⇣
ik

x

x+ ik
y

y + iz
q
k2 � k2

x

� k2
y

⌘
, (1.6.7)

where k is the wavenumber and
q

k2 � k2
x

� k2
y

= k
z

. The exponential term in (1.6.7) is known

as the Helmholtz propagator. Without the additional exp(ik
z

z), eq. (1.6.7) would simply be the

inverse Fourier transform of eq. 1.3.1. From this perspective then, propagation is equivalent to a

rephasing in Fourier space, determined by exp(ik
z

z), since this exponential is the only component

that contains information of spatial frequency in the propagation direction, z.

Equation (1.6.7) describes the propagating form of U(x, y, z) according to the Helmholtz

equation. Given initial boundary conditions, by calculating the 2D Fourier transform and

integrating against the Helmholtz propagator, the 3D propagating field can be determined.

Analytic calculation of (1.6.7) is not always possible, however, because k
z

, eq. (1.6.6), is dependent

on a square root. This problem can be addressed in at least two ways, as shown in the following

sections.

1.7 Numerical propagation

One means of predicting the forms of propagating fields is solely numerical. Although eq. (1.6.7)

may not be analytically solvable, there exist more numerical techniques for such calculations than

ever. Particularly, commercial software such as Mathematica and MATLAB have native functions

that can be employed to great convenience.

For example, in MATLAB the 2D ‘fast Fourier transform’ function, fft2(), will rapidly

determine the Fourier spectrum of a 2D matrix of a field of values. The resulting array can be

multiplied by the Helmholtz propagator from eq. (1.6.7) for any chosen distance z, and inverse

Fourier transformed with the function ifft2(). The resulting, numerically determined array is

the field obtained by propagation of the initial array according to the Helmholtz equation, (1.4.3).

Moreover, in cases where mathematical description of the field is complicated, numerical

propagation provides another tool of investigation. Accordingly, the technique lends itself to

studying the self-healing of beams, where sharp discontinuities in the field can be analytically

intractable (see §5.6 and §6.4).

However, while it can be a very powerful technique in certain cases, there exist some limitations
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to the approach. Firstly, the values of the array must go to zero at its edges, while the array size

itself is limited, constraining the amount of detail that can be included. Practically, this is not

too severe a limitation, since arrays can be roughly of a size 104 ⇥ 104. Nevertheless, propagation

is then limited to fields that are spatially localised.

The greatest problem with the approach however, is that it returns nothing of the mathematical

form of the propagating field. Therefore, while visual or numerical representations of a field

for a fixed set of parameters is straightforwardly obtained (once the appropriate code has been

written), the dynamics of such a field and its dependence on those same parameters is hidden.

For this reason, numerical propagation is best employed as a quality check for the propagation

technique of the next section – paraxial propagation – ensuring that the prediction of the field

according to the paraxial approximation does not depart significantly from the full Helmholtz

propagation given by numerical techniques.

1.8 Paraxial propagation

Although eq. (1.6.7) can rarely be calculated exactly for a given initial field, U(x, y), an analogous

expression exists for the paraxial equation that is more amenable. To find this, employ the

paraxial approximation again, in one of its modified guises. That is

|k
x

|, |k
y

| ⌧ |k|. (1.8.1)

Then, the square root term in the exponential of eq. (1.6.7), k
z

, can be expanded

k
z

=
q

k2 � k2
x

� k2
y

= k

s

1� k2
x

k2
�

k2
y

k2

⇡ k � k2
x

2k
�

k2
y

2k
, (1.8.2)

where higher order terms in k
x

, k
y

are neglected as negligibly small. Substituting eq. (1.8.2) into

eq. (1.6.7) gives an integral expression for paraxial propagation of a field by the angular spectrum

method. That is

Up(x, y, z) =

¨ 1

�1
dk

x

dk
y

eU(k
x

, k
y

) exp

"
i

 
k
x

x+ k
y

y � k2
x

z

2k
�

k2
y

z

2k

!#
, (1.8.3)
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where Up(x, y, z) is the paraxially propagating field and an overall phase factor of exp(ikz) has

been neglected.

The exponential term replacing the Helmholtz propagator in eq. (1.8.3) is known as the

paraxial – or Fresnel – propagator, G(x;k)

G(x;k) = exp

"
i

 
k
x

x+ k
y

y � k2
x

z

2k
�

k2
y

z

2k

!#
, (1.8.4)

and is the component that incorporates the propagation information into the expression. The

power of this method lies not only in the fact it is separable in k
x

and k
y

, but also in that the

resulting integral is Gaussian. That is, the greatest power of the argument is negative and second

order in the exponential. As a consequence, the integral in eq. (1.8.3) is particularly amenable to

analytic solution, provided eU(k
x

, k
y

) is sufficiently well behaved to not muddy the mathematical

waters – a constraint that is not particularly severe.

The prevalence of Gaussian functions in optics is not limited to their appearance in paraxial

propagation. Their amenability befits them for numerous roles, so we will indulge in another

short detour to examine their properties more closely.

1.9 Concerning Gaussians

Having seen the mechanisms of mathematical propagation, it is enlightening to see them applied

to the description of a typical paraxial beam. Perhaps the most commonly considered beam is

the Gaussian, partly because its intensity profile approximately describes that of a laser from a

typical resonator cavity [Siegman 1990]. However, making it yet more prolific is the fact of its

mathematical amenability.

A Gaussian function is the exponential of a negative square, so that it decays rapidly for

both positive and negative arguments, ensuring a finite total intensity and allowing normalisation.

Explicitly, a typical, one-dimensional Gaussian may be expressed

G
w

(x) = exp
�
� x2

�
w2

�
, (1.9.1)

where w governs the spread, or width, of the function in x. Clearly, G
w

(x) ! 0 as x ! ±1 for

finite w. Figure 1.3(a) shows a plot of G2(x) wherein its convergence to zero for positive and

negative x is evident.
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Figure 1.3: The Gaussian function, G2(x) and its Fourier transform fG2(kx). The func-

tion is Gaussian in both real- and Fourier-space, with widths inversely proportional.

A wide Gaussian in real-space will have a narrow Gaussian Fourier distribution.

To show the amenability of Gaussian integrals via a simple approach, consider the square of

its integral

✓ˆ 1

�1
dx G

w

(x)

◆2

=

ˆ 1

�1
dx exp

�
� x2

�
w2

� ˆ 1

�1
dx0 exp

�
� x02

�
w2

�

=

¨ 1

�1
dxdx0 exp

⇥
� (x2 + x02)

�
w2

⇤
. (1.9.2)

The integral in eq. (1.9.2) is over all x-x0 space, so can be expressed in terms of polar co-ordinates

(r,�). Then

)
ˆ 2⇡

0
d�

ˆ 1

0
dr r exp

�
� r2

�
w2

�

= 2⇡

ˆ 1

0
dr r exp(� r2

�
w2 ), (1.9.3)

where dxdx0 ! rdrd� and r2 = x2 + x02. With only the r-integral to calculate, the substitution

� r2
�
w2 ! s such that 2rdr ! �w2ds, (1.9.4)
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can be made. Inserting (1.9.4) into (1.9.3) returns the expression

) �2⇡w2

ˆ �1

0
ds exp(s)/2

= ⇡w2

ˆ 0

�1
ds exp(s)

= ⇡w2
⇥
e0 � e�1⇤

= ⇡w2. (1.9.5)

Finally, equating the left hand side of (1.9.2) and (1.9.5), shows that

ˆ 1

�1
dx exp

�
�x2/w2

�
= w

p
⇡, (1.9.6)

which is finite valued and dependent on the width of the original function, w.

More generally, an exponential might not be purely quadratic and may have a linear dependence,

being of the form

g(x) = exp
⇥
�(ax2 + bx)

⇤
. (1.9.7)

In this instance, the method of ‘completing the square’ is used to express the polynomial in x

without its linear term [Needham 1998]. This is the same method familiar from high school

mathematics. Explicitly

�(ax2 + bx) = �a(x2 + bx/a)

= �a
⇥
(x+ b/2a)2 � b2

�
4a2

⇤

= �a(x+ b/2a)2 + b2
�
4a . (1.9.8)

The final term in the square brackets of the second line is inserted manually to remove the same

term arising from the square of the round brackets. This step ensures agreement between the

first and second lines and is the ‘completion of the square’ that the method refers to.

The integral of eq. (1.9.7) then takes the form

ˆ 1

�1
dx g(x) =

ˆ 1

�1
dx exp

⇥
�a(x2 � b/2a)2 + b2

�
4a
⇤
, (1.9.9)

where the infinite limits allow the translation (x� b/2a)2 ! s2. This recovers an integral of the
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form in eq. (1.9.6), so that the generalised Gaussian integral is given by

ˆ 1

�1
dx exp

⇥
�(ax2 + bx)

⇤
=
p
⇡/a exp

�
b2
�
4a
�
. (1.9.10)

This generalised Gaussian integral will be used frequently throughout the remainder of this thesis.

In fact, this is exactly the amenability referred to earlier, and the power of this expression lends

itself to the paraxial angular spectrum method of eq. (1.8.3) (provided eU(k
x

, k
y

) does not contain

exponential powers of x greater than 2).

With this expression in hand, we return to the investigation of the Gaussian beam resulting

from (1.9.1). Its Fourier transform can be found using eq. (1.3.2) and employing (1.9.10)

fG
w

(k
x

) =
1

2⇡

ˆ 1

�1
dx exp

�
ik

x

x� x2
�
w2

�

=
w

2
p
⇡

exp
�
� k2

x

w2
�
4
�
, (1.9.11)

where fG
w

(k
x

) is the Fourier transform of the Gaussian and k
x

is the Fourier pair of x. Importantly,

the Gaussian’s Fourier transform is also Gaussian, with a width inversely related to its real-space

width. Note that the subscript w does not refer directly to width of the spectrum, but rather the

width of its real-space counterpart. Figure 1.3(b) shows fG
w

(k
x

). A physical consequence of the

distribution being Gaussian in both spaces is that the Gaussian laser profile remains Gaussian in

the far field [McCutchen 1964].

fG
w

(x) can be used in conjunction with the one-dimensional analogue of eq. (1.6.7) to determine

the form of the paraxial Gaussian beam. Explicitly

GB
w

(x, z) =

ˆ 1

�1
dk

x

fG
w

(k
x

) exp
⇥
i
�
k
x

x� k2
x

z
�
2k
�⇤

=
w

2
p
⇡

ˆ 1

�1
dk

x

exp
⇥
�
�
1 + 2iz

�
kw2

�
k2
x

w2
�
4 + ik

x

x
⇤

=
w

2
p
⇡

s
4⇡

w2 (1 + 2iz/kw2 )
exp

✓
�x2

w2 (1 + 2iz/kw2 )

◆
, (1.9.12)

where eq. (1.9.10) has been used. Cancelling prefactors, the form of the paraxially propagating

1 + 1D Gaussian beam is given by the expression

GB
w

(x, z) = exp

✓
�x2

w2 (1 + iz/zR )

◆�p
1 + iz/zR . (1.9.13)
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Figure 1.4: The 1 + 1D paraxial Gaussian beam, GB
w

(x, z), for zR = 1 and w = 2;

the beam focuses at the waist plane, z = 0. Before z = 0, the beam is converging to

a focus, and afterwards, diffractive effects cause it to spread out.

where zR ⌘ kw2/2 is the Rayleigh distance – the propagation length after which the wavefront is

indistinguishable from that generated by a point source. This distance has another significance,

but we will return to it in Chapter 6 after having encountered other appropriate phenomena in

Chapter 5.

Other conventions exist for expressions of the Gaussian beam, e.g. [Siegman 1990], but

eq. (1.9.13) is arguably the most elegant and easily interpretable. Figure 1.4 shows a plot of

|GB2(x, z)|2 for zR = 1, wherein the waist of the beam is evident at z = 0. For negative z, the

beam is converging to a focus, while diffractive effects cause its spreading for positive z.

Throughout this thesis, I will borrow a particular terminology from quantum mechanics,

referring to beams as 1 + 1D or 2 + 1D. Originally, the ‘plus one’ was included to emphasise that

time is distinct from spatial dimensions, so that the time-dependent Schrödinger equation in

three dimensions would be 3 + 1D. With regards to beams, such labelling emphasises that the

propagation direction is special and distinct from the transverse dimensions i.e. the paraxial

approximation has been made. Then, eq. (1.9.13) describes the 1 + 1D Gaussian beam, with one

transverse x-direction, plus one propagating z-direction. A 2 + 1D beam has transverse x and y

dimensions, plus propagation into one more z-dimension.
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1.10 Tschirnhaus transformations

There is a final property of the mathematics in this thesis that ought to be examined before

moving on. In eq. (1.9.8) the x-order term of a quadratic polynomial was suppressed, making

the resulting integral calculable. The suppression of next-to-leading-order terms in a polynomial

is not limited to quadratics (though the method of completing the square does not generalise

simply). In fact, any polynomial of order n, can be expressed with the (n� 1)th term suppressed,

returning a ‘depressed polynomial’7 [Needham 1998].

To see this explicitly, assume a nth-order polynomial of the form

c
n

xn + c
n�1x

n�1 + ...+ c1x+ c0 = 0, (1.10.1)

where c
n

are arbitrary, constant coefficients. Then, make the transformation

x ! y � c
n�1

nc
n

. (1.10.2)

By the binomial theorem, the resulting nth-order term takes the form

c
n

xn = c
n

✓
y � c

n�1

nc
n

◆
n

= c
n

✓
yn � c

n�1

c
n

yn�1 + p
n�2(y)

◆
, (1.10.3)

where p
n�2(y) is an (n� 2)th-order polynomial in y. Additionally, the next-to-leading-order term

becomes

c
n�1x

n�1 = c
n�1

✓
y � c

n�1

nc
n

◆
n�1

= c
n�1

�
yn�1 + p0

n�2(y)
�
, (1.10.4)

where p0
n�2(y) is another (n� 2)th-order polynomial in y. Subsequently, the sum of (1.10.3) and

7It has been suggested, although the practise is not widely adhered to, that polynomials with multiple terms
suppressed be called ‘downright despondent’.
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(1.10.4) becomes

c
n

xn + c
n�1x

n�1 = c
n

yn � c
n�1y

n�1 + p
n�2(y) + c

n�1y
n�1 + p0

n�2(y)

= c
n

yn + p
n�2(y) + p0

n�2(y), (1.10.5)

wherein the (n� 1)th-order terms have cancelled, giving a depressed polynomial.

It is then possible to express any nth-order polynomial with the next-to-leading-order term

suppressed. The importance of this fact will be borne out when considering the exponents of

diffraction catastrophes. It will transpire that each integral is, in this sense, general – e.g. the

integral of an exponential of any cubic polynomial is then expressible as an Airy function, even if

it initially contains a quadratic term. This will become clearer throughout the duration of this

thesis. For a delightful presentation of the history of polynomials and their roots, the reader is

directed to [Needham 1998].

The various results of this chapter furnish us with some of the basic ideas of classical optics

required to further our investigation. The next chapter introduces the requisite concepts of

catastrophe theory and asymptotics that will also be needed in later work.



2 | Diffraction catastrophes

A poet once said, “The whole universe is in a glass of wine.” We will probably

never know in what sense he meant that, for poets do not write to be

understood. But it is true that if we look at a glass of wine closely enough we

see the entire universe.

Richard P. Feynman

2.1 An introduction to diffraction catastrophes

A derivation of the diffraction catastrophe integrals from first principles requires finding structurally

stable singularities of gradient mappings [Berry & Upstill 1980]. While the more abstract

process is interesting and instructive in and of itself, the points salient to optics may be introduced

without recourse to the more general theory. However, to best understand the character of

diffraction catastrophes, a sure grasp of asymptotic techniques is required. Indeed, the two

subjects are so complementary, that discussing one without recourse to the other significantly

detracts from greater understanding.

In the interests of simplicity then, the first two members of the diffraction catastrophe

family are introduced in §2.1.1 and §2.1.2, and examples are given of the ray caustics they

correspond to. With a basic familiarity of Airy and Pearcey functions in hand, §2.2 describes the

various asymptotic techniques required for their calculation. To emphasise the connection, these

asymptotic methods will be introduced via their application to the calculation of the Pearcey

function. It may be surprising that we start with the second member of the catastrophe integral

family, but its dynamics encompass that of the Airy function and so it provides the ideal model

for understanding both catastrophes

Catastrophe theory proves that there are only five distinct diffraction catastrophes that are

stable in three and fewer dimensions, the Airy and Pearcey functions being the first two of these.

23
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The qualitative behaviour of the higher-order catastrophes is readily extrapolated from that of

the two examined here, and they are therefore not considered explicitly in this chapter.

During the process of asymptotic analysis, the deeper connection between the integral

representations of the phenomena and their physical realisations will become apparent. While this

path through the material does not derive the canonical integrals, it will nevertheless engender a

deeper understanding of both caustics and asymptotics, equipping the reader to better interpret

the later chapters of this thesis.

For an introductory review of caustics from the perspective of catastrophe optics the reader

should find [Berry & Upstill 1980] illuminating. Additionally, the book by Nye [Nye 1999]

has an excellent geometrical approach from a perspective of optics, with numerous illustrations.

Moreover, [Poston & Stewart 1997] provides a complete investigation from first principles,

though takes a more general, topological approach. The more recent work of [Vallée & Soares

2004] provides a comprehensive list of applications of the Airy function to many areas of modern

physics.

2.1.1 The Airy function

The Airy function [Airy 1838] is defined by the integral identity

Ai(X) =

ˆ 1

�1
d⇠ exp

�
i⇠3 + i⇠X

�
, (2.1.1)

and describes the diffraction pattern near the type of caustic known as a fold. The simplest

of caustics, it can arise from the refraction of parallel rays through a spherical medium. This

happens naturally when light from the sun enters a water droplet, internally reflects, and refracts

back into the air (see Fig. 6.4 of [Nye 1999]). In fact, it is this effect that gives rise to rainbows,

and it was these that Airy was studying in 1838 when he devised the integral that bears his

name [Airy 1838].

A helpful visual model to have of the fold caustic is evinced by its name. A folded surface –

paper, cloth etc. – has two sheets on one side of its crease, and none on the other. Likewise, a

fold caustic is formed with two rays through any point on one side of the caustic, and none on the

other. In this sense, it may be easy to see why caustics are considered the topological singularities

of geometrical optics, providing the demarkation between regions of ray densities [Berry &

Upstill 1980].
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Figure 2.1: Example of a fold caustic; the caustic is the curved line formed of straight

rays that marks the boundary between regions of different ray densities. To the left

of the caustic, any point has two rays passing through it, while to the right, no rays

pass through any point.

An example of a fold caustic arising from rays is shown in Fig. 2.1. The caustic is the curved

line formed of the overlapping, parallel straight rays. To the left of the caustic, two rays pass

through any single point, while to the right, there are no rays in the region. At a point on the

curved caustic line, two rays are degenerate, having only infinitesimally different directions. This

is not visible in Fig. 2.1 because there are only a finite number of rays plotted. It is of course

possible to define an infinite number of rays, two for each incremental shift along the caustic.

Figure 2.2 shows, Ai(X), the Airy function of eq. (2.1.1). However, in optics it is the intensity

of a field that is observed, so in the region of the caustic the important quantity is |Ai(X)|2,

which is shown in Fig. 2.3. In the Airy function, the caustic is at X = 0, for reasons that will

become apparent in §2.2.3. For X < 0 there is an oscillatory pattern characteristic of the Airy

function and the interference of two rays, similar in many ways to the fringes that abound in

optical systems. For X > 0, to the right of the caustic, there are no rays and consequently the

Airy pattern decays exponentially. These behaviours will be justified mathematically in §2.2.3.

Note that, since the Airy function is one-dimensional (1D), thinking of it in terms of rays

can lead to confusion. However, Fig. 2.1 shows an example of a curved caustic formed of rays,

wherein the Airy function describes a 1D slice normal across the caustic.

In fact, the Airy function is the only stable caustic form in 1D. Similarly in two dimensions
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Figure 2.2: The Airy function, Ai(X), of eq. (2.1.1); for X < 0 the function exhibits

oscillations characteristic of two-wave mixing, while for X > 0 the function decays

exponentially.

Figure 2.3: Intensity of the Airy function, Ai(X), of eq. (2.1.1); the intensity fringes

arise from the oscillations for X < 0, while the exponential decay of X > 0 persists

into the intensity of the function.
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(2D) there is only one stable caustic form – the cusp – which is described by the Pearcey function,

and explored in the next section.

2.1.2 The Pearcey function

The Pearcey function is the generic description of an aberrated focus in two dimensions. Suppose

parallel rays to be incident on a perfectly parabolic mirror, as shown in Fig. 2.4(a). Then, their

specular reflection from the mirror’s surface sends all the rays through a single point, embodying

the concept of a perfect focus.

However, such perfect focusing is a very special case, a fact highlighted by the difficulty of

producing it in an optical system – lenses must be specially made and rarely occur naturally.

If instead, the mirror were to deviate from perfectly parabolic, e.g. including an additional

term in x4, then the rays further from the centre of the mirror, are reflected at a greater angle,

subsequently travelling below their ideal positions. Then, they no longer overlap one another at a

single point, but rather form a cusped caustic, spreading from the once-perfect point focus.

Such a cusp is the generic form for any aberrated point focus in two dimensions. Figure 2.4(b)

shows an example of this, where the parabolic mirror has been aberrated by inclusion of the term

5x4, giving rise to the observed cusp distribution. The factor of 5 has only been included for

clarity, making the cusp more evident without magnifying the focal region. Both Figs. 2.4(a)

and (b) show the same region of space for the same sized mirror. Although the aberrated mirror

(right) of (b) deviates only slightly from the perfect mirror (left) of (a), the resulting cusp is

unmistakeable in the reflected rays.

Note that aberration of the parabolic mirror by subtracting a quartic term also results in

a cusp distribution, only oriented in the opposite direction from that of Fig. 2.4(b). Moreover,

a quartic term is the simplest possible deviation from a parabola that preserves the reflecting

system, since including a cubic term would break the symmetry.

Now, consider only the region of the field in the vicinity of the focus. Moreover, assume that

the wavelength of the radiation in the system is not negligibly small. Then, the geometric optics

approach predicts a divergence of intensity on the caustic [Berry & Upstill 1980] and the

system must be thought of in terms of its corresponding diffraction catastrophe integral, the

Pearcey function.

Pearcey graduated from Imperial College in 1940, but cut short his PhD to join the war

effort in the British Air Defence Research Development Establishment. Although his work was
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Figure 2.4: Spherical aberration of a point focus; (a) parallel rays specularly reflected

from a parabolic mirror, given by the curve x2, overlap at a single point in space,

embodying an ideal focus; (b) aberration of the mirror by inclusion of a quartic term

causes rays further from the centre to be reflected at a greater angle, so that the

point focus has unfolded into a bright cusp distribution.

secretive, it seems likely that he worked on developing the recently invented radar technology,

where aberrated foci might frequently occur1.

The Pearcey function is defined [Pearcey 1946] from catastrophe theory by the integral

Pe(X,Y ) =

ˆ 1

�1
ds exp

⇥
i
�
s4 + Y s2 +Xs

�⇤
, (2.1.2)

where (X,Y ) are scaled co-ordinates exploring the space in which the function is defined [Berry

& Upstill 1980]. Equation (2.1.2) describes the field in the region of a cusp caustic, and Fig. 2.5

shows |Pe(X,Y )|2, which clothes the ray caustic of Fig. 2.4. A magnified ray cusp is shown in

Fig. 2.6, where the topological relation to the Pearcey pattern is evident. Below the caustic,

three rays pass through a point and a resulting three-wave interference pattern arises. However,

above the caustic, each point has only a single ray passing through it and consequently there is

no oscillatory interference. Also note that the position of the peak intensity of the function is

short of the origin in Y , although it is on the line X = 0.

To fully appreciate the behaviour and character of the Pearcey function (and other catastrophe

integrals), a familiarity with asymptotic techniques is required. The next section presents some
1He later led a team in building one of the world’s first digital computers, CSIRA, after emigrating to Australia.
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Figure 2.5: Intensity of the Pearcey function, |Pe(X,Y )|2 of eq. (2.1.2); the intensity

pattern clothes the ray caustic of Fig. 2.6; below the caustic there is a delicate

three-wave interference pattern, while above the caustic arms the interference pattern

ceases; the peak intensity of the main lobe is short of the origin, which would be the

location of a perfect point focus.
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Figure 2.6: The cusp ray caustic is the second simplest, topologically stable caustic

form classified within catastrophe theory. Below the cusp, three rays pass through a

single point, while above it only one ray contributes to the field. Geometrical optics

predicts a divergence of the intensity along the arms of the cusp and the field must

instead be described by the Pearcey function of eq. (2.1.2).

common asymptotic techniques with reference to their application to the Pearcey function.

Before moving on, note that the link between the parabola of the mirror and perfect focusing

is a general phenomenon. At at a distance x from the centre of the mirror, the ray will be

foreshortened by a length x2. This is equivalent to modulating the incoming wavefront by a

quadratic phase factor, which ultimately results in a perfect focusing effect. This links to the

idea of Fresnel propagation (§1.8), wherein phase modulation in the Fourier plane is quadratic.

Chapter 4, shows not only the link between this quadratic factor and perfect focusing, but

investigates the consequences of aberration of the modulating phase (i.e. including a quartic

term), which will fundamentally link to the Pearcey function.

The system depicted in Fig. 2.4 shares characteristics with several of the phenomena encoun-

tered throughout this work, its apparent simplicity belying its fundamental generality.
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2.2 An introduction to asymptotic methods

In this section, common asymptotic methods are presented that are used to obtain approximate

values of integrals of the form

U(r) =

ˆ 1

�1
ds f(r; s) exp [i�(r; s)] . (2.2.1)

While these methods can be used for any integral of a form given by (2.2.1), this thesis is primarily

concerned with their application to catastrophe integrals, such as the Airy and Pearcey functions.

Catastrophe integrals are sometimes called ‘integrals with coalescing saddles’ [Berry & Howls

2010] and as the name suggests, their complex saddles play a crucial role in the dynamics of their

behaviour. In fact, the importance of saddles in catastrophe integrals aligns beautifully with that

of saddles in asymptotic approximation. Consequently, asymptotic analysis bestows upon us an

incredibly powerful tool for understanding the nature of catastrophe integrals.

It should be emphasised that although the results obtained by the methods in this section are

approximate (in that they are not exact, analytic solutions of the integrals) they are frequently

very good approximations. Then, when a numerical value of the integral is required, for example

for plotting an image of the function, or calculating theoretical predictions of experimental results,

these asymptotic methods empower the wielder to obtain values accurate to several significant

figures. For most purposes, such accuracy is sufficient, but it is possible to extend the basic

techniques to ‘super’- and ‘hyperasymptotics’, improving the accuracy exponentially, though

very high degrees of accuracy will not be required in this work. For an account of super- and

hyperasymptotics see [Berry & Howls 1990] or [Howls 1991].

The simple expedience of faster calculation may not seem a compelling enough reason to

warrant a whole chapter of this thesis. However, catastrophe integrals are highly oscillatory,

rendering numerical evaluation not only tedious but frequently impossible. More importantly

though, the process of approximation itself yields deeper physical insight into the behaviour of

the systems considered, as will become evident throughout this work.

2.2.1 The importance of saddles

The importance of the saddles of catastrophe integrals can be understood as a consequence of the

functions’ oscillatory natures. Figure 2.7(a) shows the real contours of the complex plane of the
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exponent of the Pearcey function, Re[i�(X,Y ; s)] where �(X,Y ; s) = s4 + Y s2 +Xs; the three

saddle-points of �(X,Y ; s) are indicated as white dots. Figure 2.7(b) shows a plot of the integrand

corresponding to the white dashed line of (a), through the central saddle. When integrating along

the real axis, the rapid oscillations of the integrand distant from the saddle [shaded in grey in

(b)] provide contributions that largely negate one another, with roughly the same area below the

Re(s)-axis as above it.

Then, significant contributions to the integral only occur near the saddles, where inherent

cancellation is minimised – shown schematically by the light blue shading in Fig. 2.7(b). It is

for precisely this reason that the saddles of oscillatory integrals are so important, and why their

dynamics determine the resulting properties of the integrals.

When the saddles are well separated from one another, as they are in Fig. 2.7(a), then an

oscillatory integral can be approximated by the sum of individual contributions from each saddle.

However, as control parameters change, the locations of the saddles in the complex plane evolve,

and arrange themselves in generic compositions embodied by the canonical catastrophe integrals.

When in close proximity with one another, it is no longer possible to treat them as separately

contributing entities. That is, they are close enough to interfere with each other. In such cases,

the means of approximation must change accordingly.

Since the Pearcey function plays a vital role throughout this thesis, a pertinent approach

is to describe the various asymptotic methods via their application to its calculation. It is

fortunate that the needed processes include the most common approximation methods, as well as

encompassing the behaviour of the simpler (but no less important) Airy function.

The Pearcey function is defined by the integral of eq (2.1.2), where X and Y are dimensionless

co-ordinates. Figure 2.8(a) shows |Pe(X,Y )|2, wherein there are clearly distinct regions, with

delicate interference patterns below and inside the caustic arms, and decaying intensity outside.

Indeed, it is the very raison d’être of catastrophe integrals that they exhibit distinct, discrete

changes over a range of control parameters. Accordingly, this distinct behaviour is reflected

in the Pearcey function’s integrand, and a complete description of Pe(X,Y ) is constructed as

a patchwork of approximations. In fact, there are seven different regions which are shown

schematically in Fig. 2.8(b). However, only five of these regions are distinct, since regions III and

IV, as well as V and VI are reflections of each other and behave identically up to the symmetry

X , �X. The distinct regions must be calculated by different approaches, but before examining

the mathematics, it is useful to be familiar with the saddle dynamics.
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Figure 2.7: Highlighting the importance of stationary points in the asymptotic

approximation of oscillatory integrals; (a) the complex s-plane of the Pearcey function

with �(X,Y ; s) = s4 + Y s2 +Xs; the positions of the three saddles are indicated by

white dots, with the white dashed line corresponding to the slice of the integrand

plotted in (b); (b) oscillations of the integrand of the Pearcey function ei�(X,Y ;s);

rapid oscillations away from the stationary points (which are saddles in the complex

plane) have largely cancelling contributions to the integral (shaded in grey), leaving

significant contributions to occur only from the regions near the saddles (shaded in

light blue).

In region I, all three saddles are very near to each other and are not sufficiently separated to

treat the integral as a sum of distinct contributions. Figure 2.9(a) shows Re[i�(�1, 0; s)] where

�(X,Y ; s) = s4 + Y s2 +Xs for the Pearcey function. The saddle-points are indicated by white

dots. Generally, the three saddles are located at

�0(X,Y ; s) = 4s3 + 2Y s+X = 0, (2.2.2)

and are therefore degenerate when X = Y = 0 [Poston & Stewart 1997]. That is, all three

saddles coalesce at s = 0 when the control parameters X and Y are at the origin – at the tip

of the dashed cusp in Fig. 2.8(a) and (b). The cusp is described [Stamnes 1986] by the set of

points satisfying the expression

8Y 3 + 27X2 = 0, (2.2.3)

sometimes referred to as the bifurcation set [Berry & Howls 2010]. Below the cusp, all three

saddles are real, while above the cusp [Fig. 2.9(b)] two saddles are imaginary and only one real.

The intricate interference of the three saddles here is the defining, generic characteristic of the
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Figure 2.8: Intensity of the Pearcey function and its distinct asymptotic regions;

(a) |Pe(X,Y )|2, the white dashed line shows the location of the caustic [see Fig. 2.6

and eq. (2.2.3)]. Note that the caustic demarcates the transition between distinctly

different regions of behaviour, with a delicate interference pattern below and decaying

intensity above; (b) asymptotic regions of the Pearcey function; regions exhibit

distinctly different asymptotic behaviour and must be approximated with different

methods. Regions symmetric about the vertical axis are reflections of each other.
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Figure 2.9: Various complex saddle configurations of the Pearcey function for the

different regions indicated in Fig. 2.8(b); the region corresponding to the configura-

tion is indicated inset, with the white dot indicating exact parameters. Different

approximation mechanisms are required for each region.



2.2 An introduction to asymptotic methods 36

Pearcey function, and despite the strengths of asymptotic approximation, the power of modern

computing packages such as Mathematica actually makes it most efficient – in the small region

near the cusp – to evaluate the integral numerically.

A typical point in region II has a complex plane configuration as in Fig. 2.9(c). All three

saddles are purely real, and when integrating along the real line, all three contribute to the

integral. Each saddle can be approximated by the method of steepest descent, which is presented

in §2.2.2. Importantly, approximation of the real saddles requires a rotation of the integration

contour (for reasons explained in §2.2.2), which then travels to infinity along one of the ‘valleys’

of the complex plane. To account for the integration region that is consequently missed, another

contour must return, crossing another saddles, and continue in the direction of positive, real

infinity. The process repeats until the whole integration domain is covered.

Figure 2.10 shows examples of the deformed integration contours as white dashed lines, for

the various saddle configurations for regions indicated by the inset Roman numerals. Contours

traverse convergent paths which correspond to valleys in the complex plane. Figure 2.10(b)

indicates the approximation by the sum of three real saddles.

While all three saddles coalesce at the origin (X,Y ) = (0, 0), just two saddles coalesce on the

dashed arms of the cusp. Figures 2.9(d) and (e) show the saddles just before and after coalescence

in the transition across the caustic. As Y increases, the saddles collect imaginary components

and move away from the real line. Importantly, the coalescence of two real saddles then becoming

complex is the defining behaviour of the Airy function, just as the coalescence of three saddles is

the defining characteristic of the Pearcey function. It is then possible to describe regions III and

IV in terms of the Airy function. This is known as the transitional Airy approximation and is

discussed in §2.2.3. Figure 2.10(c) indicates the asymptotic contributions in this region – one real

saddle and two described by the transitional Airy approximation.

Once above and distant from the caustic arms, in region V or VI, there is only one real saddle

contributing to the integral. This configuration is shown in Fig. 2.9(f), where the deformed

integration contour must curve through the left saddle, from the bottom left valley to the top

valley, then return from the top valley, passing through the uppermost complex saddle and

continuing into the upper right valley [see Fig. 2.10(d)].

Finally, transition from region VI to region VII stops the complex saddle contributing to the

integral, as it is possible to integrate along a convergent contour from the direction of negative

infinity, to positive infinity by passing through only a single real saddle, as in Fig. 2.10(e). This
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configuration is also shown in Fig. 2.9(g). The line of transition from region VI to VII is known as

the Stokes set – the set of (X,Y ) points where the exponential contribution of a complex saddle

turns on or off. In 2D, this Stokes set is a line, while in 3D the Stokes set is a surface and in higher

dimensions it becomes a hypersurface. Transition across the Stokes set changes the contribution

from exponentially small complex saddles, and is known as the Stokes phenomenon [Berry 1989].

It should be noted that the asymptotic methods presented in this section are not the only ones

that exist. There are others (see e.g. uniform asymptotics [Dingle 1973]) that will accomplish

the same results, as well as modifications of the definition of rays themselves which allow accurate

description of fields [Alonso & Forbes 2002]. The methods detailed in the following sections

highlight the salient aspects of asymptotic approximations, providing physical insight into the

modelled system. In the case of optics and the Pearcey function, the saddles of the complex

plane are equivalent to the rays of geometrical optics. Then, geometric optical rays are the loci of

saddles, and the nature of caustics become transparent as the coalescence of saddle-points. This

is made clearer from (2.2.10).

In the following sections, the specific mathematical approximations and subsequent interpre-

tations required to model the Pearcey function are examined.

2.2.2 The method of steepest descent

This first method for approximation assumes the saddles of the function are well separated, as

they are in region II of the Pearcey function, underneath and away from the cusp. In general,

asymptotic methods are concerned with integrals of the form

U(r) =

ˆ 1

�1
ds f(r; s) exp [i�(r; s)] (2.2.4)

where r = (X,Y ) is a control parameter, which will be the cartesian location in the cases

considered here. From the §2.2.1 we expect the majority of the contribution to the integral to be

concentrated around the stationary points of the exponent which are located at the solutions of

@�(r; s)

@s
= 0. (2.2.5)

Let s = �
i

be the location of the ith saddle. Considering only the region near to �
i

, Taylor

expand [Morse & Feshbach 1953] about this point. Then, assume that the exponential term
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Figure 2.10: Asymptotic approximation of the Pearcey function’s real integration

contour in different regions of the parameter space; (a) in region I the integration

contour is calculated numerically by a ⇡/8 rotation; (b) the dashed white lines show

the paths of steepest descent through each saddle in region II; (c) the left-most saddle

is approximated by steepest descent while the those in the dashed white circle by the

transitional Airy approximation; (d) steepest descent contours pass through one real

saddle and one complex saddle; (e) the steepest descent contour passes through the

only real saddle.
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changes more rapidly than f(r; s), so that f(r; s) ⇡ f(r,�
i

) is approximately constant over the

small region being considered. The integral then becomes

U(r) s f(r,�
i

)

ˆ
�

i

+✏

�

i

�✏

ds exp


i

✓
�
i

+
�00
i

2!
(s� �

i

)2
◆�

= f(r,�
i

) exp(i�
i

)

ˆ
�

i

+✏

�

i

�✏

ds exp


i
�00
i

2!
(s� �

i

)2
�
, (2.2.6)

where s indicates asymptotic equality, �
i

= �(r;�
i

) and �00
i

is the second order derivative of

�(r; s) with respect to s, at �
i

. The first-order derivative, �0
i

, has vanished by definition of

expanding about a stationary point. In (2.2.6), the integration limits have been reduced to the

neighbourhood of the saddle with ✏ an arbitrary, non-large distance. This is because only the

saddle at s = �
i

is considered, and we formally guard against including other saddles which might

otherwise exist on an infinite integration contour.

The crucial mechanism behind the method of steepest descent is that by rotating the contour

of integration it is possible to suppress the imaginary oscillations and maximally concentrate the

saddle contribution. This is the mathematical realisation of the rotated, white dashed contours

in Fig. 2.10, enacted by translating the integration variable so that the saddle, �
i

, is at the origin,

then rotating the contour by multiplication with a factor of ei✓. Explicitly,

(s� �
i

) ! ⇢ei✓, (2.2.7)

where ⇢ is a substituted integration variable and ✓ is chosen such that

arg(�00
i

) + 2✓ = ⇡, (2.2.8)

ensuring maximal convergence of the exponential factor. This occurs for two values of ✓, one in

the direction of steepest ascent and one in the direction of steepest descent away from �
i

. Then,

the appropriate ✓ is chosen so that the original contour through the saddle is oriented in the

correct direction, towards s = +1. Since the function now rapidly decays along the integration

contours away from �
i

, the limits of the integral can be extended to ±1 and expression becomes

U(r) s f(r;�
i

) exp (i�
i

+ i✓)

ˆ 1e�i✓

�1e�i✓
d⇢ exp

✓
� |�00

i

|⇢2

2

◆
(2.2.9)

which is a known Gaussian integral [see eq. (1.9.10)]. The exponentials in the limits represent the
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contour rotation embodied by the substitution of (2.2.7), so the integration contour has been

rotated through and angle ✓. Finally then, U(r) can be approximated asymptotically as the sum

of contributions from each of its saddles

U(r) s
nX

i=1

f(r;�
i

) exp(i�
i

+ i✓)

s
2⇡

|�00
i

| , (2.2.10)

where n is the number of saddles of �(r; s) passed through by the deformed steepest descent

contour. For the Pearcey function, �(r; s) is a quartic polynomial and thus has three saddles.

However, the importance of saddles extends beyond their practical use in approximation via

the steepest descent method. Indeed, they have a physical significance within the catastrophe

integral’s system, since there exists a correspondence between purely real saddles and optical

rays! That is, optical rays can be thought of as the lines along which positions of real saddles in

the complex plane are constant. Equation (2.2.10) shows that, when moving along such a line, �
i

and �00
i

change only as r changes, as would be expected of the behaviour of rays.

The cusp in Fig. 2.6 shows the lines of constant s of

�0(X,Y ; s) = 4s3 + 2Y s+X, (2.2.11)

for the Pearcey function. Along each of the straight lines, the position of one real saddle is

constant. Below the caustic, all three saddles are real and at any point it is possible to move

along one of three rays, keeping a single real saddle at a constant position in the complex plane.

At the caustic, the positions of two real saddles coincide, such that their corresponding rays have

the same gradient. It is for precisely this reason that catastrophe integrals are sometimes referred

to as degeneracies of gradient maps [Berry & Upstill 1980]. Above the caustic, there is only

one real saddle and hence a single ray through any point.

Then, the approximation of eq. (2.2.10) can be thought of as equivalent to a simple geometric

optical approximation – a sum of contributions from individual rays at any point. Figure 2.11

shows a slice of the intensity of the Pearcey function, |Pe(0, Y )|2, as approximated by the steepest

descent method of eq. (2.2.10). For negative Y , the Pearcey function is modelled (plotted as a

solid blue line) by the sum of three contributions from the three real saddles, while for Y > 0

only the lone real saddle is used. The thick, light grey line shows the true intensity of Pe(0, Y )

for reference. From the image, it is evident that distant from the caustic (which is at Y = 0), the
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Figure 2.11: Steepest descent approximation of the Pearcey function on the X-

axis; for Y < 0 the function is approximated well by the sum of three real saddles

in eq. (2.2.10), while for Y > 0 only a single real saddle is used. This approach

is equivalent to geometrical optics, and the divergence of intensity on the caustic

(|Pe(0, Y )|2 ! 1 as Y ! 0) is evident.

steepest descent approximation is very good, with the appropriate oscillations in the negative

region, as well as decay in the positive. However, the intensity diverges as the caustic, Y = 0, is

approached, highlighting the failing of geometrical optics in describing caustics.

Instead, a more subtle approach is required, using the nature of the asymptotic behaviour to

our advantage. This is where the transitional Airy approximation comes into play.

2.2.3 The transitional Airy approximation

The stationary phase approximation works very well when the saddles of the exponent are isolated

from one another. However, the defining characteristic of catastrophe integrals is that the saddles

approach one another, coalescing in specific, generic ways. As the saddles approach one another,

it is not possible to model their contributions by Gaussians as in eq. (2.2.10) of the previous

section. Looking again at the complex planes in Figs. 2.9(d) and 2.9(e), the important behaviour

is embodied in the interaction of two saddles. Such coalescence itself defines the behaviour of the

lower-order catastrophe integral – the Airy function, introduced briefly in §2.1.1. It is then possible

to describe the Pearcey function in this region in terms of the Airy function, a process known

as the transitional Airy approximation [Stamnes 1986]. In fact, the description of higher-order

diffraction catastrophes in terms of their lower-order cousins is a general phenomenon, since a

catastrophe with n saddles will always have regions in which m = n� 1, m = n� 2 etc. saddles
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Figure 2.12: Complex landscape of the Airy function; (a) for negative X, both saddles

are real from (2.2.12); (b) at X = 0 the two saddles coalesce at the origin of the

complex ⇠-plane; (c) for positive X both saddles become imaginary and move away

from the real line, causing the Airy function to decay. Asymptotic approximation for

X > 0 uses only the positive imaginary saddle. The white arrows show the direction

that the saddles move in for increasing X.

coalesce. The validity of this approach arises because the coalescence of m saddles defines an

mth-order catastrophe [Berry & Upstill 1980].

The Airy function is defined by the integral of eq. (2.1.1). The saddles in the complex ⇠-plane

then satisfy

@

@⇠

�
⇠3 +X⇠

�
= 3⇠2 +X = 0, (2.2.12)

so their locations are given by ⇠
i

= ±
p
�X/3. Thus, when X < 0, the saddles are real and when

X > 0 they are purely imaginary. When X = 0, the saddles’ positions are degenerate, both

at ⇠
i

= 0. Therefore, the Airy function is the prototypical example of two-saddle coalescence.

Figure 2.12 shows the configurations of the Airy saddles in the complex ⇠-plane for the transition

from �X to X. Figure 2.12(a) shows the case of negative X, wherein the saddles (white dots) are

purely real and separated from one another. As X increases, the saddles move in the direction

indicated by the white arrows, until they coalesce at X = 0, shown in (b). Then, once X is

positive [Fig. 2.12(c)], ⇠
i

becomes imaginary and they move away from the real axis.

Figure 2.3 shows a plot of the Airy function’s intensity, |Ai(X)|2, whose behaviour reflects

the saddles dynamics of Fig. 2.12. For negative X, distant from the origin, both saddles are

approximated by the steepest descent method (§2.2.2), the resulting contributions from eq. (2.2.10)
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interfering with one another to produce the observed oscillations, analogous to two-wave mixing.

For positive X, the saddles move off into the complex plane and integration along the real axis

does not collect any significant contributions. Thus, the Airy function decays exponentially for

positive X.

Returning to the Pearcey function, two-saddle coalescence occurs on the wings of the cusp, in

regions III and IV. As with the stationary phase approximation, the exponent is expanded in a

Taylor series, only now choosing the point to expand about, �0, as the point midway between the

two coalescing saddles, analogous to the origin of the pure Airy function. By necessity of the

topography, �0 is an inflection point where the second order derivate vanishes. Then

U(r) =

ˆ 1

�1
ds f(r; s) exp [i�(r; s)]

⇡
ˆ 1

�1
ds f0 exp

"
i

 
�0 + �00(s� �0) +

�0000
3!

(s� �0)
3 +

�
(4)
0

4!
(s� �0)

4

!#
, (2.2.13)

where f0 ⌘ f(r;�0), �0 ⌘ �(r;�0) and �
(n)
0 is the nth order derivative at �0. The approximate

equality sign in the second line is only included because the function f(r; s) is assumed constant

over the region of interest. For the Pearcey function, no derivatives higher than fourth order

exists, so when f(r; s) = 1 as it does for Pe(X,Y ), eq. (2.2.13) is exact. Rescaling the integration

variable such that

�0000
3!
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3 ! ⇢3, (2.2.14)

returns the expression
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where in the second line the exponential in ⇢4 has been expressed as a sum, which has then been

commuted outside the integral in the third line. The n = 0 term of (2.2.15) is recognised as a

scaled Airy function, hence the transitional Airy approximation. The higher-order n-terms are
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actually derivatives of the Airy function, defined as

Ai(n)(X) ⌘ in
ˆ 1

�1
d⇠ ⇠nexp

�
i⇠3 + iX⇠

�
. (2.2.16)

Finally then,
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wherein the first term is an Airy function, scaled to the appropriate dimensions, and later terms

are high-order Airy derivatives.

Note that eq. (2.2.17) is only approximate because f0 is assumed constant in the region of

interest. Additionally, this expression only accounts for the dynamics of two saddles. In the case of

the Pearcey function, the additional saddle contribution can be approximated by steepest descent

as in §2.2.2. Therefore, in regions III and IV of the Pearcey function, the field is approximated

by eq. (2.2.17) plus eq. (2.2.10) for the remaining real saddle, shown schematically in Fig 2.10(c).

Figure 2.13 shows a slice of intensity of the Pearcey function in the Y -direction, along the

line X = 5. The true value of the Pearcey function is given in grey, and the vertical dashed black

line near Y = �5 shows the location of the caustic from eq. (2.2.3). The solid pink line shows the

function according to the first four terms of the transitional Airy approximation, eq. (2.2.17),

plus a real saddle contribution. The first term of eq. (2.2.17) alone gives a fair description, but

including higher order n-terms (depending on the need for accuracy) improves the agreement

further from the caustic. The dashed blue line shows the intensity according to only the steepest

descent approximation of all three saddles, as per eq. (2.2.10), where the divergence of intensity

at the caustic is again evident. However, near the caustic, the transitional Airy approximation is

very good, so a complete description of the Pearcey function can be constructed from a patchwork

of approximations.

2.2.4 Endpoint corrections

The final asymptotic technique discussed here is that for endpoint corrections. While this method

is not required to calculate the normal Pearcey function, it is included here because it is used

later in the thesis, and it belongs with other asymptotic methods.

During asymptotic approximation, it is often fair to extend the limits of the considered
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Figure 2.13: Transitional Airy approximation of the Pearcey function in the region

of the caustic arms; near the caustic, shown by the vertical dashed line, the transi-

tional Airy approximation (pink) is a good description of the true function (grey),

while distant from it the steepest descent approximation (dashed blue) provides

reliable modelling. The entire function can then be modelled by a patchwork of

approximations.

integration to infinity, implicitly assuming a convergence of the real part of the integral to zero.

However, there arise (as we will see in later chapters) occasions where the finite extent of the

integration contour plays a crucial role in the system. Then, corrections must be applied to those

methods to account for the regions excluded by the endpoints.

That is, a finite integration contour can be approximated by an infinite contour, minus a

correction term, which itself is dependent on the integrand at the endpoint. Schematically,

ˆ
⌧2

⌧1

ds '(s) =

ˆ 1

�1
ds '(s)�

ˆ
⌧1

�1
ds '(s)�

ˆ 1

⌧2

ds '(s), (2.2.18)

where ⌧1 and ⌧2 are arbitrary limits of the integral. This situation is depicted (for �(X,Y ; s) of

the Pearcey function) in Fig. 2.14, where white dots are saddles and purple dots are endpoints.

The integral over the white dashed line can be approximated by integration over the whole real

axis, minus contributions from the red dashed contours. This would amount to the full Pearcey

function, with additional corrections due to the purple dots (see Chapter 4).

Alternatively, the situation depicted in Fig. 2.14 can be described by a single steepest descent

contribution for the real saddle on the white contour, plus asymptotic endpoint corrections for

the purple dots. Importantly, in this configuration, two of the three saddles are being excluded

from the integral, and the resulting function will not be, from an asymptotic perspective, fully
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Figure 2.14: Example of endpoint corrections in the complex s-plane of �(X,Y ; s) =

s4+Y s2+Xs; white dots are saddles and purple dots are endpoints. Integration over

the white dashed contour can be approximated by integration over the entire real

axis (giving the usual Pearcey function), minus contributions from the red dashed

contours.

Pearcey-like. The Pearcey function is defined by the interaction of three saddles, and if two of

these are excluded, the resulting function behaves differently to the Pearcey function.

Mathematically, suppose there is an integral over a finite contour, limited between ⌧1 and ⌧2

U(r) =

ˆ
⌧2

⌧1

ds f(r; s) exp [i�(r; s)] . (2.2.19)

Rather than expanding about a saddle, we expand about the endpoint and again assume f(r; s)

does not vary as rapidly as the exponential. Then

U(r) s f
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⌧1+✏

⌧1

ds exp
�
i
⇥
�
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, (2.2.20)

where �
⌧1 ⌘ �(r; ⌧1) and f

⌧1 ⌘ f(r, ⌧1). Shifting the origin to ⌧1 by the substitution

s� ⌧1 ! ⇢, (2.2.21)

the integral becomes

U(r) s f
⌧1exp(i�⌧1)

ˆ
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0
d⇢ exp

�
i�0
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⇢
�
. (2.2.22)
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Assuming the function decays as ⇢! 1, allows the extension of the upper integration limit to

infinity. Performing the integral gives the asymptotic endpoint contribution

U(r) s �f
⌧1

exp(i�
⌧1)

i�0
⌧1

. (2.2.23)

The methods detailed in this section find application throughout the rest of this thesis as a

consequence of the perfect complementarity of asymptotics and diffraction catastrophes. In the

next chapter, a case is presented wherein consideration of the system from the perspective of

catastrophe integrals leads to an elegant interpretation of a well known paraxial beam – the Airy

beam.

Further, all images of the Pearcey function have been plotted using the techniques of this

chapter, save for the magnifications of the Pearcey-Gauss beam focus in Chapter 5, where

numerical calculation is sufficient.





3 | The incomplete Airy beam

...and we thus drift toward unparalleled catastrophes.

Albert Einstein

3.1 Introduction

In modern optics, an increasing number of beams with remarkable properties are being studied,

which, in a mathematical sense at least, have infinite energies1. Strictly, these beams have

transverse intensity profiles that cannot be normalised, thereby implying an infinite flux of power

through any plane transverse to their propagation direction. A trivial example of this is the plane

wave, which has uniform intensity over all space.

More interestingly, the Bessel beam was proposed in [Durnin 1987] with the remarkable

characteristic of being diffraction-free. That is, its intensity distribution does not to evolve – either

spread or contract – remaining invariant with propagation. Figure 3.1(a) shows the transverse

intensity of the zeroth-order Bessel beam, which remains the same for all propagation distances.

Further, Bessel beams posses a self-healing (or self-reconstructing) property whereby their profile

regenerates from disturbances caused by finite sized obstructions. The first observation of self-

healing in Bessel beams was presented in [MacDonald et al. 1996] and investigated further

by [Bouchal et al. 1998], and the practical benefits with regards to microscopy are explored

by [Fahrbach et al. 2010]. The Bessel beam’s apparent disregard for diffraction was unusual for

a wave-based phenomenon, but was ultimately understood as a direct consequence of the beam’s

infinite energy.
1Of course, all paraxial beams have infinite energy since they are defined over arbitrarily large propagation

distances. It would be more accurate to say these beams have infinite power (despite the explicit lack of time in
the mathematical formulation). However, I will adhere to prevailing convention so that where beams are referred
to as having infinite energy, the reader ought to understand that this means in the transverse plane.

49
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Another notable example is the Pearcey beam [Ring et al. 2012b], with an initial profile

defined by the intensity pattern shown in Fig. 2.5. The infinite-energy in this instance is made

starkly evident by the occurrence of a singularity in the path of the propagating beam. However,

this new optical beam is the subject of Chapter 5 and further discussion is deferred until then,

for now only noting its existence.

In this chapter, we consider the Airy beam, a 2D example of which is shown in Fig. 3.1(b).

The reason for the current interest in Airy beams is their unusual behaviour, which again is a

consequence of their infinite energy. Like the ideal Bessel beam, the Airy beam does not diffract

on propagation, maintaining an intensity profile identical to its initial distribution. However, it

also exhibits a transverse ‘acceleration’ so that its profile, while unchanged, shifts with the square

of propagation distance (see Fig. 3.4). Yet more impressively, it was shown in [Broky et al.

2008] that the Airy beam, again similarly to the Bessel beam, possesses a self-healing property.

There have since been many more investigations of self-healing in the Airy beam – e.g. by [Chu

et al. 2012].

Such aspects enable the use of Airy beams in novel applications, such as the microparticle

sorting reported in [Baumgartl et al. 2008], wherein small particles illuminated from beneath

were conveyed along the curved main lobe of the Airy beam – jocularly referred to as ‘optical

snow-blowing’ in the popular account [Christodoulides 2008]. The self-healing of the beam

coupled with its curved trajectory ensures that small objects transported along its length do not

significantly disrupt the beam – or other entities being transported by it – at further propagation

distances. In a similar manner, Airy beams have also been used to clear a path through colloidal

suspensions [Baumgartl et al. 2010].

Other uses suggested for Airy beams include the generation of curved plasma filaments

[Polynkin et al. 2009], with potential applications in remote sensing, since plasma filaments emit

forward propagating broadband radiation, ensuring emission from different distances along the

Airy beam’s main lobe will be transversely separated when received at a distant detector, thereby

allowing the resolution of information from varying depths [Barwick 2011]. Plasma filaments can

also be used for terahertz pulse generation and even control over lightning discharge [Kasparian

et al. 2008].

Needless to say though, despite their remarkable and potentially wondrous applications,

infinite-energy beams are of limited practical use in the laboratory, being as they are, unphysical.

Instead, only approximations of such beams are realisable experimentally e.g. Bessel-Gauss [Gori
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Figure 3.1: Examples of commonly employed infinite-energy beams; (a) initial plane

of the zeroth-order Bessel beam, J0(X,Y, Z), with an intensity profile that does

not evolve upon propagation; (b) initial plane of the 2D Airy beam, AiB(X,Y, Z);

propagation causes the profile to accelerate along the line X = Y whilst remaining

diffraction-free.

et al. 1987], Pearcey-Gauss [Ring et al. 2012b] (and Chapter 5) and Airy-Gauss [Bandres &

Gutiérrez-Vega 2007] beams. Importantly, these beams display similar behaviour to their

infinite-energy counterparts over appreciable propagation distances which are often sufficient for

their practical application. However, their limited total energy ultimately results in the distortion

of their ideal profiles through diffraction.

It is then important to have a viable mathematical model for finite-energy Airy beams, to

predict and explain this eventual profile disruption. There have been a number of different

mechanisms suggested to enforce the regularisation of the Airy function (and hence the beam

resulting from its propagation). One method is to ensure compact support, sharply truncating its

spectrum, which has been numerically investigated in [Carretero et al. 2009] and [Carvalho

& Facão 2010], and suggested as the most elegant approach to regularisation in [Barwick 2011].

Generation of finite-energy Airy beams solely by manipulation of their spectra is carried out

in [Davis et al. 2009] and [Cottrell et al. 2009]. Alternatively, the Airy function itself can

be sharply windowed (so that it has zero intensity everywhere except inside a specified, finite

region), which was also investigated in [Carretero et al. 2009], and considered mathematically
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in [Zamboni-Rached et al. 2012].

The first finite-energy Airy beam, suggested in [Siviloglou & Christodoulides 2007] and

observed soon after in [Siviloglou et al. 2007], is based on an optical interpretation of the

original work of nearly 30 years earlier by [Berry & Balazs 1979]. Still the most commonly

considered version, it uses an exponential apodization that relies on the rapid decay of the Airy

function for positive arguments (see Fig. 2.3). This apodized Airy beam has several advantages,

most notably its simple spectrum, as shown in §3.3 where its properties are investigated more

closely. The Airy-Gauss beam beam is investigated in §3.4; originally introduced by [Bandres &

Gutiérrez-Vega 2007], it modulates the Airy function with a wide overall Gaussian profile.

It will eventually be apparent that the apodized Airy beam and the Airy-Gauss beam are, in a

sense, conjugate versions of one another.

Having first examined the current models of finite-energy Airy beams to provide context, the

new results of this chapter are presented in §3.5, where is introduced a beam generated from a

sharply truncated Airy spectrum with uniform amplitude between its limits. This type of beam

has hitherto only been investigated numerically in [Carretero et al. 2009], but new asymptotic

analysis reveals a simple connection between the spectral cutoff and the region of the beam that

is Airy-like, and also gives a maximum limit on the extent of the main intensity lobe, as well as

a simple expression for the beam’s centre. The sharp spectral cutoff causes the beam to differ

from the infinite-energy Airy beam, having an extra oscillating modulation in addition to the

desired decay of its fringes. It is often the case in optical systems that sharp discontinuities result

in complicated analytic expressions, but in the case presented in §3.5, the results are pleasingly

elegant, based on the definition of an ‘incomplete Airy function’ [Levey & Felsen 1969] i.e.

an Airy function with a finite integration domain. Much of the work of §3.5 has been published,

albeit more compactly, in [Ring et al. 2013].

The remainder of this chapter expands upon these results, with §3.5.1 examining the effects of

non-symmetric cutoffs. In §3.6 we ask if it is possible to make meaningful comparisons between

the different finite-energy Airy beams and finally, in §3.7, a system is presented that is perhaps the

most physically realistic of all. Examination of its spatial limits shows that they approximately

agree with those obtained via asymptotic analysis of the incomplete Airy beam.

The notion of incompleteness is not unique to the Airy function and will arise again in

Chapter 4 for similar reasons – making an unphysical situation physical – but in an entirely

different system.
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The interested reader can find a review of non-diffracting beams in [Mazilu et al. 2010],

which discusses Bessel and Airy beams, as well as Mathieu beams [Gutiérrez-Vega et al. 2000],

which are based on solutions of the Helmholtz equation in elliptical co-ordinates. Although they

do not play a significant role in this chapter, we will return to Mathieu beams is Chapter 6. Airy

beams are examined with an emphasis on geometrical optics in [Vo et al. 2010].

The mathematically daring reader is directed to the remarkable [Abramochkin & Razueva

2011], wherein a finite-energy, Airy-based beam is generated from the product of three Airy

functions and is shown to have a super-Gaussian spectrum. The resulting beam is not diffraction

free, but is notable if only for its mathematical audacity.

The following section examines more closely the properties of the infinite-energy Airy beam,

to serve as a benchmark for the finite-energy versions that follow.

3.2 The ideal Airy beam

As seen in eq. (2.1.1), the Airy function, Ai(X), is defined [Berry & Howls 2010] by the integral

expression

Ai(X) =

ˆ 1

�1
d⇠ exp

⇥
i
�
⇠3 + ⇠X

�⇤
, (3.2.1)

where X ⌘ x is the dimensionless (transverse) distance and  is an inverse length that governs

the scale of the function in space. Figure 3.2 shows a plot of the intensity of eq. (3.2.1). For all

X > 0, the Airy function decays exponentially, while for X < 0 a characteristic, algebraically

damped, oscillatory pattern gives rise to intensity fringes, with a main lobe just before the

origin (or caustic, see §2.1.1). The magnitude of these intensity fringes decays proportionally to

1/
p
�X [Berry & Howls 2010], hinting that they do not converge to zero quickly enough for

the integral over X to be finite i.e. suggesting the total intensity of the Airy function diverges.

Explicitly

ˆ 1

�1
dX

��Ai(X)
��2 =

ˆ 1

�1
dX

ˆ 1

�1
d⇠0 exp

⇥
�i

�
⇠03 + ⇠X

�⇤ ˆ 1

�1
d⇠ exp

⇥
i
�
⇠3 + ⇠X

�⇤

= 2⇡

ˆ 1

�1
d⇠0
ˆ 1

�1
d⇠ exp

⇥
i
�
⇠3 � ⇠03

�⇤
�(⇠ � ⇠0)

= 2⇡

ˆ 1

�1
d⇠, (3.2.2)
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Figure 3.2: Intensity of the Airy function, |Ai(X)|2. The amplitude of the intensity

fringes decays proportional to (�X)�
1
2 , but integral of |Ai(X)|2 over �1 < X < 1

does not converge to a finite value, despite exponential decay for X > 0.

where the Dirac �-function [see eq. (1.3.5)] arises in the second line from the integral over X,

introducing an extra factor of 2⇡. The second line of (3.2.2) shows that the total intensity is then

the sum of contributions along the line ⇠ = ⇠0. However, the exponential term vanishes along this

line, and the final integral is infinite over a constant, which certainly diverges. The argument of

(3.2.2) is the reason why ideal Airy beams are said to have infinite energy.

Interestingly, the integral of the Airy function (not its modulus squared) over X does have a

finite value,

ˆ 1

�1
dXAi(X) =

ˆ 1

�1
dX

ˆ 1

�1
d⇠ exp

⇥
i
�
⇠3 +X⇠

�⇤

=

ˆ 1

�1
d⇠ exp

�
i⇠3

�
2⇡ �(⇠)

= 2⇡, (3.2.3)

since the �-function picks out the integrand value at ⇠ = 0. This resulting 2⇡ is often included as

a normalisation factor in the Airy function’s definition, leading to an alternative convention (e.g.

in [Berry & Howls 1993]). However, a definition consistent with catastrophe theory is used in

this thesis, eq. (3.2.1), without the 2⇡ prefactor. The integral is then more similar to the Pearcey

function (§2.1.2) and higher-order diffraction catastrophe integrals [Berry & Upstill 1980].

The divergence of the Airy function’s intensity can also be seen from the nature of its Fourier

transform, fAi(X), which is straightforward to find, since eq. (3.2.1) can be interpreted as a Fourier
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Figure 3.3: The phase changes as ⇠3, bounded between �⇡ and ⇡; the changing hue

also corresponds to the phase.

representation. Then, recognising that ⇠ is the Fourier partner of X, we immediately see that the

spectrum of the Airy function is given by

fAi(⇠) = exp
�
i⇠3

�
, (3.2.4)

which describes a Fourier transform with constant intensity and cubic phase variation. Figure 3.3

shows the complex argument of eq. (3.2.4), which takes values between �⇡ and ⇡. Clearly, the

modulus squared of fAi(⇠) is constant. The Airy function then has infinite energy from eq. (3.2.4)

and Parseval’s theorem [(4.8.11) of [Morse & Feshbach 1953], page 456], which states that the

integral of the modulus squared of a function is equal to the integral of the modulus squared of

its Fourier transform, up to factors of 2⇡ (which are dependent on convention). Explicitly, for

the definition of the Fourier transform used in this thesis, Parseval’s theorem is

ˆ 1

�1
dnx

��'(x)
��2 = (2⇡)n

ˆ 1

�1
dnk

��e'(k)
��2, (3.2.5)

where x and k are n-dimensional Fourier pairs and e'(k) is the Fourier transform of '(x). Clearly

then, since
��fAi(⇠)

��2 = 1, its infinite integral over ⇠ is divergent. Consequently, the same must

be true of the Airy function itself, from eq. (3.2.5). Again, we are forced to conclude the total

intensity of the Airy function is not finite.

Note that there is an obvious, physical interpretation of Parseval’s theorem (3.2.5) in an

optical system. The Fourier plane and image plane are related through transformation by a
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lens [Born & Wolf 1980]. Put simply, the lens’ image of the spectrum, gives the original image.

In fact, this is the method typically used to generate beam profiles – a spatial light modulator

(SLM) holographically imprints the spectrum’s phase and amplitude onto a carrier beam, then

the laser is transformed through a lens. [Arlt et al. 1998] gives an early example of the power of

this technique. Then, in an optical setting, Parseval’s theorem is a statement of conservation of

energy.

The simplicity of the Airy function’s spectrum, eq. (3.2.4), is partly accountable for the

general interest shown in the Airy beam, since its generation requires only a cubic phase variation,

without the need for additional, complicated amplitude modulation in the Fourier plane [Barwick

2011]. This is accomplished simply using either a spatial light modulator as in [Davis et al.

2009] or cubic phase mask in the Fourier plane, generating an Airy function in the far field after

transformation through a lens.

Although the ideal Airy function has been shown to be unphysical, it is nevertheless appropriate

to examine its propagation characteristics, first done in [Berry & Balazs 1979] for Airy

wavepackets evolving by the Schrödinger equation. Firstly, the exercise provides a benchmark to

compare later finite-energy Airy beams against. Secondly, the properties are, upon first encounter,

quite remarkable.

The ideal, infinite-energy Airy beam is obtained from propagating the Airy function according

to the paraxial equation, eq. (1.5.4). This is achieved most simply using the paraxial version of

the angular spectrum method, eq. (1.8.3), as set out in §1.8. Thus

AiB(X,Z) =

ˆ 1

�1
d⇠ fAi(⇠) exp

�
�3i⇠2Z + i⇠X

�

=

ˆ 1

�1
d⇠ exp

⇥
i
�
⇠3 � 3⇠2Z + ⇠X

�⇤
, (3.2.6)

where the exponential in the first line is the one-dimensional version of the paraxial propagator,

eq. (1.8.4), according to the definitions of X and Z in this chapter, and fAi(⇠) is the Airy function’s

spectrum, of eq. (3.2.4). Since the Airy function is the generic integral of an exponential of a

cubic polynomial, the ⇠2 term can be suppressed to recover an Airy-like expression, as per the

Tschirnhaus transformation discussed in §1.10. Using eq. (1.10.2), this is done by the substitution

⇠ ! ⇠0 + Z, (3.2.7)
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where the arrow in this setting indicates a transformation of variables, and not a limit of any sort,

and ⇠0 is a dummy variable in the Airy integral. Then, the expression for the ideal, paraxially

propagating, infinite-energy Airy beam is

AiB(X,Z) = exp
⇥
i
�
XZ � 2Z3

�⇤
Ai

�
X � 3Z2

�
. (3.2.8)

In this expression, X ⌘ x as before, and Z ⌘ 2z/6k, which is the dimensionless propagation

distance with wavenumber k. The factor of 6 is included in the definition of Z here to make the

results of this chapter more compact.

From eq. (3.2.8), the Airy beam is form-invariant as it propagates, in the sense that it remains

mathematically an Airy function, albeit with changing phase. While functionally invariant

however, the profile translates with 3Z2 so that the intensity profile of the beam travels with the

parabola

X = 3Z2. (3.2.9)

Therefore, the beam appears to ‘accelerate’ transversely with propagation distance, Z. The

overall phase factor vanishes when considering the intensity of the beam, as done here. Figure 3.4

shows the intensity of eq. (3.2.8), wherein it is clear that the Airy beam maintains its form

with increasing Z, but translates in the positive X direction at a rate of 3Z2 – it ‘accelerates’

transversely upon propagation.

Not only is the acceleration of form apparent, but the ideal Airy beam clearly does not diffract

as it propagates. That is, it does not rescale with changing Z, its argument only shifting. It is

this nondiffraction and acceleration, coupled with its ease of generation that have made the Airy

beam so popular in modern optics.

However, eq. (3.2.8) predicts an indefinite acceleration for arbitrarily large Z. This is a

direct consequence of the infinite-energy requirement of the initial function, and must be rectified

when considering experimentally realisable Airy beams which certainly do not display arbitrary

transverse acceleration.

In §3.3 and §3.4, two different mathematical mechanisms are examined which are frequently

used to regularise the Airy function and consequently the Airy beam. A new definition of

a finite-energy Airy beam is introduced in §3.5, which has a natural physical interpretation.

Asymptotic analysis of this new incomplete Airy beam gives explicit expressions for the region of
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Figure 3.4: Intensity of the ideal, infinite-energy Airy beam, |AiB(X,Z)|2. The

pattern translates with the dashed white curve of X = 3Z2, earning its reputation as

transversely accelerating. The secondary fringes extend indefinitely in the direction

of negative X, while the intensity decays exponentially on the positive X side of the

white dashed line. Because of its unphysical origins, the ideal Airy beam accelerates

indefinitely.

the beam that exhibits Airy-like acceleration. Moreover, expressions arise that allow a degree

of control over this region, as well as enhancement of the main intensity lobe at the expense of

secondary fringes.

3.3 The apodized Airy beam

Apodization of the Airy function, as a solution to the infinite-energy problem, was introduced

in [Siviloglou & Christodoulides 2007] and is a remarkably elegant solution to the issue. It

enforces a finite energy and mathematically amounts to the multiplication of the Airy function

by an exponential of small argument, so that the resulting ‘apodized Airy function’, Aiap
↵

(X), is

given by

Aiap
↵

(X) ⌘ exp(↵X) Ai(X), (3.3.1)
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Figure 3.5: Intensity of the apodized Airy function, |Aiap
↵

(X)|2, of eq. (3.3.1) with

↵ = 0.05; the apodizing exponential factor enforces decay of the Airy intensity fringes

as X ! �1, while the Airy function itself decays exponentially for X > 0. The

thick, grey line shows |Ai(X)|2 of eq. (3.2.1) for comparison.

where ↵ is the small, positive, dimensionless, apodizing factor, which enforces exponential decay

for all X < 0. This regularisation only works because Ai(X) also decays exponentially for positive

X. From Fig. 2.12(c), asymptotic approximation of the Airy function for X > 0 requires only a

single contribution from the positive, imaginary saddle. Substituting the position of this saddle

[from eq. (2.2.12)] into eq. (2.2.10) for the steepest descent approximation, gives the Airy function

as asymptotically proportional to

Ai(X) /⇠ exp
h
�2(X/3)3/2

i.
X1/4 , (3.3.2)

as X ! 1 (neglecting prefactors). So, regardless of the size of the regularisation parameter, ↵, the

Airy function’s inherent exponential decay will eventually overpower the linear-in-X exponential

growth of the apodizing factor for X ! +1, and the resulting apodized Airy function, Aiap
↵

(X),

converges to zero as X ! ±1. Figure 3.5 shows the intensity of Aiap
↵

(X) compared to that of

Ai(X). The desired decay of the intensity fringes as X ! �1 is evident.

It is also noted in [Siviloglou & Christodoulides 2007] that the apodized Airy function
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has a simple spectrum, which can be found by taking the Fourier transform

gAiap
↵

(⇠) =
1

2⇡

ˆ 1

�1
dX Aiap

↵

(X) exp(�i⇠X)

=
1

2⇡

ˆ 1

�1
d⇠0exp(i⇠03)

ˆ 1

�1
dX exp

⇥
iX(⇠0 � ⇠ � i↵)

⇤

=

ˆ 1

�1
d⇠0 exp(i⇠03) �(⇠0 � ⇠ � i↵). (3.3.3)

Performing the last integral using the �-function, the Fourier transform of the apodized Airy

function is given by

gAiap
↵

(⇠) = exp(�3↵⇠2 + ↵3) exp
⇥
i
�
⇠3 � 3↵2⇠

�⇤
. (3.3.4)

When ↵ is small, this is approximately a Gaussian modulation of a cubic phase, since the difference

from a purely cubic phase is of the order of powers of the small parameter, ↵. Approximately

then

gAiap
↵

(⇠) ⇡ ]AiGc
↵

(⇠) = exp(�3↵⇠2) exp
�
i⇠3

�
, (3.3.5)

where AiGc
↵

(X) is the finite-energy Airy function generated from a Gaussian modulation of a

cubic phase, defined such that its Fourier transform is given by eq. (3.3.5). From a pragmatic

perspective, this is perhaps the most realistic system to consider for generating an Airy beam

from a infinite, uniform amplitude cubic phase – a wide Gaussian modulation of its spectrum,

centred at ⇠ = 0. Given that laser beams have an approximately Gaussian profile [Siegman

1990], this beam can be realised experimentally by illuminating a cubic phase displayed on an

SLM or by passing the beam through a phase mask. It is entirely possible that this is actually

the most commonly employed experimental set-up used for generating finite energy Airy beams.

For this reason, the beam has been assigned its own notation, AiGc
↵

(X), where the superscript Gc

indicates Gaussian modulation of cubic phase. Such a beam is not discussed explicitly in the

literature, except as an approximation of (3.3.1), but we nevertheless return to it in §3.7.

Consider again the case of Aiap
↵

(X) and its corresponding Fourier transform. Figure 3.6(a)

shows |gAiap
↵

(⇠)|2 of eq. (3.3.4) and Fig. 3.6(b) shows its phase. The complex phase is clearly very

similar to that of Fig. 3.3, except for an additional Gaussian modulation in amplitude.

The purpose of the apodized Airy function is to mimic the infinite-energy Airy beam, while
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Figure 3.6: Spectrum of the apodized Airy function; (a) intensity of eq. (3.3.4) with

↵ = 0.05 has a Gaussian profile; (b) the complex argument of the spectrum is almost

cubic, varying only on the order of ↵2 or less.

having only a finite total intensity. Using Parseval’s theorem, eq. (3.2.5), and the fact that

Gaussian functions are so analytically tractable, eq. (3.3.4) can be used to prove that gAiap
↵

(⇠) is

normalisable and therefore has a finite energy. That is

ˆ 1

�1
dX

���Aiap
↵

(X)
���
2
= 2⇡

ˆ 1

�1
d⇠

���gAiap
↵

(⇠)
���
2

= 2⇡

ˆ 1

�1
d⇠ exp

�
�6↵⇠2 + 2↵3

�

=

r
2⇡3

3↵
exp(2↵3), (3.3.6)

is the total integrated intensity, and the finite-energy requirement of the function is certainly met.

This expression was first derived in [Siviloglou & Christodoulides 2007].

The paraxially propagating form of the apodized Airy function, AiBap
↵

(X,Z), can be calculated

using the paraxial angular spectrum method (1.8.3)

AiBap
↵

(X,Z) =

ˆ 1

�1
d⇠ gAiap

↵

(⇠) exp
�
i⇠X � 3i⇠2Z

�

=

ˆ 1

�1
d⇠ exp

�
i
⇥
⇠3 + ⇠2(3i↵� 3Z)� 3↵2⇠ + ⇠X � i↵3

⇤�
. (3.3.7)

Then, making the Tschirnhaus transformation, eq. (1.10.2), ⇠ ! ⇠0 + Z � i↵ suppresses the ⇠2

term and obtains an expression for the apodized Airy beam

AiBap
↵

(X,Z) = exp
⇥
i
�
XZ � 2Z3 + 3↵2Z

�⇤
exp

�
↵X � 6↵Z2

�
Ai

�
X � 3Z2 + 6i↵Z

�
. (3.3.8)
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Equation (3.3.8) shows that the apodized Airy beam exhibits the usual transverse acceleration until

the factor in Z become sufficiently large with respect to ↵, increasing the imaginary component

of the argument of the Airy function, causing decoherence of the oscillations. Figure 3.7 shows

the intensity distribution of eq. (3.3.8) for a value of ↵ = 0.05. The finite-energy apodized Airy

beam approximates the ideal Airy beam’s intensity distribution over the central region until the

oscillations decay after a short propagation distance. However, it is not obvious from inspection

of eq. (3.3.8), what the limitations of the beam are.

It is the purpose of finite-energy beams to describe the eventual departure from their infinite-

energy counterparts. For the apodized Airy beam, the decay of intensity is governed by the

amplitude exponential term in eq. (3.3.8). The dotted line in Fig. 3.7 is given by the expression

↵X = 6↵Z2 � ln 2� 1 (3.3.9)

where ln is the natural logarithm. This contour comes from the amplitude exponential in eq. (3.3.8)

and is the point at which it falls to a value of (2e)�1. This line provides a fair approximation for

the limit of the oscillations of the apodized Airy beam. However, choosing where to draw such a

line is largely a matter of choice, since taking the amplitude of (2e)�1 as a limit is, while perhaps

reasonable, arguably arbitrary. The intensity decay is a continuous process with no discrete,

inherent changes. Section 3.5 shows that this need not always the case, and for at least one

finite-energy Airy beam it is possible to define natural, inherent spatial limits to the propagating

beam.

3.4 The Airy-Gauss beam

In the previous section it was shown that apodizing the Airy function is (approximately) equivalent

to modulating a cubic spectrum with a wide Gaussian profile. This is obviously a viable method

of enforcing a finite-energy requirement because of the convergent behaviour of the Gaussian

function. It is then not surprising that another means of regularising the Airy function is achieved

by modulating the Airy function itself with a wide Gaussian profile, enacting a symmetric decay

about X = 0. From this perspective, the Airy-Gauss beam is a natural counterpart of the

apodized Airy beam – they are both Gaussian modulated, only in conjugate Fourier planes.

The initial Airy-Gauss function is defined in [Bandres & Gutiérrez-Vega 2007] and
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Figure 3.7: The apodized Airy beam; similarly to the ideal Airy beam, AiBap
↵

(X,Z)

follows a curved trajectory X = 3Z3 on propagation. However, its oscillations decay

after a distance and the beam ceases to be Airy-like. The dashed, white line shows

X = 3Z2, while the dotted, light yellow line shows contour of eq. (3.3.9). The exact

limitations of the beam are not well defined.

explicitly takes the form (up to the conventions of this thesis)

AiG
W

(X) ⌘ exp
�
�X2/W 2

�
Ai(X), (3.4.1)

where W is the (dimensionless) Gaussian width and Ai(X) is the usual Airy function of eq. (3.2.1).

Figure 3.8 shows the intensity of the Airy-Gauss function |AiG
W

(X)|2 compared to that of the

ideal Airy function, |Ai(X)|2. There is a clear decay of the oscillations for increasingly negative

X, apparently fulfilling the finite-energy requirement. However, unlike Aiap
↵

(X), the Airy-Gauss

beam does not have a closed form for its total integrated intensity. Nevertheless, it is possible to

show that it has finite energy by proving that there exists an upper limit to its possible power.

The Airy-Gauss function is a direct product of a Gaussian, G(X), and an Airy function, and

of course the Gaussian is easily integrated. Now realise that the Airy function has a maximum

intensity peak near the origin, say IAi
max ⇡ 5.4 at X ⇡ �1.0 (from Fig. 3.8), and is smaller than
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Figure 3.8: Intensity of the Airy-Gauss function, |AiG
W

(X)|2, compared to the ideal

Airy function, eq. (3.2.1), shown by the thick, grey line. The Airy oscillations quickly

decay because of modulation with a wide Gaussian profile.

this everywhere else. Then

ˆ 1
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2
=

ˆ 1

�1
dX

���G(X)
���
2���Ai(X)

���
2


ˆ 1

�1
dX

���G(X)
���
2
⇥ IAi

max

=
p
⇡wIAi

max, (3.4.2)

where the final equality sign indicates equality with the previous line, not with the expression

on the left hand side. The inequality in the second line refers to both the previous line and

the left hand expression. Then, the total power of the Airy-Gauss function is certainly finite.

Of course, the final expression in (3.4.2) is not the total power of the Airy-Gauss function, but

rather an upper limit, proving that the Airy-Gauss function cannot have an infinite power. The

argument of (3.4.2) also applies for the propagating Airy-Gauss beam, and the same expression

is obtained for integration over X in any Z-plane. Additionally, numerical investigation shows

a quick convergence to a finite energy for any given W . [Bandres & Gutiérrez-Vega 2007]

provide explicit asymptotic expressions for the function as X ! ±1 showing that the Airy-Gauss

function converges to zero in the limit.

Whereas the spectrum of the apodized Airy function was used to calculate its power, the

Fourier transform of the Airy-Gauss function is itself an Airy-Gauss function. However, it is

analytically continued, and does not provide a simple path to calculating the total intensity of the
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Figure 3.9: Spectrum of the Airy-Gauss function; (a) shows intensity of gAiG
W

(⇠) while

(b) shows its complex argument. It is remarkable that the intensity of the spectrum is

so well localised, despite gAiG
W

(⇠) being the product of a Gaussian and an analytically

continued Airy function.

beam via Parseval’s theorem, (3.2.5). Explicitly, gAiG
W

(⇠) is found by taking the Fourier transform

gAiG
W

(⇠) =
1

2⇡
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dX exp
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�X2

W 2
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where ⇠ is still the Fourier pair of X and ⇠0 is a dummy integration variable. As always, we make

the appropriate Tschirnhaus substitution using eq. (1.10.2), in this case ⇠0 ! ⇠ � iW 2/12 (where

⇠ is another dummy variable) to obtain an expression for the Fourier transform of the Airy-Gauss

function

gAiG
W

(⇠) =
W

2
p
⇡

exp

✓
�W 2⇠2

4
� iW 4⇠

24
+

W 6

864

◆
Ai

✓
W 4

48
� iW 2⇠

2

◆
. (3.4.4)

This is far less elegant than gAiap
↵

(⇠), but Fig. 3.9(a) shows its intensity is well localised, lending

support to the claim of a finite energy. Figure 3.9(b) shows the phase of eq. (3.4.4) and it is again

evident that this is not significantly different from that of the ideal Airy function. Such similarity

is remarkable given the complexity of eq. (3.4.4) and the inclusion of an analytically continued

Airy function.

The paraxially propagating Airy-Gauss beam, AiBG
W

(X,Z), can be found using the angular

spectrum method, but as a consequence of the complicated nature of gAiG
W

(⇠) of eq. (3.4.4), it is
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perhaps more instructive to propagate AiG
W

(X) using the Huygens-Fresnel integral (eq. (18) on

page 633 of [Siegman 1990]) in the following manner
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where ⇣ ⌘ (1+iZ/ZR) is the usual propagating Gaussian scaling factor (see §1.9) and the Rayleigh

distance for the definitions used in this chapter is ZR ⌘ W 2/12. In the fourth line, the terms in X 0

are gathered, then ‘completing-the-square’ is used to suppress the linear X 0-term. This makes the

integral in X 0 a Gaussian, which subsequently cancels the square root prefactor, leaving a factor

of only 1/
p
⇣. Finally, the integral in ⇠ is shifted to suppress the ⇠2-term, by the substitution

⇠ ! ⇠0 + Z⇣.

While this method appears complicated, it is more straightforward than the alternative

angular spectrum method. The Airy-Gauss beam of (3.4.5) can be expressed compactly using the

ideal Airy beam of eq. (3.2.8), to wit

AiBG
W

(X,Z) =
1p
⇣
exp

✓
� X2

W 2⇣

◆
AiB

✓
X

⇣
,
Z

⇣

◆
. (3.4.6)

This form makes explicit the character of the finite-energy Airy-Gauss beam as an infinite-energy

Airy beam, modulated by a usual propagating Gaussian as given by eq. (1.9.13). Then, it is clear

that, despite the apparent acceleration, the fringes of the Airy function cannot extend outside

the envelope of the modulating Gaussian.

Figure 3.10 shows the intensity of the Airy-Gauss beam, |AiBG
W

(X,Z)|2. At first inspection,

this beam appears very similar to AiBap
↵

(X,Z) – the oscillations decay after a short distance in

Z and the main lobe decays after following a portion of the curve X = 3Z2. However, closer

inspection shows that AiBG
W

(X,Z) is more localised than AiBap
↵

(X,Z) for an equivalent spectral
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Figure 3.10: Intensity of the Airy-Gauss beam, |AiBG
w

(X,Z)|2 for W = 20; the

oscillations decay after a short propagation distance, similarly to AiBap
↵

(X,Z). The

white, dashed line shows the curve X = 3Z2 while the dotted, light green line is given

by eq. (3.4.7), which itself comes from the amplitude exponential of the apodized

Airy beam. The near-vertical, light purple, solid lines show where the intensity of the

modulating Gaussian falls to e�1.

width. We will return to this comparison in §3.6.

The dotted line in Fig. 3.10 marks a fair approximation of the limit of the Airy-Gauss beam

and is given by the expression

X = 6Z2 �W (3.4.7)

which surprisingly is related to eq. (3.3.9), since it is the line at which the amplitude exponential

of the apodized Airy beam, (3.3.8), falls to a value of e�1, where 1/↵ is replaced by W . It

is remarkable that the exponential from the apodized Airy beam should provide so good an

approximation for the decay of the Airy-Gauss beam (plots for various W all display good

agreement). However, given the similarity of their initial definitions – the Airy-Gauss function is

effectively a squared apodization – it is perhaps understandable.

The near-vertical, solid contours running the length of Fig. 3.10, show where the Gaussian

modulation takes 1/e of its peak value. Clearly, the acceleration of the main lobe does not extend

significantly beyond the overall Gaussian modulation, which itself evolves slowly compared to the
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acceleration of the Airy pattern.

At this point, the two most commonly considered finite-energy Airy beams, the apodized Airy

beam, AiBap
↵

(X,Z), and the Airy-Gauss beam, AiBG
w

(X,Z), have been examined. Both beams

display the characteristic curved fringes of the ideal Airy beam, limited to a finite spatial region.

As well as their documented properties, we have noted eqs. (3.3.9) and (3.4.7) which provide

an approximation of the beams’ spatial limitations. AiBap
↵

(X,Z) is perhaps the more physically

realisable, since it requires a Gaussian modulation in Fourier space of a nearly-cubic phase.

Now, a different finite-energy Airy beam is introduced with a very simple physical realisation

– uniform illumination of a finite-sized cubic phase. The main results of the following section have

been published in [Ring et al. 2013].

3.5 The incomplete Airy beam

The mechanism of both regularisations of the previous sections is, in essence, to limit the spatial

extent of the Airy function. They achieve a finite total energy by enforcing, in their respective

functions, a continuous, exponential convergence of intensity to zero away from the origin, X = 0.

While a continuous decay limits the total power of the Airy function, a sharp truncation is

equally effective. [Zamboni-Rached et al. 2012] analytically investigate the consequence of

a sharp aperture on the Airy function itself. They show that it does generate a finite-energy

beam that can be expressed as a Fourier series. However, with a view to experimental generation,

the reasoning behind this approach seems confused – truncating the Airy function certainly

limits its total intensity, but generation of a beam in this way must be impractical, requiring an

infinite-energy beam before enacting a regularisation. Attempting to generate a sharply windowed

function would require a large spectrum to described the rapid spatial truncation.

Alternatively, a sharp truncation can be enacted in the Fourier plane, providing compact

support for the Airy function. This has been investigated numerically in [Carretero et al.

2009,Davis et al. 2009,Cottrell et al. 2009,Carvalho & Facão 2010,Barwick 2011],

limiting the uniform amplitude cubic phase of eq. (3.2.4) to a specific region of ⇠-space. This is

physically equivalent to illuminating a spatial light modulator (SLM) displaying a cubic phase

with a uniform amplitude beam, or to passing a beam through an (rectangularly) apertured cubic

phase mask. This truncation is the essence of the incomplete Airy beam.

The elegance of the approach is a direct consequence of the Airy function being defined as a
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Figure 3.11: Comparison of the intensity of the incomplete Airy function, |Aiinc
µ,�

(X)|2,

to that of the infinite-energy Airy function, |Ai(X)|2. The incomplete Airy function

clearly decays to zero rapidly as X ! �1. Note also, the deviation of the intensity

of the secondary fringes as compared to the ideal Airy function.

Fourier representation. Truncating the spectrum of the Airy function and Fourier transforming

gives

Aiinc
µ,�

(X) ⌘
ˆ 1

�1
d⇠ exp

⇥
i
�
⇠3 + ⇠X

�⇤
⇥(� � µ+ ⇠) ⇥(� + µ� ⇠), (3.5.1)

where ⇥(⇠) is the Heaviside Theta function, or unit step function [see eq. (2.1.6) on page 123

of [Morse & Feshbach 1953] or §4.3], µ is the centre of the integration window with width 2�.

Then, the incomplete Airy function [Levey & Felsen 1969] is given by the expression

Aiinc
µ,�

(X) ⌘
ˆ

µ+�

µ��

d⇠ exp
⇥
i
�
⇠3 + ⇠X

�⇤
, (3.5.2)

giving the spectrum compact support. Equation (3.5.2) is clearly similar to the Airy function,

eq. (3.2.1), but with a finite domain of integration. It is incomplete only with respect to the ideal

Airy function, which itself has an infinite integration domain and therefore includes an infinite

range of frequency components. Equation (3.5.2) contains only a portion of the total spectrum,

and is therefore ‘incomplete’.

Figure 3.11 shows |Aiinc
µ,�

(X)|2 (for µ = 0 and � = 3) compared to the ideal Airy function.

A visible consequence of the sharp cutoff is a small oscillating modulation of the Airy fringes

compared to the ideal Airy function, before they die away with increasingly negative X. This
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Figure 3.12: Spectrum of the incomplete Airy function; (a) intensity, |]Aiinc0,3(⇠)|2,

which has a uniform amplitude between the limits and is zero otherwise; (b) complex

argument of ]Aiinc0,3(⇠); within the cutoff, the phase changes as ⇠3, while outside it is

zero.

can result in a main lobe with increased intensity, which has been observed in [Carretero et al.

2009] and [Carvalho & Facão 2010], when a peak of the modulation aligns with the main lobe.

This oscillating modulation is found explicitly in eq. (3.6.7).

The spectrum of Aiinc
µ,�

(X) is then only non-zero between the limits ⌧± = µ± � and can be

expressed as

]Aiinc
µ,�

(⇠) ⌘

8
>>>>>><

>>>>>>:

exp(i⇠3) if µ� � < ⇠ < µ+ �

exp(i⇠3)
�
2 if ⇠ = µ± �

0 otherwise.

(3.5.3)

Figure 3.12(a) shows |]Aiinc0,3(⇠)|2 which agrees with fAi(⇠) in the range �3 < ⇠ < 3 and is zero

outside it. In this chapter, the value of the spectrum at the endpoints (with the additional factor

of a half) will not play an important role, but I have included it for completeness. See §4.3

of Chapter 4 for a situation where the factor of a half at the endpoints certainly does matter.

Figure 3.12(b) shows the complex argument of ]Aiinc0,3(⇠), which then has a non-zero value only for

�3  ⇠  3. The sharp truncation in clearly evident in these images.

The paraxial beam generated from an initial condition of eq. (3.5.2), the incomplete Airy beam,

AiBinc
µ,�

(X,Z) can be found, as usual, using the paraxial angular spectrum method of propagation,
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Figure 3.13: Intensity of the incomplete Airy beam, |AiBinc
µ,�

(X,Z)|2 for µ = 0 and

� = 3. The dashed, white line shows the curve X = 3Z2 and the dotted, light

blue line shows eq. (3.5.6), which indicates where the beam ceases to be Airy-like as

endpoints exclude a saddle contribution.

eq. (1.8.3)

AiBinc
µ,�

(X,Z) =

ˆ 1

�1
d⇠ ]Aiinc

µ,�

(⇠) exp
�
i⇠X � 3i⇠2Z

�

=

ˆ
µ+�

µ��

d⇠ exp
⇥
i
�
⇠3 � 3⇠2Z + ⇠X

�⇤
,

and as with the ideal Airy beam, we make the substitution ⇠ ! ⇠0 + Z to suppress the ⇠2-term.

Then, the incomplete Airy beam is given by

AiBinc
µ,�

(X,Z) = exp
⇥
i(XZ � 2Z3)

⇤
Aiinc

µ�Z,�

(X � 3Z2). (3.5.4)

This expression is almost identical to eq. (3.2.8), the ideal Airy beam, except that here the

incomplete Airy function replaces Ai(X � 3Z2). The intensity of eq. (3.5.4) is plotted in Fig. 3.13,

where it is clearly seen, as with the apodized Airy beam and the Airy-Gauss beam, the incomplete

Airy beam follows the curve X = 3Z2 for a short distance before its intensity decays and the

Airy-like oscillations drop away.

However, a remarkable property of eq. (3.5.4) is that the integration limits of Aiinc
µ�Z,�

(X�3Z2)
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change as µ � Z ± �, continuously translating in the direction of negative ⇠ for increasing Z.

This is a consequence of shifting the integration variable after propagation to recover an Airy-like

function with ⇠2-term suppressed – the Tschirnhaus transformation of §1.10. For the ideal Airy

beam, this shift had no enduring consequences because the limits on the integral are infinite.

This is not the case for the incomplete Airy function, and the significance of the shift becomes

apparent through a saddle point approximation of eq. (3.5.4) [Stamnes 1986]. Since the exponent

of eq. (3.5.4) is cubic, in Airy-like regions it is necessary to sum contributions from two saddles at

⇠± = ±
p

�(X � 3Z2)/3, (3.5.5)

where ⇠± corresponds to the positive and negative square root (see §2.2 for descriptions of

asymptotic saddle configurations). When X < 3Z2, the saddles are real, and integration along the

infinite, real ⇠-axis must include contributions from them both [see Fig. 2.12(a)]. For X > 3Z2, to

the right of the white dashed line in Fig. 3.13, the saddles become imaginary and their contribution

to the integral becomes exponentially small, resulting in the exponential decay of the function –

usual Airy behaviour [see Fig. 2.12(c)]. In the case of the incomplete Airy function, the integral

is only taken over a finite portion of the real ⇠-axis. Therefore, Airy-like behaviour only occurs

when the integral of eq. (3.5.4) encloses both saddles. As Z increases, the endpoints move to

exclude the saddles from the integral and the oscillations decay.

A complex plane representation of the exponent in the integral of eq. (3.5.4) is shown in

Fig. 3.14(a), which corresponds to an Airy-like region of the beam, since both saddles are included

on the integration contour between the endpoints. As Z increases, the endpoints move in the

direction indicated by the white arrows. When the upper endpoint crosses over the saddle, the

contribution from ⇠+ is excluded since it is no longer on the integration contour, and the function

stops being Airy-like. Figure 3.14(b) shows the complex plane in this case.

Note that the dashed white lines in Figs. 3.14(a) and (b) are not the paths of steepest descent

from §2.2.2, but the usual arguments still apply since approximation of the exact path must still

exclude saddles outside the endpoints.

With this asymptotic interpretation, it is then possible to determine explicitly the region

where the beam is Airy-like, since the line where the endpoint crosses the upper saddle can be

found by equating (3.5.5) to ⌧± �Z, where ⌧± = µ± � is the original cutoff. Therefore, the beam
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Figure 3.14: Complex planes showing real contours of the incomplete Airy beam’s

exponent, Re(i[⇠3+⇠(X�3Z2)]); (a) complex plane configuration corresponding to an

Airy-like region of AiBinc
µ,�

(X,Z), the endpoints (white dots) enclose the saddles (grey

squares) so that integration over the white, dashed contour must collect contributions

from both; on propagation the endpoints move in the direction of the white arrows; (b)

complex plane configuration for a non-Airy-like region of AiBinc
µ,�

(X,Z); integration

between endpoints excludes the right hand saddle, ⇠+.

stops being like Airy outside the region bounded by the lines

X± = 6Z⌧± � 3⌧2±. (3.5.6)

The dotted line in Fig. 3.13 is eq. (3.5.6) for ⌧+. AiBinc
0,3(X,Z) is Airy-like only to the right of

this line, while to the left its oscillations decay in both amplitude and spatial frequency, far more

rapidly than a standard Airy pattern.

Figures 3.15(a) and (b) show slices of intensity of the incomplete Airy beam at Z = 0.5 and

Z = 1.25 respectively. The vertical dashed lines correspond to the value of X obtained from

eq. (3.5.6) for each Z, and they therefore mark the transition between Airy-like and not. To the

right of these lines, the frequency of oscillations of AiBinc
µ,�

(X,Z) matches those of the ideal Airy

beam (shown in grey) very closely. To their left however, the frequency quickly degenerates and

is no longer Airy-like. Likewise, the intensity rapidly decays. Note that intensity begins to decay

(more rapidly than the ideal Airy function) as the dashed line is approached from the right hand

side. This is a consequence of the endpoint ‘climbing’ the saddle and beginning to reduce its

contribution, reaching the peak only at the line. The incomplete Airy function is then most like

the ideal Airy function when the endpoints are enclosing, and distant from, the saddles. In the
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Figure 3.15: Intensity of the incomplete Airy beam at Z = 0.5 and Z = 1.25 for

(a) and (b) respectively. The vertical dashed lines demarcate the transition between

Airy-like and not, and are given by eq. (3.5.6) for each Z. To the left of the line,

intensity and frequency diverge from that of the ideal Airy beam (shown in grey),

while the beam is Airy-like to the right.

limiting case of endpoints at infinity, the incomplete Airy function ceases to be so, and the full

Airy function is recovered.

The asymptotic interpretation of the incomplete Airy beam also provides an explicit expression

for the maximum possible extent of the main lobe. As with the infinite-energy beam, the main

lobe of AiBinc
µ,�

(X,Z) follows X = 3Z2, but then decays as it approaches the line of eq. (3.5.6).

Solving for this point, shows that the main lobe propagates no further than

(X,Z) = (3⌧2+, ⌧+), (3.5.7)

which is indicated as a white dot in Fig. 3.13. After this point the main lobe’s intensity rapidly

decays since the saddles are excluded from the integral of eq. (3.5.2). Accordingly, the lobe forms

after the point (3⌧2�, ⌧�).

3.5.1 Non-symmetric spectral truncation

Choosing a non-zero µ for the incomplete Airy function selects a different portion of the spectrum

to generate the incomplete Airy beam. It is then possible to prescribe what region of the beam is

Airy-like, since the endpoints will enclose the saddles in different places. Figure 3.16 shows the

incomplete Airy beam for different initial spectral truncations (note the changing scales on the

axes). In each image, � = 3, and µ varies from 0 to 3 in integer steps. The dashed lines in these

plots are given by eq. (3.5.6) and correspond to the intersections of endpoints with saddles. The
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dynamics of both ⇠+ and ⇠� are important now. Accordingly, Airy oscillations occur only within

the enclosed regions and the beam is no longer symmetric about Z = 0.

The dashed lines are always tangential to the curve X = 3Z2, and so can also be thought

of as the extremal ray contribution to the Airy fold caustic (see Fig. 2.1). Thinking of the Airy

beam in this way leads to another interpretation of its acceleration. The curved main lobe is not

an independent entity undergoing acceleration, but is rather the caustic formed of rays. This

point is stressed in [Berry & Balazs 1979], albeit from the perspective of quantum mechanics.

The extent of the main lobe can therefore be optimised for fixed � at the cost of symmetry

about Z = 0. Figures 3.16(b)-(d) show enhanced main lobes, produced at the expense of secondary

fringes, for the same � but with different µ. Shifting the window of the spectrum increases

the distance travelled by the main lobe by reducing the intensity if the beam before the Z = 0

plane. Then, portions of the beam further along the curved trajectory correspond to frequency

components further from the spectrum’s origin.

Main lobe enhancements may be of benefit in microparticle guiding [Baumgartl et al. 2008],

allowing them to be carried further. Alternatively, it may benefit remote sensing techniques as

discussed in [Barwick 2011], since the lobe can be prevented from bending back on itself and

introducing any uncertainty about the position of generated radiation [Polynkin et al. 2009].

Of course, a limit on the main lobe is still imposed by the maximum possible resolution

of the generating SLM, but a cubic phase mask of higher resolution might still provide some

improvement to the possible length of the lobe.

While the incomplete Airy beam has already given deeper insight into the spatial dynamics of

finite-energy Airy beams, it has not yet been shown to fulfils its main purpose – having a finite

energy. In fact, its power is given by an elegant expression which can be found using a slightly

inelegant approach. Let Itot be the total integrated intensity in a plane, then

Itot =

ˆ 1

�1
dX

��AiBinc
µ,�

(X,Z)
��2

=

ˆ 1

�1
dX AiBinc

µ,�

(X,Z)⇤AiBinc
µ,�

(X,Z)

=

ˆ 1

�1
dX

ˆ
µ+�

µ��

d⇠0 e�i⇠03�i⇠0(X�3Z2)

ˆ
µ+�

µ��

d⇠ ei⇠
3+i⇠(X�3Z2)

=

¨
µ+�

µ��

d⇠d⇠0 ei(⇠
3�⇠

03)
ˆ 1

�1
dX ei(X�3Z2)(⇠�⇠

0). (3.5.8)
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Figure 3.16: Evolution of the incomplete Airy beam for changing µ; the straight,

dashed white lines are given by eq. (3.5.6) and enclose the Airy-like region of the beam;

the curved, dashed line is X = 3Z2; the solid line shows the theoretical mean position

of the beam as given by eq. (3.16); the white dots are the numerically calculated

mean positions at integer values of Z. These plots indicate the illusory nature of

acceleration in finite-energy Airy beams, since the mean position travels linearly.
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In the third line the phase term of AiBinc
µ,�

(X,Z) cancels with its conjugate, and since the limits

on the X-integral are infinite, the substitution � = X � 3Z2 can be made, so that dX ! d� and

returns

Itot =

¨
µ+�

µ��

d⇠d⇠0 ei(⇠
3�⇠

03)
ˆ 1

�1
d� ei�(⇠�⇠

0). (3.5.9)

Now, recognise that the integral over � is a (scaled) Dirac �-function, (1.3.5), so

Itot = 2⇡

¨
µ+�

µ��

d⇠d⇠0 ei(⇠
3�⇠

03)�(⇠ � ⇠0). (3.5.10)

The �-function enforces a non-zero integrand only when ⇠ = ⇠0, which is where the exponent

vanishes. The integral is then simply

Itot = 2⇡

ˆ
µ+�

µ��

d⇠, (3.5.11)

and the total integrated transverse intensity of the incomplete Airy beam is given by

ˆ 1

�1
dX

��AiBinc
µ,�

(X,Z)
��2 = 4⇡�, (3.5.12)

which is elegant indeed. In fact, this result is found more simply using Parseval’s theorem, but this

approach is included because a familiarity with it is useful when considering the mean transverse

position of the beam, which is defined as the first moment of intensity (§26.1.4 of [Abramowitz

& Stegun 1965]). Alternatively, the reader might rather think of it as the expectation value of

position as given by Ehrenfest’s theorem [Griffiths 2003].

It is an important consequence of regularisation that the mean position of the beam becomes

calculable. The mean transverse position of the intensity of a function, x, is given by the expression

x =

´1
�1 dx x

��'(x)
��2

´1
�1 dx

��'(x)
��2 (3.5.13)

where the denominator is included for the purposes of normalisation. In the case of the incomplete

Airy beam, all the components in the integral commute with one another so

X =

´1
�1 dX X

��AiBinc
µ,�

(X,Z)
��2

´1
�1 dX

��AiBinc
µ,�

(X,Z)
��2

. (3.5.14)
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The denominator has already been found in eq. (3.5.12). The process for the numerator is similar

to that of (3.5.12), with one important distinction. Expanded out, the numerator then takes the

form

ˆ 1

�1
dX X

��AiBinc
µ,�

(X,Z)
��2 =

¨
µ�Z+�

µ�Z��

d⇠d⇠0 ei(⇠
3�⇠

03)
ˆ 1

�1
dX X ei(X�3Z2)(⇠�⇠

0).

(3.5.15)

Whereas in (3.5.8) the integral in X usefully became a �-function, it is now more complicated,

because of the linear power of X. However, making the substitution X� 3Z2 ! �, the X integral

becomes

ˆ 1

�1
d� (�+ 3Z2) ei�(⇠�⇠

0) =

ˆ 1

�1
d� � ei�(⇠�⇠

0) + 3Z2

ˆ 1

�1
d� ei�(⇠�⇠

0). (3.5.16)

The second integral is now a �-function multiplied by 3Z2, and is found by following the same

approach as for (3.5.12). The first integral in (3.5.16) is related to the derivative of a �-function.

That is, if

�(x) =
1

2⇡

ˆ 1

�1
d eix, (3.5.17)

then

@

@x
�(x) = �0(x) =

i

2⇡

ˆ 1

�1
d  eix, (3.5.18)

and the first integral in (3.5.16) can then be expressed as �2⇡i�0(⇠ � ⇠0). Gathering together all

the components

X =
1

4⇡�

 
� 2⇡i

¨
µ�Z+�

µ�Z��

d⇠d⇠0ei(⇠
3�⇠

03)�0(⇠ � ⇠0) + 12⇡�Z2

!
, (3.5.19)

where the fraction at the beginning is from the total integrated intensity, (3.5.12), and the second

term in the brackets comes from the second integral in (3.5.16). Using integration by parts, and
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recalling that �0(⇠ � ⇠0) vanishes everywhere ⇠ 6= ⇠0, gives

X =
1

4⇡�

 
2⇡i

¨
µ�Z+�

µ�Z��

d⇠d⇠0
@

@⇠
ei(⇠

3�⇠

03) + 12⇡�Z2

!

=
1

4⇡�

 
2⇡i

ˆ
µ�Z+�

µ�Z��

d⇠03i⇠02 + 12⇡�Z2

!

=
1

4⇡�

 
� 6⇡


⇠03

3

�
µ�Z+�

µ�Z��

+ 12⇡�Z2

!
. (3.5.20)

Expanding the final step and cancelling the appropriate terms shows that the mean transverse

position of the beam is

X = 6µZ � 3µ2 � �2. (3.5.21)

This expression clearly demonstrates the illusory nature of acceleration of the incomplete Airy

beam. That is, despite the appearance of acceleration in eq. (3.5.4), the beam’s centre only

moves linearly proportional to µZ [Besieris & Shaarawi 2007]. When µ = 0, X = ��2 and

clearly does not accelerate with Z. Figure 3.16 shows the intensity of the incomplete Airy beam,
��AiBinc

µ,�

(X,Z)
��2, for different values of µ and fixed � wherein the solid line indicates the mean

position according to eq. (3.5.21), while the dots show the numerically calculated position. These

dots are found using the expression

X
N

=

P
N

n=1X|AiBinc
µ,�

(X,Z)|2
P

N

n=1 |AiB
inc
µ,�

(X,Z)|2
, (3.5.22)

which is a discrete version of (3.5.14) for N sample points. The numerical results were calculated

with a sufficiently dense sampling and over a wide enough domain to ensure the convergence of

the results. The numerical and analytic results agree convincingly well.

Note that an off-centre spectrum has the effect of a constant transverse velocity of the mean

with increasing propagation distance. This is equivalent to giving the beam a non-zero transverse

momentum i.e. a constant velocity, since the average ‘momentum’ (the average ⇠ in this case) is

non-zero [Griffiths 2003].

In this section, the incomplete Airy beam has been introduced and its characteristics examined.

While sharp truncations in optical systems can lead to complicated mathematical expressions,

in the case presented here, asymptotic interpretation of the beam leads to elegant expressions,
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such as (3.5.12). Moreover, the asymptotic interpretation provides explicit expressions for the

shape of the propagating beam, as well as for the extent of its main lobe. This is partly due to

the fact that the asymptotic analysis allows exact statements to be made about where changes

occur, analogous to the coalescing saddles of catastrophe integrals, which themselves embody

discrete transitions of intensity (see §2.2.1). The endpoints meet saddles in specific places, and it

is not a question of assigning an arbitrary transition, such as intensity dropping below a threshold.

Such behaviour is characteristic of the integrals of catastrophe theory, and the incomplete Airy

beam gives a clear example of how asymptotic interpretation may explain the resulting physical

phenomena.

It was also shown that manipulation of the initial cutoff gives some control over what region

of the resulting beam is Airy-like. This allows the enhancement of the main lobe of intensity at

the cost of intensity in the secondary lobes. From eq. (3.5.12) it is clear that the total intensity is

fixed for any given spectral window, �, regardless of its centre, µ. It follows that, for any given

total intensity, enhancing the main lobe must come at the expense of intensity elsewhere.

In the next section, we will compare different aspects of the apodized Airy, Airy-Gauss and

incomplete Airy beams.

3.6 Correction terms for finite-energy Airy beams

Having determined the salient expressions and properties of several finite-energy Airy beams, the

natural question arises of how to compare them. To do this, we must find a common characteristic

shared by each beam to give some validity to the sense of comparison.

One simple, practical approach is to reason that a generating SLM has a fixed, finite size, and

that any generated beams must then have spectra smaller than this. Assuming the SLM to be

between �2  ⇠  2, and if everything below 10% of the maximum intensity can be discarded,

then the resulting widths are given by values of

↵ = 0.096, W = 11.0 and � = 2, (3.6.1)

for the apodized, Gaussian modulated and incomplete Airy beams respectively. Figure 3.17 shows

the ideal Airy beam and each finite-energy version for the regularisation parameters of eq. (3.6.1).

These images suggest that the apodized beam propagates further than the Airy-Gauss beam,

while the incomplete version maintains distinct oscillations over a greater region.
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Figure 3.17: Visual comparison of the intensity of Airy beams; (a) the ideal Airy

beam, |AiB(X,Z)|2; (b) the apodized Airy beam, |AiBap
0.096(X,Z)|2; (c) the Airy-

Gauss beam |AiBG
11(X,Z)|2; and (d) the incomplete Airy beam, |AiBinc

0,2(X,Z)|2. The

widths of each beam are chosen so their spectra are equal sizes, disregarding the

lowest 10% of intensity for the slowly decaying spectra of (b) and (c).
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A more rigorous comparison can be obtained by reasoning that each case is an approximation

of the ideal Airy beam, so that each finite-energy Airy beam will limit to the ideal Airy beam,

AiB(X,Z), for a sufficiently limiting regularisation parameter. Then, each regularised beam is

expressible as a power series expansion whose leading order term will be the infinite-energy Airy

beam. This approach gives an acceptable interpretation of infinite-energy beams as the zeroth

order terms in asymptotic expansions of physically realisable beams.

Explicitly, we expect

AiBReg
r

(X,Z) ⇡ AiB(X,Z) + CReg
r

(X,Z), (3.6.2)

where AiBReg
r

(X,Z) is the finite-energy Airy beam, AiB(X,Z) is the ideal beam of eq. (3.2.8), r

is the appropriate regularisation parameter and CReg
r

(X,Z) is a first-order-in-r correction term.

The main lobe of the Airy function is typically of greatest importance [Barwick 2011] and

subsequent investigation is constrained to this region.

In the case of the apodized Airy and Airy-Gauss beams, it is trivial to see how an expansion

like (3.6.2) is valid, since they are both regularised by an exponential term, say e✏X , where ✏ is

either ↵ [for Aiap
↵

(X)] or �1/W 2 [for AiG
W

(X)]. Then

e✏XAi(X) = Ai(X)

1X

n=0

(✏X)n

n!

⇡ Ai(X)
�
1 + ✏X + ✏2X2 + ...

�
, (3.6.3)

where the leading order term is the Airy function. The propagating beam must be described by a

superposition of the propagations of each term, so clearly the leading contribution, for small ✏, is

the infinite-energy Airy beam.

For the apodized Airy beam the correction term is given by the expression

Cap
↵

(X,Z) = ↵ei(XZ�2Z3) ⇥�X � 6Z2
�
Ai(X � 3Z2) + 6iZAi0(X � 3Z2)

⇤
, (3.6.4)

and for the Airy-Gauss beam it takes the form

CG
W

(X,Z) =
ei(XZ�2Z3)

W 2

 �
24XZ2 �X2 � 6iZ � 72Z4

�
Ai(X � 3Z2)

� 12i
�
XZ � 6Z3

�
Ai0(X � 3Z2)

�
, (3.6.5)
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Figure 3.18: First-order approximation of the apodized Airy beam of the form given

in eq. (3.6.2) with correction term (3.6.4); the approximation is valid in the region of

the main lobe and for small ↵, but diverges for increasingly negative X.

where Ai0(X) is the derivative of the Airy function [see eq. (2.2.16) in §2.2.3]. Figure 3.18 shows

a comparison between the apodized Airy function (in thick light yellow) against the dashed, dark

yellow, ideal Airy beam plus correction term (3.6.4). The agreement in the region of the main lobe

is good, but discrepancies are increasingly apparent for more negative X, and below X ⇡ �20 the

correction term causes a divergence of the intensity. Figure 3.19 shows the analogous case for the

Airy-Gauss beam, where the light green line indicates the intensity of the Airy-Gauss function

and the dashed, dark green line shows the infinite-energy Airy beam plus the correction (3.6.5).

In this case, the agreement is better over a wider range, though divergence of the intensity still

occurs beyond X ⇡ �20.

In the case of the incomplete Airy beam, the first order correction term arises differently and

comes from the asymptotic endpoint approximation of the function (see §2.2.4). As with the

Pearcey function in Chapter 2, different regions of the 1+1D incomplete Airy beam are described

by distinct approximations, governed by the configuration of the complex plane. The lines of

eq. (3.5.6) demarcate the crossing of endpoints and saddles, and so define the different regions. It

is possible to construct an asymptotic model of the full beam, but the process is conceptually

similar to that of §2.2.1 and does not provide a significantly quicker means of calculation, though

the insight gained from asymptotic interpretation is still valuable.

Since the main lobe of the Airy function is of primary importance, we consider the correction

term needed in this region. In the proximity of the main lobe, and distant from the line of
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Figure 3.19: First-order approximation of the Airy-Gauss beam of the form given in

eq. (3.6.2) with correction term (3.6.5); the approximation is valid in the region of

the main lobe, for large W , but again diverges for increasingly negative X.

eq. (3.5.6), the complex plane is configured (schematically) as in Fig. 3.14(a). That is, both

saddles are situated between the endpoints.

Following the approach of §2.2.4, the sum of endpoint corrections is given by the expression

C inc
µ,�

(X,Z) = ei(XZ�2Z3)

"
ei(⌧

3
Z++⌧

Z+(X�3Z2))

i
�
3⌧2

Z+ +X � 3Z2
� � ei(⌧

3
Z�+⌧

Z�(X�3Z2))

i
�
3⌧2

Z� +X � 3Z2
�
#
, (3.6.6)

where ⌧
Z± = µ±��Z is the position of the endpoints. Figure 3.20 shows a slice of the incomplete

Airy beam for the approximation of (3.6.2) for µ = 0 and � = 3. In the region of the main lobe,

the approximation is excellent. However, it fails approaching the point where endpoints cross

over saddles, indicated by the vertical dashed line, which itself corresponds to eq. (3.5.6). Beyond

this point, the approximation is not valid.

Although agreement ought not be expected approaching this line, it is still possible to tame

the dramatic failure by expanding the correction term of eq. (3.6.6) about � = 1 and taking the

symmetric case of µ = 0. After some algebra, the correction term takes the form

C inc
0,�(X,Z) ⇡ cinc

�

(X,Z) = 2e�3i�2
Zsin(X� + �3)/3�2, (3.6.7)

where cinc
�

(X,Z) is the first-order correction term for the case of µ = 0, valid for asymptotically

large �. Equation (3.6.7) clearly describes an additional oscillating term, which is then visible in

Fig. 3.11 as a variation from the ideal Airy function. Figure 3.21 shows a slice of the infinite-energy
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Figure 3.20: The incomplete Airy beam as the infinite-energy Airy beam plus

asymptotic endpoint corrections. The thick, light blue line shows the a slice of the

intensity of the incomplete Airy beam for µ = 0 and � = 3 at Z = 0, AiBinc
0,3(X, 0);

the dashed, dark blue line shows the intensity of the infinite-energy Airy beam plus

asymptotic endpoint corrections for the same parameters, AiB(X, 0) + C inc
0,3(X, 0).

The agreement is excellent in the region of the main lobe, but becomes increasingly

poor past X . 20.

Airy beam plus the simplified correction term of (3.6.7).

As � increases, the oscillations of eq. (3.6.7) become increasingly rapid but decrease in

amplitude. For � large enough to give a recognisable finite-energy Airy beam, the oscillations

are more rapid than those of the ideal Airy function, preventing enhancement of all the beam’s

fringes by a well chosen cutoff. Of course, it is possible to enhance the main lobe by choosing a

cutoff so as to align the peak of the lobe with a single peak of cinc
�

(X,Z). The brown, dashed,

oscillating line in Fig. 3.21 shows the correction term (3.6.7), which is small.

The vertical, dashed line in the plot corresponds to (3.5.6) and indicates where the endpoints

cross the saddles. To the left of this line, the incomplete Airy function ceases to be properly

Airy-like, since one saddle is excluded from the integral, and the approximation method used to

obtain eq. (3.6.6) is not valid. It is then unreasonable to expect the correction term to give a

good description approaching this line.

It is possible to construct asymptotic approximations for the entire range of the incomplete

Airy beam, in much the same manner as for the Pearcey function in §2.2.1, but typical interest in

the Airy function is focused on the main lobe, so such a model is not built here.
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Figure 3.21: The incomplete Airy beam against the infinite-energy Airy beam plus a

first order correction term. The thick, light blue line shows the a slice of the intensity

of the incomplete Airy beam for µ = 0 and � = 3 at Z = 0, AiBinc
0,3(X, 0); the dashed,

dark blue line shows the intensity of the infinite-energy Airy beam plus the first order

correction term of eq. (3.6.7) for the same parameters. The agreement is not as good

as Fig. 3.20, but the form of the equation highlights the oscillatory nature of the

correction.

3.7 Gaussian illumination of a cubic phase

It was noted after eq. (3.3.5) that Gaussian illumination of a cubic phase is approximately the

apodized Airy beam for sufficiently small ↵. Also, shifting the window of illumination of the

cubic phase for the incomplete function was shown to control the region of the beam that is

Airy-like. In the case of the incomplete Airy beam, explicit expressions were found for the spatial

extent and dynamics of the beam.

The shifting illumination leads us naturally to considering the consequence of shifting the

illumination of spectra of the other beams. Since the spectrum of the Airy-Gauss beam is not

purely Gaussian in its intensity, shifting the intensity modulation is somewhat contrived and its

interpretation is not obvious. Investigation is then confined to an approximation of the apodized

Airy beam i.e. Gaussian illumination of a purely cubic phase, ]AiGc
↵

(⇠). Conversely to Airy-Gauss,

this has an obvious, physical correspondence of a typical laser profile incident, off-centre, on a

SLM displaying a cubic phase, or passing misaligned through a continuous cubic phase mask.

Considering this interpretation, such a system is perhaps the most physically realistic of all, even



3.7 Gaussian illumination of a cubic phase 87

though we arrive at it by a roundabout path through other regularised beams. Indeed, [Hu et al.

2010] show that varying the location of the incident illumination on the Airy function’s spectrum

provides some control over the trajectory of the main lobe.

Taking eq. (3.3.5) as the defining description of another finite-energy Airy beam, AiBGc
↵

(X,Z),

and using the angular spectrum method to calculate the resulting beam

AiBGc
↵

(X,Z) =

ˆ 1

�1
d⇠ ]AiGc

↵

(⇠) exp
�
iX⇠ � 3iZ⇠2

�

=

ˆ 1

�1
d⇠ exp

⇥
i
�
⇠3 + 3(i↵� Z)⇠2 +X⇠

�⇤
(3.7.1)

where the ⇠2-term can be suppressed by the substitution ⇠ ! ⇠0 � (i↵� Z). Then, the resulting

beam is given by

AiBGc
↵

(X,Z) = exp
⇥
i
�
XZ � 2Z3 + 6↵2Z

�⇤
exp

�
↵X � 6↵Z2 + 2↵3

�

⇥Ai
�
X � 3Z2 + 6i↵Z + 3↵2

�
. (3.7.2)

The Gaussian modulation of a cubic phase in Fourier space gives a beam that is very similar to

the apodized Airy beam of eq. (3.3.8), with small differences of the order of ↵2. Accordingly, for

all reasonably values of ↵, plots of the two are visually indistinguishable, and images of AiGc
↵

(X)

have not been included for this reason.

Considering a shift of � in the Gaussian amplitude in the Fourier plane gives a spectrum

]AiGc
↵,�

(⇠) = exp
⇥
�3↵(⇠ � �)2

⇤
exp

�
i⇠3

�
. (3.7.3)

Figure 3.22 shows the intensity of eq. (3.7.3) for values of � = 0, 1, 2 for increasingly lighter shades

of orange. Obviously, � = 0 corresponds to the case of eq. (3.3.5), with the resulting beam given

by eq. (3.7.2). Changing � clearly shifts the Gaussian modulation as desired, while the cubic

phase remains the same.

The beam for the general case of � 6= 0 is found from eq. (1.8.3)

AiBGc
↵,�

(X,Z) =

ˆ 1

�1
d⇠ ]AiGc

↵,�

(⇠) exp
�
iX⇠ � 3iZ⇠2

�

=

ˆ 1

�1
d⇠ exp

⇥
i
�
⇠3 + 3i↵(⇠2 � 2�⇠ + �2)� 3Z⇠2 +X⇠

�⇤

=

ˆ 1

�1
d⇠ exp

�
i
⇥
⇠3 + 3(i↵� Z)⇠2 + (X � 6i↵�)⇠ + 6i↵�2

⇤�
(3.7.4)
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Figure 3.22: Shifting Gaussian illumination of a cubic phase; (a) shows the intensity

of eq. (3.7.3) for changing � = 0, 1, 2 for increasingly lighter shades of orange; (b)

shows the complex argument. Changing � shifts the illumination without altering

the phase, which is perhaps the most physically likely generating scenario of all the

finite-energy Airy beams.

wherein the usual Tschirnhaus substitution is made to suppress the ⇠2-term, in this case ⇠ !

⇠0 � (i↵� Z). The beam is then given by the expression

AiBGc
↵,�

(X,Z) = exp
⇥
i
�
XZ � 2Z3 + 6↵2Z � 6↵2�

�⇤

⇥ exp
�
↵X � 6↵Z2 + 2↵3 + 6↵�Z � 3↵�2

�

⇥Ai
�
X � 3Z2 + 3↵2 + 6i↵Z � 6i↵�

�
, (3.7.5)

which simplifies to (3.7.2) when � = 0, as expected. This expression is rather longer than the

infinite-energy Airy beam of §3.2, but it is straightforwardly interpretable and differs from the

apodized Airy beam by only few terms.

Figure 3.23(a) shows |AiBGc
↵,�

(X,Z)|2 for ↵ = 0.1 and � = 0, for negative Z as well as positive,

similarly to Fig. 3.16 for the incomplete Airy beam. The beam is clearly symmetric about Z = 0,

as expected for a symmetric spectrum. Figure 3.23(b) shows the case for � = 1 [corresponding

the central Gaussian in Fig. 3.22(a)], where the region in which the beam is Airy-like has shifted,

similarly to the incomplete Airy beam for µ 6= 0. Figures (c) and (d) show the case for increasing

�.
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Figure 3.23: Finite-energy Airy beam generated from a Gaussian modulated cubic

phase in the Fourier plane, AiBGc
↵,�

(X,Z) for ↵ = 0.1 and integer 0  �  3. The

straight dashed lines correspond to the boundaries obtained in eq. (3.5.6) for the

incomplete Airy beam, while the dashed curve is the parabola X = 3Z2. These lines

provide a first-order approximation of the spatial extent of the beam, particularly

that of the main lobe.
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The insight gained from the incomplete Airy beam improves our understanding of these

images. Indeed, the dashed lines in Fig. 3.23 correspond to the boundaries of eq. (3.5.6), obtained

from the incomplete Airy beam. While these lines do not give an exact description of the limits

of AiBGc
↵,�

(X,Z), they certainly provide a rough approximation, and allow for certainty as to the

regions of Airy-like behaviour.

3.8 Discussion

Airy beams have become a mainstay of modern optics. Their unusual properties introduce a new

set of tools with which to probe a system, be it linear, nonlinear [Polynkin et al. 2009] or even

plasmonic [Salandrino & Christodoulides 2010]. Importantly, as we have seen throughout

this chapter, finite-energy Airy beams can be realised experimentally which exhibit an excellent

mimicry of the ideal beam in specific regions and over significant propagation distances. However,

despite the fact that it is the raison d’être of finite-energy beams to describe their eventual

disagreement with ideal beams, little investigation has gone in to the question of where and how

that disagreement occurs.

This is perhaps a consequence of the arbitrary nature of previously defined spatial limits.

One might consider the limit to be the line at which intensity drops to a fraction of its peak, or

alternatively the propagation distance of the main lobe before it is no longer detectable. This

issue does not carry over to the incomplete Airy beam, since asymptotic analysis, coupled with

the nature of catastrophe integrals, allows the explicit definition of lines where discrete changes

occur. An exact expression is then obtainable, eq. (3.5.6), describing the extent of the region of

the incomplete Airy beam that is Airy-like.

The elegance of the results pertaining to AiBinc
µ,�

(X,Z), e.g. eqs. (3.5.6), (3.5.7) and (3.5.12),

is a direct consequence of the definition of the Airy function as a Fourier integral. The sharp

spectral cutoff then gives rise to the incomplete Airy function and subsequent expressions have

the discontinuity hidden away in their definition.

Comparison between different regularisations ultimately shows that different finite-energy Airy

beams all limit to the infinite-energy beam for small regularisation parameters. This was shown

in §3.6 and the first-order correction terms – the descriptions of principle deviation from the ideal

beam – were given explicitly for each case. That all the finite-energy beams agree approximately

is not surprising – they all attempt to describe the same infinite-energy beam. However, the
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straight lines that describe the spatial extent of the incomplete Airy beam, eq. (3.5.6), only

loosely approximate the limitations of the apodized Airy and Airy-Gauss beams, although the

curves of eqs. (3.3.9) and (3.4.7) respectively give better descriptions of these. It is important

to note that §3.6 provides an acceptable interpretation of infinite-energy beams. They need not

not be considered as ideal but unphysical cases, devoid of physical significance, but rather as

zeroth-order descriptions of real, finite-energy beams in an asymptotic expansion.

It should be noted that it is possible to apply asymptotic techniques to the other beams,

though the process is less fruitful than for the incomplete Airy case. For example, because

of the usual complex Gaussian factor, ⇣, in Airy-Gauss beams, their saddles collect imaginary

components for increasing Z. Then, upon propagation, the saddles shift off the real axis and into

the complex plane. During this transitionary phase, their contributions to the integral decrease

(analogously to the saddles of the ideal Airy function at the caustic, see Fig. 2.12) and eventually

cease contributing significantly. While there exist explicit expressions for the positions of the

saddles (and hence their imaginary components), their transition away from the real axis is a

continuous process and therefore does not provide a distinct transition. Defining how far from

the real axis they must be to no longer contribute to the integral can be as arbitrary as picking

an intensity threshold.

The most practical means of generating a finite-energy Airy beam is likely Gaussian illu-

mination of a cubic phase. From a practical perspective, this is effectively the apodized Airy

beam. This was investigated briefly in §3.7, where we saw that the expressions obtained via

the incomplete Airy beam serve as a fair approximation to the spatial extent of the resulting

beam. Considering non-symmetric truncations of the incomplete Airy beam leads to shifting the

Gaussian illumination of a purely cubic phase, resulting in the beam of eq. (3.7.5). The work in

this section is complemented by that of [Hu et al. 2010], where the trajectory of the main lobe is

manipulated by a similar process.

Ultimately, given the difficult nature of optical measurements, the subtle differences between

beams in this chapter may not be of primary concern in experiments, the question of whether the

tails of a Gaussian should be included or not, paling into insignificance compared to the fact that

laser profiles are not perfectly Gaussian to begin with. That is, experimental results might not

differentiate between the various regularisation mechanisms applied herein. However, the purpose

of this chapter has not been solely to introduce a more accurate description of finite-energy Airy

beams – to do that would require some experimental results! – but rather to highlight that
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understanding of the origin of the Airy function with its accompanying asymptotics, gives a

deeper insight into the behaviour of finite-energy beams in general. The incomplete Airy beam

solves the problem of infinite-energy in a very elegant manner, having a simple form, eq. (3.5.4), a

closed expression for total energy, eq. (3.5.12), and an exact description of its centre, eq. (3.5.21),

as well as dynamics explicitly understood through eqs. (3.5.6) and (3.5.7).



4 | The Talbot effect in the post-

paraxial regime

It is a little bit of magic realised – of natural magic. You make the powers of

nature work for you, and no wonder your work is well and quickly done.

William Henry Fox Talbot

4.1 Introduction

The Talbot effect is a well-known self-imaging phenomenon in classical optics, where a transversely

periodic field reproduces itself perfectly at periodic distances in the propagation direction. It was

first recorded in Facts relating to Optical Science [Talbot 1836], wherein William Henry Fox

Talbot1 observed that the image behind a diffraction grating appeared in and out of sharp focus

at increasing distances2. While he did not provide an explanation for it, he recored it “in the hope

that [the phenomenon] may prove interesting to the cultivators of optical science.” Sadly, it did not,

and the Talbot effect was forgotten until its rediscovery half a century later by [Lord Rayleigh

1881] who showed that the image revivals were predicted by Fresnel diffraction to occur at periodic

distances – the Talbot distance, zT = a2/�, where a is the period of the initial field and � the

wavelength of radiation.

The Talbot effect contains remarkable complexity which has led to its study consistently

throughout the last two centuries. For example, it was observed in [Hiedemann & Breazeale

1959] and explained in [Winthrop & Worthington 1965] that apart from the perfect self-

images explained by [Lord Rayleigh 1881], fractional Talbot revivals occur at distances of
1Talbot was one of the inventors of photography – see [Talbot 1844].
2Talbot actually used white light to illuminate his grating, and the self-images that occurred were alternating

bands of complementary colours – e.g. red and green, blue and orange etc.
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(p/q)zT, where the image is constructed of q versions of the initial field, separated by 1/q of

the period – a simple account of this is given in [Berry et al. 2001]. Figure 4.1(a) illustrates

the Talbot effect, with self-images at Z = 1 and Z = 2, along with fractional revivals at e.g.

Z = 1/2 and Z = 1/3. As well as fractional revivals, [Berry & Klein 1996] show that the

intensity of the field is fractal at irrational fractions of the Talbot distance. Moreover, as a

natural consequence of paraxial wave propagation, the Talbot effect has been observed in the

diffraction of matter waves [Chapman et al. 1995] and has has an analogue in the revivals of

quantum wavepackets [Robinett 2003], the correspondence carrying even as far as fractional

revivals [Averbukh & Perelman 1989]. We return to this in §4.8, and defer further discussion

on this aspect of the phenomenon to that section.

Beyond its interest as a fundamental phenomenon however, the Talbot effect was studied with

a view to application in beam profile manipulation and periodic array illumination as discussed

in [Lohmann & Thomas 1990] and [Leger & Swanson 1990]. A thorough exploration of its

applications are presented in [Patorski 1989]. However, in more recent years there has been

renewed interest in the Talbot effect because of the role it plays in plasmonic systems and their

manipulation. Plasmons are quasiparticulate, self-sustained, collective excitations in free electron

plasmas at the surfaces of metals, excited by resonant interaction with focused, coherent light.

They were first suggested by [Ritchie 1957], and the interested reader is directed to [Pitarke

et al. 2007] for a general review of the phenomenon.

The plasmon Talbot effect was first investigated by [Dennis et al. 2007], with subsequent

theoretical investigations by [Martínez-Niconoff et al. 2008] and [Maradudin & Leskova

2009]. One-dimensional, coherently illuminated arrays of holes or defects in a metal film were

predicted to generate plasmon carpets analogous to those of Talbot-based light fields behind optical

gratings. Experimental investigations presented in [Zhang et al. 2009] and [Cherukulappurath

et al. 2009], confirmed that arrays of small plasmon focal spots are indeed generated in a manner

analogous to the Talbot effect.

A comprehensive account of the applications of plasmons is beyond the remit of this thesis,

but [Pitarke et al. 2007] contains an introduction, and [Barnes et al. 2003] presents a review

of their application to subwavelength optics. Their role in extraordinary optical transmission

is explored in the review by [Garcia-Vidal et al. 2010], while generation of remote focal

spots via phase arrays is suggested in [Curto & García de Abajo 2008], superresolution

imaging in [Huang & Zheludev 2009], fluorescence microscopy in [Lakowicz et al. 2008] and
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nanolithography in [Liu et al. 2005,Wan et al. 2010], to name but a few.

It is important then, to understand the behaviour of such systems, and analogy with a

well understood phenomenon like the Talbot effect provides an effective benchmark to work

against. However, the lengthscales involved in plasmonic systems are far shorter than those

of classical optics, with typical array periodicities of only a few wavelengths [Zhang et al.

2009]. The perfect image revival of the classical Talbot effect is understood in terms of Fresnel

diffraction [Patorski 1989] and follows from the corresponding paraxial approximation of �⌧ a.

When the wavelength and the transverse period have a similar scale however, the breakdown of

the paraxial approximation leads to distortion of the perfect self-images of the paraxial regime.

This was first noted in [Cohen-Sabban & Joyeux 1983] and again in [Leger & Swanson

1990,Chang 2005].

Mathematically, the breakdown of the paraxial approximation amounts to the predictions of

eqs. (1.6.7) and (1.8.3) disagreeing significantly, since higher order terms of the expansion of (1.8.2)

cannot be reasonably neglected. This observation has been noted before throughout the literature

concerning the optical case. In [Cohen-Sabban & Joyeux 1983], it is shown that a fourth-order

approximation for the phase destroys the perfect paraxial self-imaging, though modifications can

be made to the incident illumination to negate the effect. [Mejías & Martínez Herrero 1991]

report deviation of self-images from the Talbot distance for a periodicity of a < 20�, and an

analysis using electromagnetic theory is presented in [Noponen & Turunen 1993], wherein a

nonparaxial Talbot distance is found for the case when only three diffraction orders contribute to

the field beyond the grating. Recently, [Hua et al. 2012] experimentally examined the optical

Talbot effect beyond the paraxial limit for a . 2�. It was [Berry & Klein 1996] who first

referred to the alliterative post-paraxial approximation embodied by retaining the quartic-order

term in the phase of the propagator, (1.8.4).

Generally, the wave-optical effect of aberration on foci is described in terms of diffraction

catastrophes [Nye 1999], which tend to ray caustics in the geometrical optics limit. As we saw

in §2.1.2, in the case of two-dimensional 2D ‘spherical aberration’ (i.e. cylindrical aberration),

the resulting diffraction pattern is described by the Pearcey function, eq. (2.1.2) – first shown

in [Pearcey 1946] to be the interference pattern decorating a ray cusp. Figure 2 of [Dennis et al.

2007] displays a similar interference pattern replacing the Talbot revivals when the transverse

period of the imaged grating is approximately 20 wavelengths.
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In this chapter, the fourth-order post-paraxial approximation of [Cohen-Sabban & Joyeux

1983] and [Berry & Klein 1996] is invoked to investigate the Talbot-based focusing of scalar

waves in a regime which is nonparaxial, but not extremely so; the transverse periodicity is of

the order of some tens of wavelengths – the regime found by [Mejías & Martínez Herrero

1991] to cause significant departure from the classical Talbot effect. The appearance of cusp-like

distributions in the intensity patterns of surface plasmons calculated by Fourier superpositions

in [Dennis et al. 2007] is explained by explicit connection with the Pearcey function, highlighting

the fundamentally aberrative effect of post-paraxiality. Furthermore, the Talbot effect is lensless

imaging and the distortion of the foci cannot occur as a consequence of imperfections in the

system.

To demonstrate the physics of the post-paraxial regime, a general 2D formalism is used, which

displays properties of both paraxial and nonparaxial regimes in different limits. Specifically,

it consists of a transverse array (with period a in the x-direction) of monochromatic 2D point

sources of wavelength �. A paraxiality parameter, � ⌘ a/�, is defined so that the system is

paraxial (nonparaxial) for asymptotically large (small) �. The interference of the propagating

waves in the z-direction weaves a diffraction carpet in the x-z plane, which, due to the generality

of the system, is similar to that studied in the plasmon Talbot effect of [Dennis et al. 2007] or

to the field behind the diffraction gratings of [Case et al. 2009]. Note that z is defined to be in

the plane and not normal to it, as is sometimes the case in the literature.

Importantly though, the system employed does not generate a continuous family of rays

– rather a finite number splay out from each source – but nevertheless gives rise to cusp-like

interference structures. Rather than interpreting these aberration-like cusps as imperfections in

the system, we show that it is deviation from Fresnel propagation that causes them, destroying

the perfect, periodic self-imaging of the classical Talbot effect. Unexpectedly, the cusps that

arise do not precisely replicate the Pearcey function, but rather result in an incomplete version,

analogous to the incomplete Airy function, eq. (3.5.2), of the previous chapter. Here, just as in

Chapter 3, the catastrophe becomes incomplete as a consequence of making the system physical.

It might seem unusual to make an approximation to a field whose analytical form is already

known, and is a simple finite sum of plane waves. Nevertheless, the interference structures which

are visible in the pattern are not directly evident from the sum, but are emergent only after the

mathematical procedure described. The approximation procedure itself provides insight into the

underlying physics and the fundamental connection between aberration and post-paraxiality.
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It should be noted that [Berry & Bodenschatz 1999] observed cusps in the Talbot effect,

periodically reproduced in the direction of propagation. However, it is crucial to note that the

occurrence of cusps in the case they present is a direct consequence of the sinusoidal variation of

phase of the uniform intensity initial field. This is very different to the case of this chapter where

the initial intensity is discontinuous. That is, cusps occur in both cases, but for fundamentally

different reasons and in very different ways.

An interesting geometrical investigation of the Talbot effect is presented in [Latimer &

Crouse 1992], where it is shown that it is possible to construct the Talbot effect geometrically.

However, the straight lines used therein are not rays, but rather lines of constructive interference

– i.e. they are lines along which waves from different sources have travelled integer multiple

distances of their wavelengths and so are in phase with one another. A seminal examination of

self-imaging is given in [Montgomery 1967] which examines the requirements for self-imaging

at a single plane, disregarding the need for periodicity of the field in the propagation direction.

In the following section, the general system is constructed and the classical Talbot effect derived,

then modified for physical systems in §4.2.1. In §4.3, the requisite mathematical expressions are

determined and applied in §4.4 to link the post-paraxial field to the Pearcey function. In light

of the results, the field is investigated in §4.5 and §4.6, while §4.7 looks at the generalised rays

underpinning the cusps. Finally, another example of the phenomenon is presented in §4.8. Many

of the results of this chapter have been published in [Ring et al. 2012a].

4.2 The Talbot effect

A periodic, one-dimensional array of �-functions in the transverse x-direction, with period a, is

given by

 (x) = a
1X

j=�1
�(x� aj), (4.2.1)

where the prefactor a is included here to simplify later expressions. The Talbot effect is inherently

a Fourier phenomenon, as is made explicit from its paraxial Fourier representation. To this end,

eq. (4.2.1) can be expressed as a complex Fourier series

 (x) =
1X

n=�1
c
n

exp(2⇡inx/a), (4.2.2)
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where

c
n

=
1

a

ˆ
a/2

�a/2
dx  (x) exp(�2⇡inx/a)

=
a

a

ˆ
a/2

�a/2
dx �(x) exp(�2⇡inx/a)

= 1, (4.2.3)

for an array of �-functions. Then the Fourier representation of the initial field takes the form

 (x) =
1X

n=�1
exp(2⇡inx/a)

=

1X

n=�1
exp(ik

x

x), (4.2.4)

where k
x

= 2⇡n/a is the transverse spatial frequency. Since this is a Fourier representation, the

field in the xz-plane can be obtained by propagation via the angular spectrum method (see §1.6).

That is, the field beyond a 1D array of narrow slits, propagating according to the Helmholtz

equation, is give by

 (x, z) =

1X

n=�1
exp (ik

x

x+ ik
z

z)

=

1X

n=�1
exp

⇣
2⇡inx/a+ iz

p
k2 � k2

x

⌘
, (4.2.5)

where k = 2⇡/� is the wavenumber and k
z

=
p
k2 � k2

x

is its longitudinal component. Equa-

tion (4.2.5) is the usual Fourier decomposition of plane waves propagating according to the

Helmholtz equation. All the Fourier coefficients are unity since the initial field is a sum of

�-functions.

This chapter is concerned with the behavioural changes of eq. (4.2.5) and its emergent

characteristics for different regimes. These regimes are governed by the ratio of periodicity

and wavelength, which is defined as � ⌘ a/�. The paraxial approximation applies when � is

asymptotically large (� & 50), while for small � . 5 the resulting fields are fully nonparaxial. A

treatment of the nonparaxial Talbot effect can be found in the excellent article by [Noponen &

Turunen 1993]. However, for � large but not asymptotically so (� ⇡ 20), the fields described by

eq. (4.2.5) differ significantly from the paraxial prediction, while containing a level of detail and

complexity absent from fully nonparaxial treatments. This is the post-paraxial regime which will
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Figure 4.1: Intensity distributions (� = 18) for (a) the paraxial field of eq. (4.2.8);

(b) exact field of eq. (4.2.6); (c) numerically simulated 1D binary gold grating (of

refractive index 0.2+3.44i [Innes & Sambles 1987], thickness 100 nm and slit width

to grating period ratio of 0.05) illuminated by a normally incident, TE-polarized,

monochromatic (� = 632.8 nm) plane wave; and (d) the post-paraxial field as given

by eq. (4.2.9). A value of � = 18 is outside the region of validity for the paraxial

approximation, since (a) is fundamentally different to (b). The fields (b), (c) and (d)

exhibit foci (indicated by the white box) which are aberrated compared to (a).

be the concern of the remainder of this chapter.

Assuming negligible attenuation of propagating waves, eq. (4.2.5) can be expressed in terms

of � as

 (X,Z) =

NX

n=�N

exp
h
2⇡i

⇣
nX + �2Z

p
1� n2/�2

⌘i
, (4.2.6)

where X = x/a, Z = z/zT and zT = a2/� is the paraxial Talbot distance. Since the self-imaging

distance is of the order of several hundred wavelengths from the grating, (4.2.6) contains only

propagating waves, so that n  � and the square root remains real. Then the cutoff is N = [�]

with square brackets denoting the integer part. Figure 4.1(b) shows the intensity of the exact

field of eq. (4.2.6) for � = 18.

For large �, the square root in eq. (4.2.6), and hence  (X,Z), can be approximated by
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expansion to fourth order

p
1� n2/�2 ⇡ 1� n2/2�2 � n4/8�4. (4.2.7)

In the paraxial approximation, the quartic term in (4.2.7) is assumed negligibly small, and the

field becomes

 p(X,Z) =
NX

n=�N

exp
⇥
i
�
2⇡nX � ⇡n2Z

�⇤
, (4.2.8)

where an overall phase factor of exp(ikz) has been neglected. Figure 4.1(a), shows the paraxial

field according to eq. (4.2.8), and the Talbot effect is clearly evident since the initial field revives

for integer Z. Recall that Z is normalised to the Talbot distance, so that the second term in

eq. (4.2.8) will introduce a factor of ±1 for even (+) or odd (�) Z, and recovers the same field as

for Z = 0. The factor of ±1 determines whether or not the self-image is shifted by half a period.

The Talbot distance is often defined as z = 2a2/� (Z = 2 in Fig. 4.1) – e.g. in [Noponen &

Turunen 1993] – but the initial pattern also revives at odd integer multiples of a2/�, albeit

transversely shifted by a/2. Following [Berry & Klein 1996] this length is taken as the Talbot

distance, zT.

It is immediately apparent from Fig. 4.1(b), that the character of the foci in the exact and

paraxial fields are fundamentally distinct. The paraxial self-foci are perfect reproductions at

Z = 1, while the exact field has maxima just short of this distance, with intensity spread out into

cusp-like distributions reminiscent of the Pearcey function, Fig. 2.5. The white box in Fig. 4.1(b)

highlights the cusp-like focus.

That the paraxial approximation does not sufficiently describe the exact field has been noted

before, e.g. in [Cohen-Sabban & Joyeux 1983]. Accordingly, there exist excellent accounts of

the nonparaxial Talbot effect, including [Noponen & Turunen 1993], but these deal with the

case of small �. The transitionary regime from paraxial to nonparaxial – i.e. the post-paraxial –

has not been investigated deeply beyond the work presented in [Berry & Klein 1996].

Following their approach, the post-paraxial refinement to eq. (4.2.8) is made by retaining the

quartic term in the expansion of (4.2.7), giving

 pp(X,Z) =

NX

n=�N

exp
⇥
i
�
2⇡nX � ⇡n2Z � ⇡n4Z/4�2

�⇤
. (4.2.9)
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Comparison between eqs. (4.2.9) and (4.2.8) shows that the perfect Z-periodicity of the Talbot

effect is an artefact of the paraxial approximation, and is destroyed in the post-paraxial regime

by the inclusion of the quartic term, as noted by [Berry & Klein 1996]. Of course, higher-order

terms in n could also be included, but it will become apparent in §4.4 why truncating at the

4th-order term is sufficient to capture the qualitative character of the field. Figure 4.1(d) shows

the post-paraxial intensity distribution of eq. (4.2.9), and it is immediately apparent that the foci

of this field have the same cusp-like characteristic as those of the exact field in (b). Moreover,

they are very different, and less defined, from those of the paraxial case in Fig. 4.1(a).

As an additional check with regards to the nature of the field in the post-paraxial regime,

Fig. 4.1(c) shows a separate simulation of a binary grating, calculated by Jari Lindberg for [Ring

et al. 2012a], using rigorous electromagnetic theory [Noponen & Turunen 1993,Moharam

et al. 1995] for parameters given in the caption. Again, this field very closely resembles the exact

and post-paraxial fields in (b) and (d), including the cusp-like foci.

Comparing each regime, it is clear that the perfect foci of the paraxial approximation of

eq. (4.2.8) have been perturbed in the post-paraxial regime to cusp-like distributions, evident in

Figs. 4.1(b)-(d). While such a cusp distribution is typical for aberration, its appearance here is

because of a refinement of the usual paraxial approximation. In fact, the inclusion of a quartic

term destroying a perfect focus is exactly analogous to the spherical aberration of the parabolic

mirror in Fig. 2.4, though remarkably, here it is improvement of the approximation and not any

aberration in the system that causes the effect!

4.2.1 Diffraction gratings of finite size

In part, this thesis is concerned with the physical realisations of catastrophes. The fields of Fig. 4.1

are those for infinite, one-dimensional, transverse arrays. Applying the paraxial approximation

to such systems is not fully consistent, as noted in [Mejías & Martínez Herrero 1991]

and [Patorski 1989], since at all Z there would be oblique contributions to the field from

arbitrarily transversely distant sources – a fact that is at odds with the concept of paraxiality,

wherein wavevectors are predominantly oriented in the direction of propagation (see §1.5). To

model a finite array of N sources, we follow the argument of §5 of [Berry & Klein 1996]

(which itself is explored more carefully in §6 of [Berry & Goldberg 1988]) truncating the

sums in eqs. (4.2.6), (4.2.8) and (4.2.9) at n = ±[M ], where M ⌘ N/2Z. This second truncation

of the sum (the first being to neglect evanescent waves) embodies the walk-off effects of finite
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Figure 4.2: Geometric argument for truncation of the Fourier series describing a

finite grating of N slits with period a. Light incident to the left of the grating can

be thought to generate multiple ‘beams’ of width equal to that of the grating, Na,

diffracted by a range of angles. Near the middle of the grating, at a distance d, the

maximum angle of diffraction of a beam that can contribute to the field is ✓.

arrays [Patorski 1989].

Consider the set-up shown in Fig. 4.2. The field in the region near (X,Z) = (0, d) will receive

contributions from beams diffracted by angles less than ✓, assuming each beam to be the width

of the entire grating. Then, if ✓ is small or d large,

tan ✓ ⇡ k
x

k

=
n�

a
, (4.2.10)

as well as

tan ✓ =
Na/2

d
. (4.2.11)

Equating (4.2.10) and (4.2.11) yields the largest n-term contributing to the field near the line

X = 0 at a distance Z⌘ d�/a2,

M = N/2Z. (4.2.12)

Although this argument is only approximate, it provides a fair description for the centre of the

field when N � 1 (see §6 of [Berry & Goldberg 1988] for a careful argument). In any case,

this second truncation is not crucial to later results, but does serve to reduce the complexity of
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the fields.

Figure 4.3 shows the fields beyond a finite grating of N = 18 slits. The cusp-like foci are

evident at the first Talbot distance, Z = 1, while at greater distances, the field is less complex,

with fewer diffraction orders contributing because of walk-off effects. Consequently, at large

distances from the arrays the differences between foci of each regime are less severe. Those of the

post-paraxial regime are still short of the classical Talbot distance though.

Figure 4.4 shows a magnification of the white rectangle of Fig. 4.1 according to the various

regimes for the truncation of (4.2.12). Comparing the paraxial focus of Fig. 4.4(a) to the exact,

Fig. 4.4(b), the aberration effect is clear, manifested as the replacement of a perfect focus with

a cusp-like intensity distribution. Figure 4.4(c) shows the cusp pattern from the simulated

diffraction grating of Fig. 4.1(c), but includes only diffraction orders up to ±M . There is a slight

discrepancy between (b) and (c) because the superposition of eq. (4.2.6) is composed of equal

amplitude planes waves, while the simulation of (c) has a Gaussian distribution of amplitudes of

the diffraction orders. The fields are nevertheless very similar and the cusp reveals the breakdown

of the paraxial approximation.

In the next section an analytic post-paraxial approximation to these fields is developed [shown

in Figs. 4.1(d) and 4.4(d)] from inclusion of the quartic term (and no higher), which is enough

to capture the structure of the exact and simulated foci. Including higher terms improves the

quantitative agreement, but without further qualitative changes, the reason for which is explained

soon.

To derive a characteristic representation of the complicated interference pattern, a similar

technique to [Berry & Klein 1996] is used, wherein an expression was obtained for a 1D slice of

the intensity at the first Talbot distance using the Poisson sum formula. However, the approach

here is modified by use of a finite Poisson sum formula [Çivi et al. 1999] to account for the

necessary truncation of the spectrum. Accordingly, the Poisson sum formula is derived in the next

section, then used to determine a truncated version, which is then applied to the post-paraxial

sum of eq. (4.2.9).

4.3 The Poisson sum formula

Because of the nature of Fourier relations, confinement in one domain results in spreading in its

Fourier counterpart (see e.g. Fig. 1.3). Then the truncation of an infinite Fourier representation
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Figure 4.3: The Talbot effect beyond a finite diffraction grating in different regimes;

discontinuities in the images are a consequence of the limit on the sum changing

discretely as n = [N/2Z]; (a) the paraxial field of eq. (4.2.8); (b) intensity of the

exact field, | (X,Z)|2 of eq. (4.2.6); (c) post-paraxial field, | pp(X,Z)|2, eq. (4.2.9).

Fewer contributions to the field reach more distant Z, reducing the complexity of the

interference patterns.

with a sharp discontinuity must be approached with a measure of caution.

In what follows, because Fourier relations are frequently employed, the usual prefactor of 2⇡

is raised into the exponent. This negates the need to keep track of prefactors and has the benefit

of conformity with a majority of the Talbot literature.

The Poisson sum formula can be found via Fourier series, which are defined for a periodic

function of period a, as

f(x) =
1X

n=�1
c
n

e2⇡inx/a (4.3.1)

where

c
n

=
1

a

ˆ
a

0
dx f(x) e�2⇡inx/a. (4.3.2)
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Figure 4.4: A comparison of foci symmetric about the centre of each image (� = 18,

M = 9) with colours corresponding to Fig. 4.1; (a) paraxial focus of eq. (4.2.8);

(b) the exact field of eq. (4.2.6); (c) numerically simulated focus according to the

parameters of Fig. 4.1(c); (d) post-paraxial focus of eq. (4.4.7) (|µ|  1); (e) the

Pearcey function eq. (2.1.2) scaled appropriately; and (f) the incomplete Pearcey

function, ⌃0(XT

, ⇣) of eq. (4.4.8).

Consider constructing a periodic function with period a as the sum of uniformly shifted copies of

another function f(x). This periodic function can then be expressed as a Fourier series as

1X

n=�1
f(x+ an) =

1

a

1X

m=�1
e2⇡imx/a

ˆ
a

0
dx0

1X

n=�1
f(x0 + an) e�2⇡imx

0
/a

=
1

a

1X

m=�1
e2⇡imx/a

1X

n=�1

ˆ
a(n+1)

an

d⌫ f(⌫) e�2⇡im(⌫�an)/a

=
1

a

1X

m=�1
e2⇡imx/a

ˆ 1

�1
d⌫ f(⌫) e�2⇡im⌫/a, (4.3.3)

where in the second line the substitution x0 + an ! ⌫ was made. Each integral in the second line

is over a single period, so the sum over all n allows the extension of the limits of the integral

to infinity. The last exponential in the second line (once multiplied out) contributes a factor of

unity, since m,n 2 Z. Finally, setting x = 0 and a = 1 gives the Poisson sum formula

1X

n=�1
f(n) =

1X

m=�1

ˆ 1

�1
d⌫ f(⌫) e�2⇡im⌫ , (4.3.4)

which is expressed more succinctly as

1X

n=�1
f(n) =

1X

m=�1

ef(m), (4.3.5)



4.3 The Poisson sum formula 106

where ef(⌫) is the Fourier transform of f(n), [cf. eq. (1.3.2)]. The Poisson sum formula relates a

discrete sum to the sum of Fourier transforms of its terms. Another derivation of (4.3.4) can be

found on page 466 of [Morse & Feshbach 1953] and elegantly employs Cauchy’s theorem.

However, to investigate the post-paraxial field, a truncated version of the Poisson sum formula

is required. That is, the analogue of (4.3.5) is needed for the sum

N2X

n=N1

f(n). (4.3.6)

The Poisson sum formula relates a function to its Fourier representation, and consequently, a

careful balance must be struck between the infinities either side of the expression in (4.3.4).

Increased localisation in real space necessitates a decreased localisation in frequency space and

vice versa. Correspondingly, a sharp discontinuity in real space, such as the truncation of an

infinite array of �-functions, will require a balancing infinity in Fourier space. Intuitively, an

infinitely sharp truncation requires an infinite range of frequencies to describe the requisite detail

of the spatial discontinuity. Furthermore, truncation of integrals containing �-functions must also

be handled cautiously, especially when the truncation point bisects a �-function. The following

derivation follows a similar path to that found in [Çivi et al. 1999].

Firstly, recall the different representations of a Dirac comb from eqs. (4.2.1) and (4.2.4). Both

expressions describe 1D, periodic arrays of Dirac �-functions at a specified spacing, a. Such a

distribution is also sometimes called the Shah function, X(x), whose symbol is visually suggestive

of the function. The relation is found simply by applying the Poisson sum formula

1X

n=�1
�(x� n) =

1X

m=�1

ˆ 1

�1
d⌫ �(x� ⌫) e�2⇡im⌫

=
1X

m=�1
e2⇡imx, (4.3.7)

which will prove useful shortly. Now, consider a function, f(n), that is nonzero only for N1 

n  N2. Then, starting with the Poisson sum formula, the sum and integral of the RHS can be

commuted, and (4.3.7) used to express the result in terms of an array of �-functions

1X

n=�1
f(n) =

1X

m=�1

ˆ 1

�1
d⌫ f(⌫) e�2⇡im⌫

=

1X

m=�1

ˆ 1

�1
d⌫ f(⌫) �(⌫ �m), (4.3.8)
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where, in the second line, the sum is commuted back outside the integral. Since f(⌫) = 0 for

⌫ < N1 and ⌫ > N2, the range of m is reduced to include only those for which the �-function

in eq. (4.3.8) returns nonzero values, i.e. N1  m  N2. The integration range is also reduced

accordingly, so that

1X

n=�1
f(n) = lim

✏!0

N2X

m=N1

ˆ
N2+✏

N1�✏

d⌫ f(⌫) �(⌫ �m), (4.3.9)

where ✏ is a small, limiting parameter. The contributions from the �-functions at the endpoints

N1, N2 of the function f(⌫) are discontinuous, and appropriate care must be given.

The prototypical example of a discontinuous function is the Heaviside Theta function, ⇥(x)

(eq. (2.1.6) of [Morse & Feshbach 1953]), which can be defined as

⇥(x) ⌘

8
>>>>>><

>>>>>>:

0 x < 0

1
2 x = 0

1 x > 0,

(4.3.10)

and is discontinuous at x = 0. ⇥(x) may also be expressed in integral form as

⇥(x) ⌘
ˆ

x

�1
ds �(s), (4.3.11)

since ⇥(0) has integration limits that perfectly bisect the �-function, which itself is symmetric,

giving ⇥(0) = 1/2. With eq. (4.3.11), the value of a function at a finite discontinuity at C is

given by

lim
✏!0

ˆ
C+✏

C�✏

ds h(s) ⇥(s� C) = lim
✏!0

h(C + ✏)⇥(✏) + h(C � ✏)⇥(�✏)
2

=
h(C+)

2
, (4.3.12)

since ⇥(�✏) = 0. The superscript ± denotes the direction of approach to C ± ✏ in the limit of

✏! 0. In other words, the value of the function at its discontinuity is the average of the values

approaching it from either side.
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Returning to the truncated Poisson sum formula, eq. (4.3.9) can be written

1X

n=�1
f(n) = lim

✏!0

N2X

m=N1

ˆ
N2�✏

N1+✏

d⌫ f(⌫) �(⌫ �m)

+

ˆ
N1+✏

N1�✏

d⌫ f(⌫) �(⌫ �N1) +

ˆ
N2+✏

N2�✏

d⌫ f(⌫) �(⌫ �N2). (4.3.13)

The last two integrals are found via (4.3.12), recalling that f(⌫) = 0 for ⌫  N�
1 and ⌫ � N+

2 .

Accordingly, one can replace the limits on the sums as N1  n  N2 and �1  m  1, then

use the relation of (4.3.7) to express the �-comb as its Fourier representation. Finally then, the

expression for the truncated Poisson sum formula is

N2X

n=N1

f(n) =
f(N+

1 )

2
+

f(N�
2 )

2
+

1X

m=�1

ˆ
N

�
2

N

+
1

d⌫ f(⌫) e�2⇡im⌫ . (4.3.14)

This relates the finite sum of a periodic function to an infinite sum of finite integrals, plus two terms

to account for the discontinuous truncation. This is schematically similar to endpoint correction

terms of asymptotics (see §2.2.4). The inclusion of these terms may seem unnecessary, but they

are in fact crucial to obtaining agreement between left- and right-hand sides of eq. (4.3.14), as is

shown in the next section.

4.4 The post-paraxial field

It is now possible to investigate the post-paraxial field of eq. (4.2.9), accounting for decaying

evanescent waves and finitely many slits by truncating the sum so that �N  n  N for N  �.

Firstly, set Z = T + ⇣, where ⇣ is a small shift from the T th Talbot distance. This is not vital,

but results in a more rapidly convergent sum and fewer terms being needed to describe the field.

Then  pp(X,Z) becomes  pp(X, ⇣) which is given by

 pp(X, ⇣) =
NX

n=�N

exp
�
i
⇥
2⇡nX � ⇡n2(T + ⇣)� ⇡n4(T + ⇣)/4�2

⇤�

=
NX

n=�N

exp
�
i
⇥
2⇡n(X � T/2)� ⇡n2⇣ � ⇡n4(T + ⇣)/4�2

⇤�
, (4.4.1)

where the fact that exp(�i⇡n2T ) = exp(�i⇡nT ) for integer n and T , has been used. Let the

term containing X � T/2 ⌘ X
T

, which describes the half-period shift at odd-integer multiples of
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the Talbot distances, so that the self-image always lies on the line X
T

= 0.

Applying the truncated Poisson sum formula of (4.3.14) to (4.4.1) yields the somewhat

cumbersome expression

 pp(XT

, ⇣) = exp
�
i⇡
⇥
2NX

T

�N2⇣ �N4(T + ⇣)/4�2
⇤��

2

+ exp
�
i⇡
⇥
�2NX

T

�N2⇣ �N4(T + ⇣)/4�2
⇤��

2

+
1X

m=�1

ˆ
N

�N

d⌫ exp
�
i⇡
⇥
2⌫(X

T

�m)� ⌫2⇣ � ⌫4(T + ⇣)/4�2
⇤�

. (4.4.2)

Importantly, the integral over ⌫ is reminiscent of a Pearcey function, eq. (2.1.2), with a quartic-

order ⌫-term in the exponent. Rescaling the dummy variable as

⌫ ! h(⇣)s where h(⇣) ⌘
p
2�

[⇡(T + ⇣)]1/4
, (4.4.3)

the expression (4.4.2) becomes

 pp(XT

, ⇣) = exp
�
i⇡
⇥
2NX

T

�N2⇣ �N4(T + ⇣)/4�2
⇤��

2

+ exp
�
i⇡
⇥
�2NX

T

�N2⇣ �N4(T + ⇣)/4�2
⇤��

2

+ h

1X

m=�1

ˆ
N/h

�N/h

ds exp
�
�i

⇥
s4 + ⇡⇣h2s2 � 2⇡h(X

T

�m)s
⇤�

, (4.4.4)

wherein the functional ⇣ dependence of h(⇣) has been dropped. The meaning of this expression is

initially overshadowed by its apparent complexity. I hope the reader will therefore forgive the

introduction of some additional definitions to aid concise expression. Let

f
N

⌘ exp
�
i⇡
⇥
2NX

T

� ⇣N2 � (T + ⇣)N4
�
4�2

⇤�
;

⌧
N

⌘ N/h(⇣); (4.4.5)

and

Peinc
⌧

(X,Y ) ⌘
ˆ

⌧

�⌧

ds exp
⇥
i
�
s4 + Y s2 +Xs

�⇤
. (4.4.6)

Equation (4.4.6) is the incomplete Pearcey function, which has been discussed briefly in [Nye

2003] although not specifically named. It is analogous to the incomplete Airy function, eq. (3.5.2)

of Chapter 3, identical to the Pearcey function but with a finite domain of integration, bounded
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between �⌧  s  ⌧ . Its properties are examined shortly, but first it may be used to express the

post-paraxial field compactly.

Finally then,  pp(X,Z) can be expressed, using the plethora of additional definitions, as

 pp(XT

, ⇣) =
f�N

2
+

f
N

2
+ h

1X

m=�1
Peinc⇤

⌧

N

�
2⇡h(m�X

T

),⇡h2⇣
�
. (4.4.7)

In this compacted form, the nature of the post-paraxial field is made clear. The terms in f±N

are endpoint contributions from truncation of the spectrum, while the sum represents an infinite

array in the X-direction of cusp-like foci (centred on X = T/2), with transverse and longitudinal

scalings dependent on 2⇡h and ⇡h2 respectively.

Figure 4.5(a) shows a magnification of the post-paraxial field in the region of the first self-image

(T = 1). Define the sum of incomplete Pearcey functions to be

⌃
j

(X
T

, ⇣) = h

jX

m=�j

Peinc⇤
⌧

N

�
2⇡h(m�X

T

),⇡h2⇣
�
, (4.4.8)

then ⌃0(XT

, ⇣) is the m = 0 term – a single incomplete Pearcey function. Figure 4.5(b) shows this

term, and it is clear that the underlying cusp shape of the post-paraxial field is based around the

Pearcey function. Similarly to the full Pearcey function, the incomplete Pearcey function exhibits

a large main lobe, with arms to either side, below which is the characteristic three-wave mixing

interference pattern. However, unlike the full Pearcey function, Peinc⇤
⌧

N

(X
T

, ⇣) loses coherence

with increasing distance from the origin. Similarly to the incomplete Airy beam, AiBinc
µ,�

(X,Z),

eq. (3.5.2) of Chapter 3, this is a consequence of the endpoints excluding saddle contributions as

the complex landscape evolves with changing X
T

and ⇣. Those same endpoints act like saddles

for a short duration, interfering albeit at different frequencies to the saddles they replace.

The lines in Fig. 4.5(b) are found by equating ⌧
N

of eq. (4.4.5) with the position of the nearest

saddles and are therefore given by the expression

X
T

= ±
⇥
N⇣ + N3(⇣ + 1)

�
2�2

⇤
. (4.4.9)

These lines indicate the loci of saddle-endpoint coalescence, and it can be seen in Fig. 4.5(b) that

the Pearcey pattern loses coherence outside of them. Oscillations still occur in the field, since the

two endpoints and the one saddle remaining between them enact a weak mimicry of the three
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saddles of the Pearcey function, but their amplitudes quickly decay and the pattern loses cohesion.

The resulting oscillations are then gentle compared to the full-spectrum Pearcey function.

Figure 4.5(c) shows ⌃1(XT

, ⇣), a sum of three incomplete Pearcey functions, one at X
T

= 0

and its nearest neighbours at X
T

= ±1. The similarity between Figs. (a) and (c) is evident, and it

is clear that much of the detail above the arms of the cusp in the post-paraxial field is a consequence

of interference from neighbouring cusps at X
T

= ±m. Adding the next nearest neighbour cusps

has the effect of bettering the agreement at greater distances from the Talbot distance, as evinced

by Fig. 4.5(d), which shows ⌃2(XT

, ⇣) and has contributing terms �2  m  2.

For a more accurate exposition, Figs. 4.6(a)-(d) show slices of the intensity of the post-

paraxial field compared to various approximations. Figure 4.6(a) shows the intensity of eq. (4.2.9),

| pp(XT

, ⇣)|2, compared to that of the full-spectrum Pearcey function, |Pe(0,⇡h2⇣)|2, scaled

appropriately. Although the agreement here is enough to link the self-image of the post-paraxial

field to the Pearcey function, the finer details are starkly absent from the the scaled Pearcey

function. Figure 4.6(b) compares ⌃0(0, ⇣), and although the secondary peaks are in better

agreement than in (a), there is still a large degree of detail absent. Note though, the oscillatory

decay of the incomplete Pearcey function for positive ⇣ – a consequence of the sharp endpoints

in the integral and hence endpoint interference. Figure 4.6(c) shows |⌃1(0, ⇣)|2, while (d)

shows |⌃2(0, ⇣)|2. Including neighbour and next-nearest neighbour incomplete Pearcey functions

improves the agreement, with the greatest effects for each successive inclusion being increasingly

distant from the main peak near ⇣ = �0.2.

That successive m-terms contribute to the field at increasing distances from the main peak is

a consequence of the intensity distribution of the Pearcey function. Figure 4.7 shows the intensity

of contributions from the m = 0,±1,±2 terms of ⌃
j

(0, ⇣) (i.e. not the whole sum, only the

neighbour terms at X
T

= ±j), in increasingly dark cyan for larger m. There clearly exists a

region between the peak of the m = ±1 contribution and the origin, ⇣ = 0, where the major

contribution to the field comes only from the m = 0 term. In fact, this quiescent zone is the only

reason that the cusps are visible in the post-paraxial field and not destroyed by interference with

their neighbours. Reducing � = a/� reduces the transverse spacing between the self-images and

camouflages the cusps amidst overlapping interference. This is usually lost with reduction of

contributing terms in the sum, though.

Despite the obvious presence of the cusp in the field, the agreement between ⌃
j

(X
T

, ⇣) and

 pp(XT

, ⇣) is poor. However, the inclusion of the endpoint contributions of eq. (4.4.7) have so far
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Figure 4.5: Foci of the post-paraxial regime approximated as sums of incomplete

Pearcey functions, eq (4.4.8); (a) the post-paraxial field of eq. (4.2.9); (b) the in-

complete Pearcey function, |⌃0(XT

, ⇣)|2, with white dashed lines indicating where

endpoints exclude saddles, (4.4.9); (c) |⌃1(XT

, ⇣)|2, the sum of three incomplete

Pearcey functions; (d) five incomplete Pearcey functions, |⌃2(XT

, ⇣)|2.
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Figure 4.6: Slices of the post-paraxial field approximated by sums of incomplete

Pearcey functions; (a) the scaled Pearcey function, |Pe(0,⇡h2⇣)|2; (b) |⌃0(0, ⇣)|2; (c)

|⌃1(0, ⇣)|2; (d) |⌃2(0, ⇣)|2. The grey line shows the post-paraxial field of eq. (4.2.9)

for comparison.

Figure 4.7: The quiescent zone of post-paraxial foci. Subsequent contributions from

the sum of eq. (4.4.8) contribute at increasing distances from the origin, leaving a

quiescent zone wherein the Pearcey function can be recognised.



4.4 The post-paraxial field 114

Figure 4.8: Slices of the post-paraxial foci according to the approximation of eq. (4.4.7);

inclusion of successive terms improves the agreement of the field at increasing distance

from the origin because of the considerations noted in Fig. 4.7. Comparison with

Fig. 4.6 shows the vital role of the endpoints.

been neglected. Figures 4.8(a)-(c) show slices of the intensity of eq. (4.4.7) including the endpoint

corrections and only the terms |m|  0,±1,±2 respectively in the sum. The agreement is now

very good, higher order m-terms having only very small contributions in the region considered.

It is fair to conclude then that the observed cusps are certainly a characteristic of the field in

the regime of � ⇡ 20, and are not a consequence of any aberration or flaw in the system (since

the Talbot effect is lensless imaging), but of refining the approximation for the regime. However,

it is curious why, when expanding the square root of eq. (4.2.7), stopping at the fourth-order term

is sufficient. It would be perfectly possible to continue the expansion, say to sixth order, in which

case, rescaling the resulting integral (from the Poisson sum formula) would give an higher-order

catastrophe [Berry & Upstill 1980]. Nevertheless, the salient dynamics of the integral are still

described by three-saddle interaction, which itself is described in simplest terms via the Pearcey

function. Of the five saddles of a sixth-order integral, in the region of the self-image, two are

distant in the complex plane, while the other three interact and coalesce in a Pearcey-like manner.

Therefore, while it would be possible to describe the field in terms of the higher order catastrophe
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(in the case of sixth order, known as the Butterfly catastrophe), the lower order Pearcey function

sill embodies the pertinent characteristics of the field.

The strength of this approach is that for increasingly large gratings there are still only a few

terms in this approximation, whereas the field as calculated by the sum of plane waves becomes

cumbersomely large.

4.5 Location of foci

Since the maximum of the Pearcey function is below the geometric focus, the maxima of the

post-paraxial self-images are short of the paraxial Talbot distance, as is evident from Figs. 4.6(a)-

(c) (among others). This shortened distance differs from the already known ‘nonparaxial Talbot

distance’, introduced in [Noponen & Turunen 1993] and investigated experimentally in [Zhang

et al. 2009], which is accurate when only the first few diffraction orders contribute.

As a simple approximation, take the m = 0 term of eq. (4.4.7) and let ⌧(⇣) go to infinity. This

is equivalent to approximating the focal region near the first Talbot distance with the full spectrum

Pearcey function. Then, by using the numerically calculated, constant position of maximum

intensity of the unscaled Pearcey function, ZPe ⇡ �2.199, the ⇣-scaling of eq. (4.4.5) may be

employed to calculate the approximate location of the maximum intensity of the post-paraxial

focus as a shift, �⇣, from the T th Talbot distance. Setting ⇡h2(�⇣)�⇣ = ZPe, gives

ZPe =
2⇡��⇣p
⇡(T +�⇣)

Z2
Pe =

4⇡2�2�⇣2

⇡(T +�⇣)

0 = 4⇡�2�⇣2 � Z2
Pe�⇣ � Z2

PeT, (4.5.1)

so that �⇣ is given by

�⇣ =

✓
Z2
Pe + ZPe

q
Z2
Pe + 16⇡�2T

◆�
8⇡�2 . (4.5.2)

Figure 4.9(a) shows the intensity of the exact field along the symmetry axis of the cusp X
T

= 0

for �0.1  ⇣  0.05 as a function of increasing �. Asymptotically large � gives rise to maximum

intensity at the Talbot distance (⇣ = 0 in the paraxial limit), but for smaller � it is located short

of this. Figure 4.9(b) shows the post-paraxial approximation of eq. (4.4.7) including only the
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Figure 4.9: The intensity of (a) the exact field, eq. (4.2.6) normalised by (2[�/2] + 1);

(b) the post-paraxial field as a function of �, eq. (4.4.7) for |µ|  1. The dashed line

is the approximate location of maximum intensity according to eq. (4.5.2). The dots

are the actual maxima of the exact field for integer �. The solid line is the Talbot

distance.

terms |m|  1. The dashed curve is the location of the maximum intensity according to the

approximation of eq. (4.5.2). Note that this depends on T , such that consecutive foci will be

shifted from their paraxial counterparts by an increasing amount.

The white dots indicate the maxima of the exact field, eq. (4.2.6), for integer �, though they

do not always correspond to well localised single peaks, as in the case of � = 12 and � = 28.

The intensity fringes observed in Fig. 4.9 are a result of interference between the µ = 0 and

the neighbouring µ = ±1 terms. Inclusion of more µ-terms reconstructs the discontinuities of

Fig. 4.9(a), which arise from the limits of the sum in eq. (4.2.6) changing discretely with � since

the Poisson sum formula relation of eq. (4.4.7) is exact.

4.6 Optimal cutoff for Pearcey-like self-images

With the asymptotic dynamics of the system in mind, it is possible to carefully select the cutoff

so as to give the most Pearcey-like self-images. This then allows for better qualitative description

of the field and improves the approximation of the eq. (4.5.2).

The intersections of saddles and endpoints of the m = 0 term of ⌃
j

(X
T

, ⇣), eq. (4.4.8),

are given by eq. (4.4.9), indicating where the finite domain of the incomplete Pearcey function
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Figure 4.10: Schematic of endpoint dynamics in the array of incomplete Pearcey

functions; the dashed lines mark the caustics of the incomplete Pearcey functions in

the array; solid black lines show eq. (4.4.9) pertaining to the central self-image; the

solid cyan lines are given by eq. (4.6.1).

asymptotically excludes saddle contributions. The solid black lines in the schematic Fig. 4.10

show eq. (4.4.9); the dashed lines correspond to the caustics of the incomplete Pearcey functions

in the array of ⌃
j

(X
T

, ⇣). Below the solid black lines, the m = 0 incomplete Pearcey function

ceases to be properly Pearcey-like.

The dashed cyan lines, with cusps at X
T

= ±1, indicate the caustics of the neighbouring

self-images, the m = ±1 terms of ⌃
j

(X
T

, ⇣). From §2.2, the behaviour of the Pearcey function

above its caustic arms is governed by a single real saddle, or lone ray. Then, to reduce interference

of the m = 1 cusp with the m = 0, its real saddle contribution is excluded from the finite

integration domain. The solid cyan lines in Fig. 4.10 show

X
T

± 1 = ±
⇥
N⇣ + N3(⇣ + 1)

�
2�2

⇤
, (4.6.1)

and indicate where real saddles of the m = ±1 cusps are excluded from their finite integration

domains. Importantly then, these excluded saddles do not interfere with the central cusp, so that

the shaded region in Fig. 4.10 is asymptotically similar to the full Pearcey function, albeit with

small endpoint correction terms.

In Fig. 4.11(a), the complex plane of the m = 1 cusp is shown with saddles indicated by white
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Figure 4.11: Complex plane of neighbouring incomplete Pearcey function at X
T

= 1;

(a) the case corresponding to the cyan region of fig. 4.10, where the real saddle is

excluded from the field, minimising interference in this region; (b) outside the cyan

region, the endpoints of the m = 1 cusp include the saddle contribution and it plays

a significant part in the character of the field.

dots and endpoints of the integral shown as purple ones, corresponding to a point in the field just

inside the cyan region of Fig. 4.10. In the depicted case, the endpoint is excluding the saddle,

hence minimising its interference with this region of the m = 0 cusp. Figure 4.11(b) shows the

case just outside the cyan region of Fig. 4.10, and now the real saddle is between the endpoints,

and so interfering significantly in this region of the field.

To find a value of N , the cutoff of the sum, that optimises the Pearcey-like character of the

central self-image, set X
T

= ⇣ = 0 in eq. (4.6.1), confining interference from neighbouring cusps

to just above this region. From eq. (4.6.1) is obtained the value of N in terms of �

N =
�
2�2

� 1
3 , (4.6.2)

giving the cyan lines as depicted in Fig. 4.10, passing through the origin. Taking a larger value

of N than that of eq. (4.6.2), has the effect of lowering the cyan diamond of Fig. 4.10, hence

introducing interfering saddle terms into the focus. Reducing N below its optimum value, raises

the diamond, and the endpoints of the m = 0 cusp more rapidly exclude their saddles, again

reducing the Pearcey-like appearance of the focus.
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Figure 4.12: The Talbot effect in terms of rays. A finite number of rays from each

point source can be defined with angle from horizontal given by eq. (4.7.1), but only

those passing through the central revival are shown. The cusp enveloped by these

rays is evident, though an artificial half-period shift must be included for odd integer

multiples of the Talbot distance, meaning rays from these revivals originate from the

dark regions between sources.

This fact then ultimately explains the cutoff of M = 9 for � = 18 originally chosen for the

early images of the chapter, Figs. 4.1 and 4.4. The optimum cutoff for � = 18 is 8.7. Then taking

M = 9, finds a balance between sufficient complexity of the field to observe cusp-like foci, and

minimal interference from neighbouring terms to distort them. The cutoff of M = 9 was originally

found via eq. (4.2.12) and was enacted to account for the walk off effects of a finite grating.

4.7 Ray construction of the Talbot effect

The self-imaging of the Talbot effect at even integer multiples of zT can be described in terms of a

finite number of rays originating from the point sources. However, the half-period shift of revivals

at odd integer multiples of zT is purely a phase phenomenon, requiring artificial shifting of the

rays so that they originate between point sources. Figure 4.12 shows just such a construction,
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where the angle of the rays from each point source is given by

✓ray= arctan

✓
k
z

k
x

◆

= arctan

 p
1� n2/�2

n

!
, (4.7.1)

for integer n. Firstly, note that the rays shown in Fig. 4.12 have been artificially shifted by half a

period and thus originate from the dark regions between point sources. Secondly, each ray with

✓ray defined by successive n has been drawn from corresponding, increasingly distant ‘sources’ so

that only the rays through one self-image of eq. (4.2.9) are shown. This is done only for clarity,

since a fan of rays can be defined for each point source and the image quickly becomes cluttered.

The cusp enveloped by the rays is evident, as is its agreement with the underlying post-paraxial

field,  pp(X,Z). However, it differs from the usual caustic defined through catastrophe optics

because only a finite number of rays contribute to its structure. Recall from §2.2 that it is

continuous families of rays that give rise to the canonical catastrophes. Moreover, the rays of

Fig. 4.12 must be artificially shifted by half a period to give agreement with the wave-based

interference structures of the post-paraxial field at odd integer multiples of the Talbot distance3.

Then, these rays are somehow generalised versions of the usual geometric optical rays.

4.8 Relativistic corrections to the Schrödinger equation

The reader will be excused for feeling any measure of surprise at finding a section with such a

title as this in a thesis on optics. However, throughout the previous sections of this chapter,

there has been little emphasis placed on the exact physical realisation of the system considered.

The reason for avoiding specificity is that the resulting mathematics is then descriptive of the

general phenomenon regardless of its exact realisation. For example, the intensity fields of §4.2

could be those of an optical grating (with sufficiently narrow slits compared to the wavelength

of light) similarly to that originally used by Talbot or [Case et al. 2009]. Alternatively, they

could describe surface plasmon interference from a 1D array of holes drilled in the a thin sheet

of metal with illumination incident of the opposite side, as described by [Dennis et al. 2007]

and [Cherukulappurath et al. 2009]. Indeed, any wave-based system with a set up analogous

to that of eq. (4.2.1) can be appropriately imagined. The work in the following section overlaps
3Revivals at even integer multiples of zT have contributing rays aligning with the sources, as expected.
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with that of [Marzoli et al. 2008], although it was conducted independently.

Since the apparent aberrative effect of post-paraxiality is not due to any specific realisation of

the system, it ought to arise in all wave interference phenomena adequately modelled by earlier

expressions. Even matter waves. This connection is not novel, and there exists an extensive

literature regarding the quantum mechanical analogue of the Talbot effect – quantum revival.

With the first reported results in [Eberly et al. 1980], quantum revivals are often investigated in

massive Rydberg atoms, which have electrons in orbits so highly excited as to be approximately

classical, enforcing the requisite periodicity (see e.g. [Parker & Stroud Jr. 1986,ten Wolde

et al. 1988,Dac̆ić Gaeta & Stroud Jr. 1990]). Revivals of electronic states in Rydberg atoms

were observed in [Yeazell et al. 1990], with fractional revivals seen in [Yeazell & Stroud Jr.

1991]. Alternatively, [Nowak et al. 1997] present experimental observations of the diffraction of

de Broglie waves behind a grating, startlingly reminiscent of Fig. 4.1(a). In [Strange 2010] it is

shown that revivals can occur in idealised systems according to the relativistic Dirac equation,

and [Marzoli et al. 2008] investigated the behaviour of a slightly relativistic particle in a 1D

box. A comprehensive review of earlier work on quantum revivals is given in [Robinett 2003],

and the link between the Talbot effect and quantum carpets is also discussed in [Berry et al.

2001].

The connection between optics and quantum mechanics is a consequence of the paraxial

equation and the Schrödinger equation begin functionally identical. Explicitly, the paraxial

equation, (1.5.4), is

r2
?'(x) + 2ik@

z

'(x) = 0, (4.8.1)

while the Schrödinger equation is

~2
2m

r2'(x, t) + i~@
t

'(x, t) = 0, (4.8.2)

where m is the particle’s mass and ~ is the reduced Plank constant [Griffiths 2003]. In both

expressions, x is shorthand for the position. Clearly then, the z-direction of propagation in

the paraxial equation is analogous to time in the Schrödinger equation. That is, wavepackets

with an initially well defined position under periodic constraints, will first spread out, then

after the time analogue of the Talbot distance – the revival time – will once again reconstruct
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themselves [Robinett 2003].

However, the connection between optics and quantum mechanics does not end with the

paraxial-Schrödinger similarity. The Klein-Gordon equation [Weinberg 2005] describes a

massive, spinless, relativistic particle, and is given by

✓
⇤2 +

m2c2

~2

◆
'(x, t) = 0, (4.8.3)

where c is the speed of light. The d’Alembertian operator, ⇤2, is defined as

⇤2 ⌘ 1

c2
@2

@t2
�r2 (4.8.4)

and is the spacetime analogue of the Laplacian, r2. In this form, eq. (4.8.3) mimics the Helmholtz

equation of §1.4

�
r2 + k2

�
'(x) = 0. (4.8.5)

Moreover, the Schrödinger equation arises from the Klein-Gordon in the non-relativistic limit,

just as the paraxial equation comes from the paraxial approximation of the Helmholtz equation.

The derivation follows the same process as that for eq. (1.5.4) in §1.5. Explicitly, assume

'(x, t) = �(x, t) e�i!t, (4.8.6)

wherein ! = mc2
�
~ is the frequency due to the rest energy. Then,

✓
⇤2 +

m2c2

~2

◆
'(x, t) =

e�i!t

c2
�
@2
t

�� 2i!@
t

�� !2�
�
�r2�e�i!t +

m2c2

~2 �e�i!t

=
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1

c2
�
@2
t

�� 2i!@
t

�
�
�r2�

#
ei!t (4.8.7)

where the rapidly oscillating exponential factor of e�i!t in the second line may be cancelled in a

manner analogous to neglecting eikz in the derivation of the paraxial equation. The final term in

the brackets on the RHS of the first line cancels with the last term of the Klein-Gordon equation,

since ! = mc/~. Furthering the analogy, the second order derivative is assumed much smaller
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than the other terms [as per the paraxial approximation (1.5.3)]

@2
t

�⌧ !@
t

�. (4.8.8)

Then, the expression becomes

0 = �2i!

c2
@
t

��r2� (4.8.9)

which, upon shuffling the coefficients, is recognised as the Schrödinger equation

� ~
2m

r2�(x, t) = i~@
t

�(x, t). (4.8.10)

Equation (4.8.10) describes the nonrelativistic behaviour of a wavepacket, and is functionally

identical to the paraxial equation, (1.5.4).

Importantly, the relativistic energy of a particle is given by the relation

E =
p
m2c4 + p2c2, (4.8.11)

where p is its momentum. In the nonrelativistic, low-momentum regime, expansion of (4.8.11) is

similar to the expansion of eq. (4.2.7) in paraxial systems. With this in mind, one is naturally

led to consider the relativistic corrections to the Schrödinger equation in a vein similar to the

post-paraxial correction of earlier sections.

In what follows, natural units are used (c = ~ = 1) and following [Strange 2010], an

approach is taken designed to emphasise the phenomenon and similarity to the optical case of

§4.2. Suppose then, we have a sum of plane matter waves, analogous to that of eq. (4.2.5), where

investigations of this chapter began. Then

'(x, t) =
1X

j=�1
exp

✓
i
p

~jx� i
E

~ t

◆
, (4.8.12)

where p determines the momentum component of the particle in the x-direction and E is its

relativistic energy [cf. eq. (4.8.11)]. In the case of small p, the relativistic energy can be
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Figure 4.13: Quantum carpets in different momentum regimes for p = 1 and m = 10,

with |j|  5; in the slightly relativistic regime, cusps arise in a manner analogous

to those in the post-paraxial field, but oriented in the opposite direction; (a) the

exact evolution of eq. (4.8.12); (b) low-momentum regime of eq. (4.8.15) wherein

revivals are exact; (c) slightly relativistic regime of eq. (4.8.16) wherein cusps arise;

(d) magnification of the distorted revival (cf. Fig. 4.4).
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approximated

E =
p
m2 + p2j2

⇡ m+
p2j2

2m
� p4j4

8m3
. (4.8.13)

Neglecting the quartic term – i.e. the nonrelativistic/paraxial approximation – gives a field

'Sch(x, t) =
X

|j|⌧m/p

exp

✓
ipjx� imt� i

p2j2

2m
t

◆
. (4.8.14)

The factor of exp(imt) is highly oscillatory for large m and embodies the zitterbewegung [Hestenes

1990] of the particle due to its rest mass. Neglecting this term is equivalent to neglecting the

overall phase factor of exp(ikz) in the derivation of the paraxial equation. From eq. (4.8.14), the

field revives at integer intervals of tR = 2⇡m/p2, so that we can introduce the scaled dimensions

⌧ = t/tR and ⇠ = px/2⇡. Then

'Sch(⇠, ⌧) =
X

|j|⌧m/p

exp
�
2⇡ij⇠ � i⇡j2⌧

�
. (4.8.15)

Figure 4.13(b) shows the field according to eq. (4.8.15) for �5  j  5, wherein the quantum

revivals are clearly evident at integer intervals of ⌧ . Figure 4.13(a) shows the same region but for

eq. (4.8.12) with m = 10 and p = 1. While the approximate revivals are also evident near integer

⌧ , the occurrence of cusps is again unmistakeable. However, where such aberrative distributions

in optical fields occur oriented with the cusp pointing in the positive propagation direction, in

the relativistic case, they arises to the other side of the revival, oriented downwards. This is a

consequence of the definition of the relativistic energy, eq. (4.8.11), which is the square root of a

sum rather than a difference [cf. eq. (1.6.6)].

To see this explicitly consider the expansion (4.8.13), upon substitution in eq. (4.8.12), which

gives

'SchPP(⇠, ⌧) =
X

|j|⌧m/p

exp
�
2⇡ij⇠ � i⇡j2⌧ + i⇡⌧j4

�
4m2

�
. (4.8.16)

This expression mimics that of  pp(X,Z) of eq. (4.2.9), but the quartic order term here is

positive, rather than negative as it is in  pp(X,Z), eq. (4.2.9). Again, inclusion of this aberrating

quartic-order term is exactly analogous to the spherical aberration of a parabolic mirror, as
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shown in Fig. 2.4, where a positive term results in a cusp oriented in the upward direction, and

a negative term orients the cusp in the opposite direction. Figure 4.13(c) shows the modulus

squared of (4.8.16) and Fig. 4.13(d) shows a magnification of the cusp. The resemblance to the

foci of Figs. 4.1(b)-(d) and Fig. 4.4 is unmistakeable.

Figs. 4.13 indicate that cusps certainly arise in these fields. Note however, that the energies

required to make the quartic-order term significant imply particle velocities of s 50% of c

(for electrons). Since typical revivals are conducted in highly excited states of Rydberg atoms

[Robinett 2003], the energies required would certainly cause ionisation. Excitingly though, recent

work by [Novoselov et al. 2005] indicates that electrons in graphene behave relativistically.

Subsequent work by [Romera & de los Santos 2009] has shown the revival of electron currents

in graphene, and [Krueckl & Kramer 2009] discuss the relativistic revivals of electron wave

packets. Post-paraxial relativistic effects may then become significant in such systems, but this is

not investigated further here.

4.9 Discussion

In the post-paraxial regime – that of large, but not extremely large � – the perfect foci of the

paraxial field are perturbed to cusp-like intensity distributions. These are explicitly connected to

the Pearcey function in eq. (4.4.7), but ensuring the system is physical by truncating the sum of

plane waves, eq. (4.2.5), as well as accounting for the walk-off effect of finite gratings [Patorski

1989], results in the occurrence of the incomplete Pearcey function, rather that its ideal counterpart.

The finite integration domain of the incomplete Pearcey function is of significant asymp-

totic importance when compared with the infinite domain of the complete Pearcey function

of eq. (2.1.2). This is clear when comparing intensity patterns (see Fig. 4.5) – while both are

cusp-like distributions, there is additional complex detail accounted for in the post-paraxial Talbot

effect that is absent from the normal Pearcey function.

Another crucial difference is that there are only a finite number of generalised rays underpinning

the structure of the post-paraxial cusp foci, unlike the continuous family of rays in typical

occurrences of the complete Pearcey function. Despite their differences, it was shown in §4.5

that the location of the maximum of intensity of the post-paraxial foci can be approximated

using a scaled Pearcey function. However, a large number of sources, N , introduces significant

interference in the field and has the effect of distorting the cusp.
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The reason the cusp is visible at all is a consequence of the intensity distribution of the Pearcey

function. Figure 4.7 shows that neighbouring foci only contribute at increasing distances from the

origin, leaving a remarkable quiescent zone wherein the Pearcey-like intensity is evident. Using

similar considerations to those of Chapter 3, it is possible to determine where the incomplete

Pearcey function ceases to be Pearcey-like, as given by the lines of eq. (4.4.9). This is shown in

Fig. 4.5(b) as white dashed lines. Then, the cutoff can be optimised to exclude interference from

neighbouring foci, making the self-images as close to Pearcey-like as possible.

Although Pearcey function revivals have been studied previously in the Talbot effect [Berry

& Bodenschatz 1999], they occurred there in paraxial propagation as the result of specifically

chosen initial conditions, rather than as revived foci whose aberration follows from propagation

in the post-paraxial regime. The cusps in that instance resulted directly from the sinusoidal

variation of phase of the initial wavefront. In the case of this chapter, they occur because of a

modification of the propagator in the post-paraxial regime.

Furthermore, aberrations following from nonparaxial corrections have also been studied with

an emphasis on the geometrical optics limit in [Cohen-Sabban & Joyeux 1983] and [Chang

2005], where it was found that post-paraxial corrections cause the breakdown of perfect self-

imaging, but the exact nature of the field was not fully described. Note that in other literature,

the term ‘aberration’ refers to any deviation of the self-imaging wavefront from paraxial. Here it

is used to imply the replacement of a perfect foci with a cusp-like intensity distribution.

It is curious to see that the effect of post-paraxiality on a focus appears to be that of

aberration, when compared to the paraxial case. However, while the analytic form mimics that for

aberration (hence the inclusion of the Pearcey function, albeit incomplete), it actually embodies

an improvement of the paraxial approximation for the post-paraxial regime. The phenomenon is

a universal effect that occurs as the parameters of a system (regardless of its exact realisation)

move away from paraxiality (or equivalent). In §4.8 it was shown that the phenomena occurs in

a quantum mechanical system for slightly relativistic particles, but that a difference in sign [in

the relativistic energy, eq. (4.8.11)] oriented the cusps in the opposite direction. The fields as

shown in Fig. 4.13 are not likely realisable, although recent work in graphene suggest relativistic

effects in revivals. Note also that where an inherent cutoff exists in the optical case – exclusion

of exponentially decaying evanescent waves – the same difference in sign that orients the cusps

oppositely, prevents a natural cutoff of terms.

The results in this chapter may plausibly find application in plasmonics, since it is a field
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in which the pertinent wavelengths and periodicities are comparable, and so nonparaxial effects

become important. The lengthscales considered here are greater than those typically investigated,

but it would be both interesting and challenging to confirm the aberration-like effects of post-

paraxiality on the Talbot effect. Another avenue of experimental investigation exists within

graphene where electrons display relativistic behaviour [Novoselov et al. 2005] and quantum

revivals [Krueckl & Kramer 2009].

The results of this chapter show that paraxial propagation is a special case wherein, because

of the parabolic approximation, analytically simple and exact results are obtainable. Such

perfection is lost when considering a greater breadth of systems, and care must be taken when

considering classical phenomena in new environments. The transition from perfect paraxial focus

to Pearcey-based cusp mimics the spherical aberration displayed in Fig. 2.4. This is connection

is not unique though – indeed, the next chapter introduces and examines a system that is also

reminiscent of the phenomenon.



5 | The Pearcey beam

To infinity... and beyond!

Buzz Lightyear

5.1 Introduction

There are no formal criteria for the definition of a special function. However, special functions

are certainly deserving of the name. They often occur as the solutions of physically meaningful

differential equations, or as the descriptions of systems that are in some sense, generic. As a

result, they often embody characteristic properties or symmetries of those systems.

In recent years, many special functions have enjoyed attention in the field of paraxial beam

propagation. In part, this is due to the fact that many of their properties, values and im-

portant characteristics are well documented, for example in [Gradshteyn & Ryzhik 2007]

and [Abramowitz & Stegun 1965]. Partly it is because advances in laser profile manipulation

via dynamic holography means they can be readily generated as beam profiles. Largely though, it

might be attributed to the fact that, upon propagation many special functions are stable and form

invariant. The intensity profiles of structurally stable beams persist upon propagation, remaining

the same up to a similarity transform (i.e. z-dependent translation, rotation or scaling), while

the term form invariance indicates that the beam profile is described by the same functional

expression along its entire length.

The properties of Gaussian beams, as propagating laser cavity modes, are extremely familiar,

so some of their impressive qualities have perhaps become commonplace. It is remarkable that the

intensity pattern of a Gaussian beam is stable upon propagation, apart from an overall transverse

scaling (see §1.9). This property is more striking when considering the Gaussian beam’s extended

family, which includes Hermite-Gaussian (HG) and Laguerre-Gaussian (LG) beams. These are

129
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shown in [Siegman 1990] to arise as general modes of laser cavity resonators under cartesian and

circular symmetries, respectively. Ince-Gaussian (IG) beams interpolate between Hermite- and

Laguerre-Gaussian modes and were introduced in [Bandres & Gutíerrez-Vega 2004b] and

shown in [Bandres & Gutíerrez-Vega 2004a] to be transverse eigenmodes of stable resonators

in elliptical co-ordinates. Generalised Gaussian (GG) beams were reported in [Abramochkin

& Volostnikov 2004], which also continuously interpolate between HG and LG beams for a

varying parameter. Each of these beam types possesses a more complex intensity profile than the

standard Gaussian, yet all are structurally stable and form invariant upon paraxial propagation!

Bessel beams are not only structurally stable and form invariant, but completely invariant

upon propagation (apart from an overall phase factor). This is a result of their Fourier transform

being concentrated on a �-function ring with fixed wavenumber, k
r

[Mazilu et al. 2010], as well

as their infinite energy. It is for this reason that Bessel beams are described as nondiffracting or

diffraction-free [Durnin 1987]. It is natural to study how the presence of opaque obstacles affect

the beam’s properties. Indeed, Bessel beams display self-healing over relatively small propagation

distances, first noted in [MacDonald et al. 1996], with subsequent studies in e.g. [Bouchal

et al. 1998] and [Vyas et al. 2011]. Such properties make Bessel beams useful for optical trapping

and applications in weakly dispersive media [Garcés-Chávez et al. 2002], as well as versions of

microscopy [Fahrbach et al. 2010]. Since Bessel functions are not strictly normalisable (with a

�-concentrated spectrum), physical realisations require modification, similarly to the ideal Airy

function of Chapter 3. This was done in [Gori et al. 1987] by modulating the Bessel function

amplitude with a wide Gaussian function in real space. Chapter 3 shows that regularisation of

infinite-energy beams ultimately incurs diffractive spreading [Durnin et al. 1987].

The properties of Airy beams are examined in detail in Chapter 3, and need not be reiterated

here. Suffice it to note that they are another special function-based beam that exhibits form-

invariance, nondiffraction and self-healing. Interestingly, they share the infinite-energy requirement

of Bessel beams, despite having a qualitatively different spectrum – where the Bessel spectrum is

a �-ring, infinitely localised with infinite intensity, the Airy spectrum has a constant intensity

and is infinitely delocalised. This suggests that nondiffraction and self-healing can perhaps arise

in more than one way.

Note that [Vaity & Singh 2011] observes the self-healing of Laguerre-Gaussian beams, but

over a distance significantly greater than that of either Bessel or Airy beams - of the order

of meters rather than centimetres. However, it is possible that all beams, being defined over
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arbitrarily large propagation distances, will self-heal from finite-sized perturbations to some

extent. It is then sensible to take the lengthscales set by Airy and Bessel beams as a defining

benchmark for self-healing, as is done for the remainder of this thesis.

There exist numerous other optical beams besides Gaussian, Bessel and Airy, all possessing

interesting and remarkable properties. For example, accelerating parabolic beams were introduced

in [Bandres 2008], based on solution of the 2 + 1D paraxial equation in parabolic coordinates,

and displaying nondiffraction and acceleration analogous to Airy beams. Other beams based on

separable solutions of the Helmholtz/paraxial equation include cartesian beams [Bandres &

Gutíerrez-Vega 2007], circular beams [Bandres & Gutíerrez-Vega 2008a] and elliptical

beams [Bandres & Gutíerrez-Vega 2008b]. Even beams with circular trajectories have been

studied in [Kaminer et al. 2012] and [Alonso & Bandres 2013]. Mathieu beams [Gutiérrez-

Vega et al. 2000] are another example of nondiffracting and self-healing beams and arise as

solutions of the Helmholtz equation in elliptic co-ordinates. Chapter 6 returns to Mathieu beams

briefly. There is even a ‘caustic beam’ reported in [Anguiano-Morales et al. 2007a], which

will again be touched upon in §6.5 (see Fig. 6.9). [Greenfield et al. 2011] reports Airy-based

beams with arbitrary trajectories.

However, despite this menagerie of beams and properties, the main characteristics are embodied

by Bessel, Airy and Gaussian beams, and it is these that are considered for comparison at points

this investigation.

This chapter examines a new kind of paraxial beam – the Pearcey beam – based on the Pearcey

function, eq. (2.1.2) of §2.1.2. Having developed a familiarity with it in earlier chapters, and

considering the remarkable behaviour of the Airy function, it is natural to ask what happens to

the Pearcey function upon propagation. Within the catastrophe theory framework (see §2.1 etc.),

the Pearcey function is a two-dimensional counterpart of the Airy function, so it is reasonable to

expect beams based on either function to share some characteristics. Indeed, the propagating

form of the Pearcey function has several noteworthy properties, some of which are reminiscent

not only of Airy beams, but Gaussian and Bessel beams as well.

Interestingly, the Pearcey function is a two-dimensional special function, and is not separable

in any co-ordinate system. In this respect, it is unique among paraxial beams, which are

otherwise constructed of products of 1D special functions e.g. 2D Airy beams [Siviloglou &

Christodoulides 2007], Hermite- and Laguerre-Gaussian beams [Siegman 1990] or Mathieu
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beams [Gutiérrez-Vega et al. 2000].

In the following section, the analytic form of the paraxially propagating, infinite-energy

Pearcey beam is constructed and shown to be unphysical. In §5.3 the physically realisable

Pearcey-Gauss beam is defined and examined, with particular attention given to describing the

resulting auto-focal spot in §5.4; §5.5 presents the experimental results of the Pearcey-Gauss

beam’s generation, and §5.6 exhibits examples of its self-healing. Finally, §5.7 considers the

propagation of higher-order catastrophes. The investigation into the Pearcey beam continues in

Chapter 6, where a deeper comparison is made with the typical Gaussian beam. The main results

of this chapter are published in [Ring et al. 2012b].

5.2 The Pearcey beam

Recall from §2.1.2, eq. (2.1.2), that the Pearcey function is defined [Pearcey 1946,Berry &

Howls 2010] by the integral representation

Pe(X,Y ) ⌘
ˆ 1

�1
ds exp

⇥
i
�
s4 + s2Y + sX

�⇤
, (5.2.1)

where X and Y are dimensionless variables transverse to propagation in the z-direction. In real

space, the Pearcey function is Pe(x/x0, y/y0), with x0, y0 specified scaling lengths that govern the

size and aspect ratio of the cusp, so that X ⌘ x/x0 and Y ⌘ y/y0. In Chapter 4 the important

role played by such scalings was emphasised, an importance that is reiterated in this chapter.

The intensity pattern of Pe(X,Y ) is shown in Fig. 5.1(a) (for x0 = y0 = 1), along with

the cusp caustic which underlies the amplitude pattern. Recall from §2.2 that eq. (5.2.1) can

be calculated numerically for small X and Y using a contour rotation in the complex s-plane,

s ! s0ei⇡/8, which guarantees convergence of the integral as s0 ! ±1 [see Fig. 2.10(a)]. However,

for X,Y & 10 the various asymptotic methods of §2.2 are required, and have been used throughout

the rest of this chapter to obtain the theoretical images1.

The form of the cusp which underpins the intensity pattern can be expressed [Stamnes 1986]

as the set of (X,Y ) points satisfying

8Y 3 + 27X2 = 0. (5.2.2)

1Only magnified images of the Pearcey-Gauss focal spot were calculated solely by numerical evaluation of the
integral expression.
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Figure 5.1: Intensity of the Pearcey function, |Pe(X,Y )|2; the white dashed line shows

the position of the ray caustic where the complex saddles of the function coalesce.

The two-dimensional curve parameterised by this expression is shown as a white dashed line in

Fig. 5.1(a). The values of x0 and y0 clearly determine the scale of X and Y and therefore also the

cartesian scalings of the cusp, which itself is crucially important in the anatomy of the Pearcey

function, demarcating two interference regimes in the pattern, corresponding to a single wave

and three wave interference. Section 2.2 showed that the complex saddles of Pe(X,Y ) govern

the behaviour of the function and that the cusp is then the locus of coalescence of saddle points

i.e. the caustic curve where geometric optical rays are degenerate [Berry & Upstill 1980,Nye

1999]. From §2.2.2, the region below the cusp is described by three-ray interference and that

above the cusp by a single ray.

The spectrum of the Pearcey function is found by taking the two-dimensional Fourier transform

using eq. (1.3.2)

fPe(⇠, ⌘) = 1

(2⇡)2

¨ 1

�1
dXdY Pe (X,Y ) e�i⇠X�i⌘Y

=
1

4⇡2

ˆ 1

�1
ds eis

4
ˆ 1

�1
dX eiX(s�⇠)

ˆ 1

�1
dY eiY (s2�⌘)

=

ˆ 1

�1
ds eis

4
�(s� ⇠) �(s2 � ⌘), (5.2.3)

where ⇠ and ⌘ are the Fourier pairs of X and Y respectively, and � denotes the Dirac delta-function

of eq. (1.3.5). Performing the s-integral using �(s � ⇠), the Fourier transform of the Pearcey
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function is given by

fPe(⇠, ⌘) = ei⇠
4
�
�
⇠2 � ⌘

�
. (5.2.4)

Equation (5.2.4) describes a spectrum concentrated on a �-line parabola ⇠2 = ⌘, modulated by a

⇠-dependent quartic phase factor. Despite having real-space representations closely related by

catastrophe optics, the Fourier transforms of the Pearcey and Airy functions [see eq. (3.2.4) and

Fig. 3.3] are drastically different – the latter has a uniform amplitude and cubic phase dependence.

The concentration on a �-curve in Fourier space is reminiscent of the spectral representation of a

Bessel beam, although the magnitude of the Pearcey wave vectors is not fixed, so the beam profile

changes on propagation i.e. it is not diffraction-free. However, although fPe(⇠, ⌘) is infinitely

concentrated like the �-ring of a Bessel function, it is also defined over an infinite half-space,

⇠ � 0, similarly to the infinitely delocalised fAi(⇠). Then, the spectrum of the Pearcey function

incorporates two infinities, both of which are singular in different ways2.

Figure 5.2(a) shows the location of the parabola of fPe(⇠, ⌘), and Fig. 5.2(b) shows its complex

phase. By Parseval’s theorem, eq. (3.2.5), the Pearcey function is not normalisable, since the

�-function in its spectrum is infinite in both intensity and extent. Moreover, the paraxial

approximation is clearly violated, since, for any finite wavenumber, k, the Pearcey function’s

spectrum contains contributions much larger, so that k
x

⌧ k requisite for (1.5.3), cannot

hold. [Lax et al. 1975] discuss the inconsistency of the paraxial approximation, despite its

demonstrable efficacy. Nevertheless, with a spectrum as singular as (5.2.4), the reader ought not

be surprised upon encountering any unusual behaviour in the resulting Pearcey beam.

An analytic form of the paraxially propagating, monochromatic Pearcey beam can be found

using the paraxial, scalar Huygens-Fresnel integral (page 633 of [Siegman 1990]) for an initial

field (at z = 0) given by eq. (5.2.1). Alternatively, the angular spectrum method of eq. (1.8.3) can

be employed effectively. For the sake of brevity, let Z ⌘ z/ky20 be the dimensionless direction of

propagation, where k is the wavenumber. Further, let x0 = y0 so that the initial Pearcey function

has an aspect ratio of unity. Then, the Pearcey beam may be calculated from eq. (1.8.3) by the
2It is for this compounded infinity, that the quote of Buzz Lightyear opens this chapter. More infinities are yet

to come.
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Figure 5.2: Spectrum of the Pearcey function, fPe(⇠, ⌘); ⇠ = k
x

x0 and ⌘ = k
y

y0 where

k
x

, k
y

are the Fourier pairs of x and y respectively; (a) shows the parabola ⇠2 = ⌘,

which describes the �-line on which the spectrum is concentrated; (b) shows the

quartic phase variation due to the term ei⇠
4 .

expression

PeB (X,Y, Z) =

¨ 1

�1
d⇠d⌘ fPe (⇠, ⌘) exp

�
i⇠X + i⌘Y � i⇠2Z/2� i⌘2Z/2

�

=

¨ 1

�1
d⇠d⌘ �(⇠2 � ⌘) exp

⇥
i
�
⇠4 � ⌘2Z/2 + ⌘Y � ⇠2Z/2 + ⇠X

�⇤

=

ˆ 1

�1
d⇠ exp

✓
i
h
⇠4(1� Z/2) + ⇠2(Y � Z/2) + ⇠X

i◆
. (5.2.5)

The integration variable can be rescaled as ⇠4(1 � Z/2) ! s4, so that the expression for the

paraxially propagating Pearcey beam becomes

PeB (X,Y, Z) = Pe

 
X

(1� Z/2)
1
4

,
Y � Z/2

(1� Z/2)
1
2

!,
(1� Z/2)1/4 . (5.2.6)

Equation (5.2.6) reveals how naturally the Pearcey function propagates paraxially – it retains its

form as a Pearcey function as Z evolves, although the scalings in X and Y are different, making

the exact shape of the underlying cusp Z-dependent. Furthermore, as Z increases the Pearcey

pattern is translated linearly in Y , unlike an Airy beam whose transverse translation depends
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Figure 5.3: Transverse profile intensities of the Pearcey beam, |PeB(X,Y, Z)|2, with

parameters x0 = y0 = 10�4 m, ze ⌘ 2ky20 ⇡ 0.251 m, k is the wavenumber for

wavelength � = 500 nm; (a) intensity of the Pearcey function for z = 0 m; (b) the

Pearcey beam at z = 0.8ze m; (c) at z = 0.975ze m; (d) at z = 1.025ze m; (e)

z = 1.2ze m; (f) z = 2ze m. The cusp underlying the Pearcey pattern is shown as a

white dashed line in (a). Upon propagation, the cusp – and therefore the shape of the

Pearcey pattern – flattens out to a line, then inverts after a singular plane at z = ze.

quadratically on Z, e.g. in eq. (3.2.8). Equations (5.2.6) and (5.2.2) may be combined to give an

expression for the evolution of the cusp with Z,

 
2

3

Y � Z/2

(1� Z/2)
1
2

!3

+

 
X

(1� Z/2)
1
4

!2

= 0. (5.2.7)

Figure 5.6 shows a schematic of the evolution of this cusp in three dimensions.

Figures 5.3(a)–(f) show the intensity pattern of the Pearcey beam as Z increases. In the

figure, the scalings x0 = y0 = 0.1 mm are included to give an indication of real lengthscales.

Importantly, the rate of scaling increases as Z approaches Z = 2 but changes more quickly in the
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Figure 5.4: Singular plane of the Pearcey beam; (a) intensity of PeB(X,Y, Z = Ze);

(b) complex phase at the singular plane, note the increasingly rapid phase change as

Y ! 1.

Y -direction than in X. As a result, the bright fold catastrophe ‘arms’ of the Pearcey pattern

appear to lift upwards towards the line Y = 1, and the intensity becomes more concentrated as

Z ! Ze (where Ze = 2 for the definitions used so far). From eq. (5.3), this occurs because of a

singularity in both X and Y arguments at Z = Ze – the scaling in this plane is effectively infinite.

This singular behaviour is a consequence of the divergence of the Pearcey functions spectrum and

intensity, analogous to arbitrary acceleration of the ideal Airy beam or perfect nondiffraction of

the Bessel beam.

When Z > Ze, eq. (5.2.7) has a real solution with an inverted cusp mirroring the behaviour

of the cusp when Z < Ze, and the Pearcey function follows this inversion of the cusp, as evident

from Fig. 5.1; this spatial inversion is of course expected for a light beam passing through a focus.

The beam then displays an auto-focusing effect, and is singular in the ‘auto-focal’ plane,

taking the form obtained by setting Z = Ze = 2 in the last line of (5.2.5)

PeB(X,Y, Ze) = ei
⇡

4

r
⇡

Y � 1
exp

✓
�iX2

4 (Y � 1)

◆
. (5.2.8)

This is an infinitely bright line (with varying phase) parallel to the X-axis at Y = 1. Figure 5.4(a)

shows the intensity of eq. (5.2.8) and (b) shows its complex phase. The phase changes increasingly

rapidly as Y ! 1 and the details are lost in the resolution of Fig. 5.4(b).
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Of course, the Pearcey beam’s singular plane is not physical, and is a consequence of the fact

that the Pearcey function cannot be regularised. To address this issue, the Pearcey-Gauss beam

is defined in the next section.

5.3 The Pearcey-Gauss beam

Validity of the paraxial approximation requires the transverse spatial frequency of the field to

be small so that |⇠|, |⌘| ⌧ k. From eq. (5.2.4) it is evident that such limitations are not upheld

for the Pearcey beam, giving rise to the observed singular behaviour. Fortunately, as with the

Airy beam, the rapidly oscillating phases at large ⇠ and ⌘ do not contribute significantly due to

cancellations, and it is possible to experimentally realise an approximation of the Pearcey beam

from the spectrum near the origin.

A natural analytic regularisation is achieved by modulating the initial Pearcey pattern by

a Gaussian with large (dimensionless) width W , which gives the Pearcey function a finite total

intensity [by the same argument used for (3.4.2) in Chapter 3] whilst maintaining its analytic

tractability and limiting its spectrum. The Pearcey-Gauss function is then defined as

PeG(X,Y ) ⌘ exp

✓
�X2 + Y 2

W 2

◆
Pe(X,Y ), (5.3.1)

where W is the dimensionless width of the Gaussian modulation. The Fourier transform, gPeG(⇠, ⌘),

is found by (1.3.2)

gPeG(⇠, ⌘) =
1

4⇡2

¨ 1

�1
dXdY PeG(X,Y ) exp(�i⇠X � i⌘Y )

=
1

4⇡2

˚ 1

�1
dXdY ds eis

4
exp

✓
�X2

W 2
+ iX(s� ⇠)

◆
exp

✓
� Y 2

W 2
+ iY (s2 � ⇠)

◆

=
W 2

4⇡
exp


�W 2(⇠2 + ⌘2)

4

�

⇥
ˆ 1

�1
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✓
i


s4
⇣
1 +

iW 2

4

⌘
+ s2

W 2

4i
(2⌘ � 1) + s

W 2⇠

2i

�◆

=
W 2exp

⇥
�W 2(⇠2 + ⌘2)/4

⇤

4⇡(1 + iW 2/4)
1
4

Pe

 
W 2⇠

2i(1 + iW 2/4)
1
4

,
W 2(⌘ � 1/2)

2i(1 + iW 2/4)
1
2

!
, (5.3.2)

which describes a Gaussian modulation of an analytically continued Pearcey function. It is inter-

esting to note that in this formulation, the expression does not obviously describe a convolution,

as is the relation between Fourier transforms of products [Goodman 2005], but the same result
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is obtained by the convolution theorem. In general, the centre of this Fourier distribution has a

positive ⌘ value (accounting for the upwards motion of the Pearcey beam on propagation) and

mimics the shape of the �-line parabola of eq. (5.2.4), despite the fact it can be expressed as a

Pearcey function, albeit analytically continued in ⇠ and ⌘. Figure 5.8(b) shows the intensity of

eq. (5.3.2) for the parameters of Fig. 5.5 (x0 = y0 = 0.1 mm, w0 = 2.0 mm and � = 500 nm).

The complexity of gPeG(⇠, ⌘) does not lend itself to propagation by the angular spectrum

method of (1.8.3), lacking the elegance of other regularised Fourier transforms such as ]Aiinc
µ,�

(⇠).

The Fourier transform of the Gaussian-modulated Airy function is also a complicated, analyti-

cally continued Airy-Gauss function, suggesting that this is not the most elegant approach to

regularisation. Certainly, for Airy functions it is not, where both the apodized and incomplete

Airy functions give cleaner mathematical spectra.

However, exponential apodization of the Pearcey function is not possible as it was for Airy.

The Airy function decays exponentially for X > 0 since no rays exist in the space (and hence no

real saddles). For the Pearcey function though, there is always at least one real saddle, which

only decays proportional to the square root in eq. (2.2.10). Inclusion of an exponential factor

that decays for negative arguments, must then grow for positive, and the square-root decay of

the Pearcey function is not sufficient to enforce overall convergence. Gaussian modulation is then

the simplest, analytically tractable method of regularisation.

Instead of using eqs. (5.3.2) and (2.2.10), it is easier to propagate the Pearcey-Gauss function

using the Huygens-Fresnel integral (page 633 of [Siegman 1990]), the machinations of which are

shown in Appendix A.1. The Pearcey-Gauss beam is then given by the expression

PeGB(X,Y, Z) =
G(X,Y, Z)

(1� Z/2⇣)
1
4

Pe

 
X

⇣ (1� Z/2⇣)
1
4

,
Y � Z/2

⇣ (1� Z/2⇣)
1
2

!
, (5.3.3)

where ⇣ ⌘ (1 + 2iZ/W 2) = (1 + iZ/ZR), since ZR = W 2/2 for the definitions of this chapter.

G(X,Y, Z) is the 2D version of the 1 + 1D Gaussian beam encountered in §1.9, given (again up

to conventions in this chapter) as

G(X,Y, Z) =
1

1 + iZ/ZR
exp

✓
� X2 + Y 2

W 2(1 + iZ/ZR)

◆
. (5.3.4)

As with other analytic forms of beams made from modulating a function by a Gaussian [e.g.

AiBG
W

(X,Z), eq. (3.4.6)], the Pearcey-Gauss beam has a complex argument upon propagation in
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Z, giving rise to the complex analytic continuation of the Pearcey function, which maintains a

form very similar to a Pearcey function with real arguments.

As an aside, whether this constitutes ‘form invariance’ is open to debate, since the term in

not well defined. [Bandres & Gutiérrez-Vega 2007] suggests that a beam be considered

form invariant if it maintains its functional form upon propagation, regardless of whether the

argument of the describing function has complex components. Alternatively, an extrapolation of

eq. (2.3) of [Bhatia & Wolf 1954] suggests that form invariance ought to require the intensity

of a function to remain unchanged and hence the argument of a special function beam to be

real. Indeed, inclusion of a complex component in the beam’s argument ought to be accounted

for in the terminology, since it invariably alters the behaviour of the function and consequently

its intensity profile. For example, elegant Hermite- and Laguerre-Gaussian beams [Siegman

1990] have complex arguments and hence intensity profiles that deviate significantly from their

real-argument counterparts. Noting the issue here, form invariance refers to functional invariance

including analytic continuation, while structural stability indicates that an intensity profile does

not change on propagation. Then, form invariant beams are not necessarily structurally stable,

while structurally stable beams are form invariant.

Figure 5.5 shows the Pearcey-Gauss intensity pattern from eq. (5.3.3). Evidently, the Gaussian

modulation does not affect the main behaviour of the Pearcey beam – the same arm-straightening,

auto-focusing and inversion effects are evident as for the ideal Pearcey beam of eq. (5.2.6).

However, in the modulated case, the additional imaginary part of ⇣ in eq. (5.3.3) gives the

physically problematic singularity a very small imaginary component (see §6.2). The increase

of the X and Y scalings still occurs, as does the inversion, but now with finite intensity across

the beam and a slight deformation to the original Pearcey function with real arguments. In

the new auto-focusing plane, the infinite line becomes a small, asymmetric spot centred in an

hourglass-shaped profile as depicted in Fig. 5.5(d). That is, modulation with a Gaussian has

made the singularity complex. The result is a small anisotropic spot of high intensity, shown in

Fig. 5.5(d).

Figure 5.6 shows a 3D schematic of the Pearcey-Gauss beam, with the evolving cusp as

described by eq. (5.2.7) shown as a transparent white surface. Although eq. (5.2.7) refers to

the infinite-energy Pearcey beam, it still serves as a good description of the dynamics of the

beam. PeBG(X,Y, Z) itself does not have coalescing saddles as a consequence of the additional

imaginary component introduced by the Gaussian scaling factor, ⇣. Where saddles of the Pearcey
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Figure 5.5: Transverse intensity of a Pearcey-Gauss beam as z increases for x0 = y0 =

0.1 mm, w0 = 2.0 mm and � = 500 nm. The scaling and inversion of the pattern is

still evident, however, there now exists a small hourglass-shaped focal point that was

absent in the case of the unmodulated Pearcey beam. The intensities of each image

are not on the same scale, with the peak intensity in the auto-focal plane significantly

greater than that of the initial and inverted planes.
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Figure 5.6: Schematic of a Pearcey-Gauss beam. The disks show cross-sections of

the beam’s intensity profile at Z = m, for integer m and 0  m  4 so that each one

corresponds to a half-integer multiple of Ze. The 3D contour shows scaling of the

cusp on propagation, as given by eq. (5.2.7). The cusped sheet flattens and inverts

after the auto-focusing plane.

beam coalesce on the caustic, those of the Pearcey-Gauss beam pass close to one another before

following similar paths to the pure Pearcey versions, but without proper coalescence. While it

dismantles the clean, discrete asymptotic changes, this imaginary component is of paramount

importance since it tames the otherwise problematic singularity.

It is noted in [Dennis & Lindberg 2009] as well as [Baumgartl et al. 2011] and [Rogers

et al. 2012], that narrow intensity spots (which are desirable for superresolution imaging) are

frequently ‘pinched’ by super-oscillatory regions. Superoscillation refers to the change of the

local wavevector faster than the largest frequency component of the spectrum, and was first

discussed in [Berry 1992]. While the link between superoscillation and pinched focal spots

has not been made rigorous, Fig. 5.4(b) shows an incredibly rapid phase change in the focusing

plane, suggesting the narrowness of the focus might be unusual. Indeed, Fig. 5.7(a) shows the

intensity in the focusing plane of the Pearcey-Gauss beam, with numerically determined contours

corresponding to orders of magnitude of the transverse spatial frequency i.e. 1/x0, 10/x0, 100/x0.

Figure 5.7(b) indicates the coloured regions of super oscillation demarcated by these contours;

there is no superoscialltion in the grey region, while the blue and green regions indicate increasingly

superoscillatory regions respectively. Clearly these regions ‘pinch’ the focal spot, inviting further

investigation, and motivating the following section wherein the the properties of Pearcey-Gauss
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Figure 5.7: Superoscillation in the auto-focal plane of the Pearcey-Gauss beam,

PeGB(X,Y, Ze); (a) intensity of the auto-focal plane; purple contours corre-

spond to those of (b) and demarcate orders of magnitude of superoscillation,

1/x0, 10/x0, 100/x0; (b) regions of superoscillation pinch the bright focal spot, in

keeping with the observations of [Dennis & Lindberg 2009] etc.; grey regions show

no superoscillation, while blue show 10 times the transverse spatial frequency and

green show 100 times; it may then be reasonable to suspect the Pearcey-Gauss beam

of having an unusually narrow focus.

beam’s auto-focal spot are examined.

5.4 The Pearcey-Gauss focus

The shape of the focal spot at the Pearcey-Gauss plane is atypical, as a consequence of the

asymmetrical shape of the Pearcey function and its spectrum. Fig. 5.8(a) shows an enlargement

of the focal spot for the same parameters as Fig. 5.5, and Figs. 5.8(c) and (d) show the intensity

of slices in the X- and Y -directions respectively, corresponding to the short and long dashed lines

in (a). In the X-direction, the intensity is well localised, with only very small side-lobes that

rapidly decay for increasing X. However, in the Y -direction, the Pearcey-Gauss focus has a tall,

narrow peak, that becomes slowly decaying away from the maximum intensity. A consequence of

this is that the overall width of the peak, as defined by the second moment of intensity (§26.1.3

of [Abramowitz & Stegun 1965]), is large. However, while the second moment is a natural

mathematical measure of width, experimental optics is able to take a more pragmatic approach
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and consider the full width at half maximum (FWHM) to be the pertinent measure. Crucially

then, although the Pearcey-Gauss focus might have a large second moment of intensity, its FWHM

is possibly unusually narrow.

The uncertainty principle [Griffiths 2003] shows that a Gaussian minimises its spatial width

for a given spectral width [Forbes et al. 2003], making it an obvious benchmark to compare

against the Pearcey-Gauss focus. Defining a Gaussian as

Gtwo(X,Y ) = exp

✓
�X2 + Y 2

2W 2

◆
, (5.4.1)

with a factor of 2 in the denominator of the exponent, means that the second moment, �2,

corresponds precisely to the Gaussian width. That is
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where the integrals are all over infinite domains. So, by calculating the second moment of intensity

of the Pearcey-Gauss spectrum, an equal width Gaussian may be defined, whose Fourier image is

to be compared to the Pearcey-Gauss auto-focal spot.

It is both interesting and useful to discover that the Pearcey-Gauss beam has closed form

expressions for the shape of its auto-focal spot along the X- and Y -directions. I have relegated

the convoluted derivations of these expressions to Appendices A.2 and A.3, wherein the general

case is addressed. Ultimately, PeGB(X, 1, Ze) and PeGB(0, Y, Ze) take the form
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and

PeGB(0, Y, Ze) =
W
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Figure 5.8: Intensity of the Pearcey-Gauss beam (for x0 = y0 = 0.1 mm, w0 = 2.0 mm

and � = 500 nm) at the auto-focusing plane; (a) magnification of the auto-focus of

Fig. 5.5(d); the dashed lines correspond to the intensity cross-sections of (c) and

(d); (b) intensity of the Fourier distribution of the Pearcey-Gauss beam according to

eq. (5.3.2), which mimics the �-line parabola of eq. (5.2.4); (c) the short-dashed line

shows the intensity cross-section of the essential focus in the x-direction; (d) intensity

cross-section along the long-dashed line of (a) in the y-direction.
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where ⇣e ⌘ (1+iZe/ZR) = (1+4i/W 2), � is the gamma function,
p

F
q

is a generalised hypergeomet-

ric function and K1/4 is a quarter-order modified Bessel function of the second kind [Abramowitz

& Stegun 1965]. These are all defined, special functions, which incidentally highlights their

importance – they arise in unexpected places as a consequence of their generality. A practical

consequence of their occurrence is that they are rapidly calculable in Mathematica. In passing, it

is worth noting that (up to the inclusion of various constants) eq. (5.4.3) is the Fourier transform

of exp(�u4).

Figure 5.8(b) shows the modulus squared of the Pearcey-Gauss spectrum, according to

eq. (5.3.2), and it is the width of this that must be determined, since the limitation placed on

generating small focal spots is the inclusion of large transverse frequency components – i.e. the

size of the spectrum. It is not possible (at least with the skills at the author’s disposal) to find a

closed, analytic form for the second moment of gPeG(⇠, ⌘), and in what follows it is calculated

numerically for a given set of parameters, using the second moment version of eq. (3.5.22) with a

two-dimensional sum [Abramowitz & Stegun 1965]. Subsequently, the following becomes a

proof-of-principle argument, rather than a rigorous analysis.

For the Pearcey-Gauss width of W = 20, the second moments of intensity in the ⇠ and ⌘

directions are

�2
⇠

= 0.936, �2
⌘

= 1.404. (5.4.5)

Since these are the widths of the intensity, slight caution must be exercised when defining the

comparable Gaussian, ensuring that these widths correspond to the those of the intensity of the

Gaussian in the Fourier plane. Then

|]Gtwo(⇠, ⌘)|2 = exp

 
� ⇠2

2�2
⇠

� ⌘2

2�2
⌘

!
, (5.4.6)

which has amplitude

]Gtwo(⇠, ⌘) = exp

 
� ⇠2

4�2
⇠

� ⌘2

4�2
⌘

!
. (5.4.7)

The Fourier transform of (5.4.7) is then

Gtwo(X,Y ) = exp
�
��2

⇠

X2 � �2
⌘

Y 2
�
, (5.4.8)
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which has intensity

|Gtwo(X,Y )|2 = exp
�
�2�2

⇠

X2 � 2�2
⌘

Y 2
�
. (5.4.9)

Finally, it is (5.4.9) that should be compared to the auto-focal spot of the Pearcey-Gauss beam.

Figure 5.9(a) shows |gPeG(⇠, ⌘)|2 with the FWHM of the Gaussian (5.4.6) shown as a light

purple ellipse. Figure 5.9(b) shows a magnification of the focal spot, with an ellipse indicating

the FWHM of the Gaussian (5.4.9), which appears to enclose the spot. Figures (c) and (d) show

intensities of the Pearcey-Gauss focus in the X- and Y -directions respectively against the intensity

of the astigmatic Gaussian of equal spectral width. The Gaussian has been scaled so that maxima

are equal. In this instance |PeGB(X,Y, Ze)|2 is narrower than the comparable Gaussian. For

the case of W = 20, and using the plot to calculate the ratio of FWHMs, the auto-focal spot in

the X-direction is 0.73 of the Gaussian width. As remarkable as this is, in the Y -direction the

Pearcey-Gauss focus’ FWHM is only 0.50 that of the Gaussian!

PeGBFWHM(X)

GFWHM(X)
⇡ 0.727

PeGBFWHM(Y )

GFWHM(Y )
⇡ 0.499 (5.4.10)

Of course, these values must be treated with an appropriate measure of caution, since there

are several factors that might contribute to them being an overestimation of the Pearcey-Gauss

beam. For example, gPeG(⇠, ⌘) is the convolution of Fourier transforms of the Pearcey function

and a modulating Gaussian, it is infinite in extent – the �-parabola of fPe(⇠, ⌘) existing in the

space ⇠ > 0. To account for this, a finite region of the spectrum has been chosen for numerical

calculation wherein the intensity at the edges is approximately 0.5% of its peak value. Outside

this region the spectrum becomes significantly difficult to compute as a result of the highly

oscillatory nature of the integral in gPeG(⇠, ⌘), potentially introducing additional error into any

calculations for greater regions.

Mitigating these possible errors is the fact that decreasing W , the width of the original Gaussian

modulating the infinite-energy Pearcey function, increases the localisation of the spectrum about

the origin, (⇠, ⌘) = (0, 0). Consequently, it is easier to calculate and more confidence may be

placed in the results obtained. For example for W = 10, the focal spot still has a sub-Gaussian

FWHM, although only slightly, with FWHM in the X-direction 0.90 times that of the equivalent

Gaussian, and in the Y -direction, 0.79 times that of the Gaussian.

Strangely, the decreasing FWHM of the Pearcey-Gauss focal spot in the X-direction with
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Figure 5.9: Comparison of the Pearcey-Gauss auto-focal spot with a Gaussian of equal

spectral width; (a) gPeG(⇠, ⌘) with the FWHM of an equal width Gaussian shown

as a light purple ellipse; (b) auto-focal spot of the Pearcey-Gauss beam with the

FWHM of the same Gaussian of (a) shown as a light purple ellipse; (c) cross-section

of the focus in the X-direction compared to the Gaussian with ratio of FWHM of

Pearcey-Gauss to Gauss of 0.73; (d) cross-section in the Y -direction compared to the

Gaussian with FWHM ratio of 0.50.
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increasing W seems at odds with the infinite width of the line singularity in the limit W ! 1,

evident from Fig. 5.4(a). The resolution to this apparent paradox comes from the fact that the

diagonal arms of the hourglass-shaped distribution of PeGB(X,Y, Ze), visible in Fig. 5.5(d), close

together as W increases, becoming more like a horizontal line. Then, while the FWHM of the

Y = 1 slice in the X-direction does decrease for increasing envelope modulation, in the limit of

W ! 1, the diagonal arms come together, forming the intensity line visible in Fig. 5.4(a).

Ultimately, the question of whether it is possible to use the Pearcey-Gauss beam to generate

a small focal spot with FWHM significantly better than an equivalent Gaussian becomes an

experimental question, balancing the localisation of the spectrum with the greatest possible

detail. Certainly, as W increases continuously, the width of the auto-focal spot decreases while

its intensity increases, limiting to a singularity. The surprising aspect of the Pearcey-Gauss beam

is that the focal width might surpass that of an equivalent Gaussian for such a relatively small

initial modulation (low W ).

Moreover, the Pearcey-Gauss beam auto-focuses and defocuses more rapidly than an equivalent

Gaussian, having a narrower FWHM in the direction of propagation. Figure 5.10(a) shows the

location of the maximum intensity of the Pearcey-Gauss beam which is in the Y -Z plane and

follows a non-linear curve. Figure 5.10(b) shows the maximum intensity of the beam for increasing

Z, compared to the Gaussian of equal spectral width. The FWHM in the Z-direction for W = 20

is 0.73 that of the Gaussian. Then, with the Pearcey-Gauss beam it is conceptually possible to

deliver high intensities to a well localised position inside a disruptive medium. Such properties

could be useful for varied applications e.g. targeted surgical ablation of diseased cells.

It would be interesting should a careful experimental realisation of the Pearcey-Gauss spot be

attempted, based on these first exciting results.

5.5 Experimental realisation of the Pearcey beam

Obviously, experimental realisation of the ideal Pearcey beam is prohibited by its requirement

of infinite energy. However, such limitations do not exist for the Pearcey-Gauss beam (which

was the very reason for introducing it) and its experimental realisation involved encoding a

Pearcey-Gauss-like spectrum [e.g. as in eq. (5.3.2)] onto a spatial light modulator (SLM). This

was carried out by Dholakia et al. in the Optical Trapping Group of St. Andrews University. The

image encoded onto the SLM is shown in Fig. 5.11(b), and was incorporated into the experimental
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Figure 5.10: Depth of the Pearcey-Gauss auto-focal spot; (a) numerically determined

location of the Pearcey-Gauss beam’s peak intensity in the Y -Z plane for W = 20,

x0, y0 = 1; (b) maximum intensity of the Pearcey-Gauss beam for changing Z; YP

indicates the Y co-ordinate of the peak intensity corresponding to the curve of (a)

for given Z. The FWHM of |PeGB(X,Y, Z)|2 in the Z-direction is 0.73 (for W = 20)

times that of a Gaussian of equal spectral width.

set up as described in Fig. 5.11(a). The source used was a helium-neon laser (� = 633nm,

Pmax = 5mW) and the beam was sent through a 50µm pinhole in order to obtain an initially

homogeneous Gaussian intensity profile. The beam was then expanded with a telescope (L1 and

L2) in order to slightly overfill the SLM (a Holoeye LC-R 2500), which operated in the standard

first-order diffraction configuration, generating the Pearcey beam in the far-field. In order to

filter the first-order beam carrying the Pearcey pattern from the unmodulated zero-order beam,

a pinhole aperture was located in the back focal plane of lens L3. To study the consecutive

transverse cross-sections of the resulting Pearcey beam, another telescope (lenses L4 and L5) was

used to image it on the obstacle and subsequently on a CCD camera (Basler piA640-210gm, pixel

size: 7.4µm ⇥ 7.4µm), in order to record the images. The CCD camera was in the Fourier plane

of the SLM and was mounted on a translation stage in order to get images over the propagation

range of the beam.

Note that the Pearcey-like beam generated from such a system is not strictly a Pearcey-Gauss

beam, since the parabola displayed on the SLM was binary in intensity, not accounting for the

smooth intensity variation of gPeG(⇠, ⌘). Moreover, only a small portion of the SLM is bright,

limiting the maximum possible intensity of the resulting beam compared to the initial illumination.

Ultimately though, Gaussian illumination of the spectrum in Fig. 5.11(b) sufficiently approximates

the phase and intensity variation of gPeG(⇠, ⌘) so as to give a fair realisation of the Pearcey-Gauss

beam.
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Figure 5.11: Experimental setup; (a) schematic of the experiment, where L
i

are lenses,

SLM is the spatial light modulator, CCD is the charge coupled device camera, PBS

is a polarizing beam splitter; the focal widths of lenses are f1 = 25 mm, f2 = 100 cm,

f3 = 680 mm, f4 = 400 mm and f5 = 800 mm; (b) image encoded on the SLM.

The Fourier transform of the Pearcey-Gauss beam describes a parabola with phase

given by eq. (5.3.2). The hue indicates the phase while brightness describes the

corresponding intensity. The SLM was used in the standard first-order diffraction

configuration.
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Figure 5.12: Experimental observation of the Pearcey-Gauss beam for consecutive

propagation distances. The collapse of the beam to a point is clearly visible, as well

as the predicted inversion. These results agree with the theoretical and numerical

predictions. The propagation distances are given, inset in the images.
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Indeed, Fig. 5.12 shows the experimentally obtained results for the propagation distances

indicated in the images, clearly displaying behaviour expected of the Pearcey-Gauss beam –

inversion as well as auto-focusing. The incident illumination is slightly misaligned, resulting in

a shearing of the beam when compared to ideal theoretical images, and the sharp edges of the

parabola have introduced an additional, small oscillation in the intensity, which is most evident

when comparing Figs. 5.12(d) and 5.5(d). The precise position of the auto-focus is dependent

on the experimental setup, and the results indicate a collapse at 25.0cm rather than the 19.8cm

expected from theoretical predication for the parameters used. This likely reflects a confirmation

bias towards initial theoretical data for � = 500nm wherein profile collapse occurred at 25.0cm.

Using a different wavelength of 633nm ought to shorten the auto-focusing distance to 19.8cm.

Careful determination of the focal plane of the carrier beam prior to the inclusion of the Pearcey

spectrum may well rectify this discrepancy.

Regardless, Fig. 5.12(d) shows the experimental focal spot, which is very similar to that

of PeGB(X,Y, Z) shown in Fig. 5.5(d), and the experimental results confirm the theoretical

predictions to within reasonably expected accuracy. Indeed, given the highly oscillatory phase

and localised intensity of the spectrum, the discrepancies of the experimental images are minimal

and unimportant in confirming the behaviour of the beam.

5.6 Self-healing of the Pearcey beam

A key property of the Airy beam is its ability to self-heal (sometimes also called self-reconstruction

or auto-revival) after short propagation distances – it reconstructs its intensity profile despite small

perturbations and obstructions. As a consequence, the Airy beam can then be used to sort micro-

particles (as demonstrated by Dholakia’s Optical Trapping Group in St. Andrews [Baumgartl

et al. 2008]) since their placement in the beam does not disrupt its efficacy at further distances.

Other advantages of self-healing beams are discussed in the introduction to Chapter 3. Because

of their shared background, it is natural to ask whether Pearcey beams possess any self-healing

properties.

Before going further, note that it is not clear how one should rigorously define self-healing.

When a beam self-heals, an observer will conceptually understands that the pattern recovers after

a short distance, returning to what it would have been without an obstruction. However, the

question of how to go about quantifying such a return is non-trivial. If so inclined, one might
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Figure 5.13: Self-healing of the Pearcey-Gauss beam from arbitrary perturbations,

indicated by a white outline in the Z = 0 plane. The obstacles are assumed to be

completely opaque and confined to the initial plane. It is clear that the Pearcey-

Gauss beam recovers from initial perturbations and still collapses and inverts after

its auto-focusing plane.
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Figure 5.14: Self-healing of the Pearcey-Gauss beam from arbitrary perturbations,

indicated by white outlines in the Z = 0 plane.

define an overall variance of intensity between the unobstructed profile of the beam and that

of its perturbed form, attempting to quantify and accommodate for the overall loss of intensity

engendered by the obstacle. Alternatively (and in keeping with the proliferation of truncated

integrals throughout this thesis), it is possible to propagate finite portions of beams, showing,

using Babinet’s principle (§10.3.11 of [Hecht 2003]), that the obstructions are not ultimately

significant, their intensities decaying to fractions of that of the unperturbed beam. Either way,

such an investigation would risk becoming self-serving, defining self-healing to be the property

exhibited by Airy, Bessel and Pearcey beams.

A detailed study of self-healing is outside the scope of this thesis, but I will note that the

Pearcey beam can claim as strongly as the Airy function that it is self-healing. Moreover, since

the Pearcey beam is not nondiffracting and is self-healing, there is compelling reason to decouple

these two concepts – self-healing beams are not, by necessity, nondiffracting, although the opposite

may be typical [Vaity & Singh 2011,Anguiano-Morales et al. 2007b]. This is particularly

striking in the case of the Pearcey beam, as its cross-section consists of a complicated interference

pattern, which is robust – apart from rescaling – both to propagation and disruption by small
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Figure 5.15: Self-healing of the Pearcey-Gauss beam from arbitrary perturbations,

indicated by white outlines in the Z = 0 plane. The beam recovers from a number of

quite severe disruptions.

obstacles.

Figures 5.13 to 5.15 show numerical simulations (carried out in MATLAB using techniques

explained in §1.7) of the self-healing exhibited by the Pearcey-Gauss beam for various initial

perturbations. Obstructions to the field are indicated by white outlines in the initial planes of

these figures, and are assumed to be completely opaque and two-dimensional i.e. confined to

the initial plane. It is clear that the Pearcey-Gauss beam recovers from numerous perturbations,

some of which are really quite severe. These results for small perturbations to the Pearcey-Gauss

beam display pattern revival after a distance of as little as 5 cm (for the parameters in the

image caption of Fig. 5.5), which is a comparable distance to that of Airy and Bessel beams with

equivalent parameters, e.g. [Broky et al. 2008].

The small auto-focus of the Pearcey-Gauss beam survives the vast majority of field pertur-

bations, including those directly before it in the beam’s path. The spot even focuses behind

obstructions and is therefore impressively robust. With such stability, the Pearcey-Gauss beam

might find application when focusing inside disruptive media, for example inside cells, where



5.6 Self-healing of the Pearcey beam 157

Figure 5.16: Experimental images of the self-healing of the Pearcey beam from an

arbitrary perturbation. The obstacle was cylindrical, with a rectangular projection,

and the area blocked is indicated by the white line in (a). It is clear that the

experimental Pearcey beam recovers from the initial perturbation and still collapses

and inverts after its essential focus.

delivery of a threshold intensity is desired at a single point e.g. for microscopy or optical ablation

of diseased tissue.

The Optical Trapping Group in St. Andrews have also experimentally demonstrated the

beam’s self-healing ability. Figure 5.16 shows the experimental results of applying a rectangular

obstacle [indicated by the white line in Fig. 5.16(a)] to the Z = 0 plane of the Pearcey-Gauss

beam. While quite severe, these results clearly display a revival of the Pearcey pattern after

the auto-focusing plane, which is still strongly evident in the propagation of the beam. Larger

perturbations cause a greater disturbance and recovery of the beam profile requires propagation

over a longer distance; for example, blocking the main intensity lobe of the beam causes revival

after a propagation distance of the order of 20 cm. These lengths are similar to those of an

Airy beam for comparable parameters and obstructions [Broky et al. 2008]. Significantly, the

Pearcey-Gauss beam’s profile recovers close to its original form after the inversion for all but the

most severe disturbances.



5.7 Propagation of 3D diffraction catastrophes 158

Figure 5.17 shows a ray-based interpretation of the Pearcey beam’s self-healing for increasing

propagation distances. Dots indicate cross-sections of rays, which envelope a cusp in two

dimensions, shown by the dashed green line. Black dots correspond to unobstructed rays,

while grey dots show the rays blocked in the initial plane of Fig. 5.17(a). In Figs. 5.17(b)-(d)

unobstructed rays move into the initially dark region, reviving the Pearcey pattern after short

propagation distances. After inversion, the grey, blocked rays in Figs. 5.17(f)-(i) have shifted

outside the cusp, explaining the particularly strong revivals after the auto-focal plane.

Ultimately, we can conclude that, similar to Airy and Bessel beams, small perturbations to

the field of the Pearcey beam do not drastically affect the intensity pattern at greater propagation

distances, with a particular robustness after the inversion plane.

5.7 Propagation of 3D diffraction catastrophes

At the beginning of this chapter, the introduction of the Pearcey beam was motivated largely by

analogy with Airy beams. The implication being that, since the simplest diffraction catastrophe

integral had such interesting properties upon propagation, it was a natural question to ask of

the propagation characteristics of the second simplest integral, the Pearcey function. While true,

this approach implicitly suggests that each of the diffraction catastrophe integrals is possessed of

a remarkable, unique and exciting propagation characteristic. This is sadly not the case, and I

must admit to misleading the reader slightly for the sake of narrative.

Recall from §2.1 that there are only five distinct catastrophe integrals in three and fewer

dimensions [Berry & Upstill 1980]. The Airy function is one-dimensional and displays a non-

diffractive, transverse acceleration upon propagation. The Pearcey function is two-dimensional

and undergoes an auto-focusing and inversion effect. In three dimensions there are three distinct

catastrophe integrals [Berry & Upstill 1980,Nye 1999]. These are known as the swallowtail,

the hyperbolic umbilc and the elliptic umbilic, and are defined as

Sw(x, y, z) =

ˆ 1

�1
ds exp

⇥
i
�
s5 + zt3 + yt2 + xt

�⇤
(5.7.1)

EU(x, y, z) =

¨ 1

�1
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⇥
i
�
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(5.7.2)

HU(x, y, z) =

¨ 1

�1
dsdt exp

⇥
i
�
s3 + t3 + zst+ yt+ xs

�⇤
, (5.7.3)

where Sw(x, y, z) is the swallowtail, and EU(x, y, z) and HU(x, y, z) are the elliptic and hyperbolic
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Figure 5.17: Self-healing of the Pearcey beam in terms of rays. The dots indicate

cross-sections of rays – black showing unobstructed rays and grey indicating those

blocked by an obstruction; the dashed green line shows the position of the caustic.

The obstruction is introduced in (a). In (b)-(d), unobstructed rays move into the

blocked region, explaining the beam’s self-healing property after a short propagation

distance. Fig. 5.17(e) shows the auto-focal plane, while (f)-(i) clearly indicate the

strong revival of the cusp after inversion.
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umbilic catastrophes respectively. Visualisations of these catastrophes may be found online

at [Berry & Howls 2010].

From the definition of HU(x, y, z) it is immediately clear that the canonical, two-dimensional

Airy beam [Siviloglou et al. 2007] is a slice of the hyperbolic umbilic catastrophe at z = 0, i.e.

HU(x, y, 0) = Ai(x)Ai(y). (5.7.4)

Therefore, the oft-referred-to, 2D Airy beam is strictly a z-equals-zero-silce-of-the-hyperbolic-

umbilic-diffraction-catastrophe beam, though it is hardly reasonable expect such cumbersome

terminology to catch on. However, it does beg the question of what happens upon propagation of

nonzero z-slices of the hyperbolic umbilic catastrophe. To use the angular spectrum approach,

first find the two-dimensional spectrum of gHU(k
x

, k
y

, d) of a slice z = d
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since the integrals over x and y simplify to �-functions of (1.3.5). Then, the paraxially propagating

form of a z = d slice of the hyperbolic umbilic diffraction catastrophe, HUp(x, y, d; z), is found

HUp(x, y, d; z) =

¨ 1

�1
dk

x

dk
y

exp

"
i

 
k3
x

+ k3
y

+ dk
x

k
y

� zk2
x

2k
�

zk2
y

2k
+ yk

y

+ xk
x

!#

= exp


i

✓
xz

6k
+

yz

6k
+

dz2

36k2
� z3

54k3

◆�

⇥
¨ 1

�1
dsdt exp

(
i

"
s3 + t3 + dst+ t

✓
y +

zd

6k
� z2

12k2

◆

+ s

✓
x+

zd

6k
� z2

12k2

◆#)
, (5.7.6)

where z is now in the direction of propagation. The second line is obtained via Tschirnhaus

transformations (see §1.10) k
x

! s+ z/6k and k
y

! t+ z/6k. More simply, eq. (5.7.6) takes the

form
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Figure 5.18: Trajectories of HUp(x, y, d; z) in the x-s plane for values of d between 0

and 14 in steps of 2 for increasingly dark green curves (k = 1). The lightest green

curve (d = 0) follows the parabola familiar from 2D Airy beams, as expected from

eq. (5.7.4). Larger initial d values offset the extrema of the curves.

From eq. (5.7.7) it can be seen that all d-slices of the hyperbolic umbilic catastrophe integral are

propagation invariant and exhibit a transverse acceleration analogous to that of the more familiar

2D Airy beam. However, for nonzero d slices, the parabolas are shifted by a term proportional

to the original magnitude of d. This has the effect of curving the trajectory of propagation as

shown in Fig. 5.18, where larger initial d give a greater offset of the parabolas’ extrema. This

then plausibly provides a degree of control over the trajectories of Airy-like beams, albeit at the

expense of simple intensity distributions.

The next catastrophe integral, the elliptic umbilic, EU(x, y, z) of eq. (5.7.2), can also be

determined via its spectrum of a d-slice, which is found
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since again the integrals over x and y become �-functions. Then, the paraxially propagating form
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of a slice at d is given by
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More simply, eq. (5.7.9) can be expressed

EUp(x, y, d; z) = EU (x, y, d� z/2k) . (5.7.10)

That is, slices of the elliptic umbilic propagate as the catastrophe, evolving through the canonical

diffraction pattern with changing z. It is interesting that this particular diffraction catastrophe

propagates as itself, while others in the family do not. Ultimately, it is a consequence of the

integral being second order in k
x

and k
y

. The propagation behaviour of the elliptic umbilic

catastrophe has been noted before [O’Holleran 2008].

The last of the 3D catastrophes is the swallowtail, which propagates paraxially as
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which, although still functionally a swallowtail catastrophe, is far from elegant, and the changes

wrought under propagation are not easily interpreted or intuitively understood. Nevertheless, the

expression is included here for completeness.

In this section then, for the first time, to the author’s knowledge, are the propagating forms of

all the diffraction catastrophes of co-dimension three and less. Of course, propagation is limited

to two-dimensional slices, and so in each case we have considered only slices z = d of the full

catastrophe. A full generalisation of slices of higher dimensional catastrophes might be relatively

easily obtained by further work, so long as the x- and y-dependence does not reach too far into

the higher order terms of the exponent. However, it seems likely that there would be few, if any,
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easily interpretable characteristics of the higher catastrophes, and the investigation is concluded

here.

5.7.1 Hyper-Pearcey auto-focusing

It should be noted that the phenomenon of auto-focusing as exhibited by the Pearcey beam will

occur for any integral function of the form

U(x) =

ˆ 1

�1
ds exp

⇥
i
�
s2n + xsn

�⇤
. (5.7.12)

Paraxial propagation of this function will give

U(x, z) =

ˆ 1

�1
ds exp


i

✓
s2n � zs2n

2k
+ xsn

◆�
. (5.7.13)

Then, rescaling of the s2n-term will introduce a factor of (1 � z/2k)�
1
2 into the x-term. This

factor is the essence of the auto-focusing effect of the Pearcey beam, and will have an analogous

impact on U(x, z), causing concentration of intensity as z ! 2k.

Then, the Pearcey function can be generalised (from the perspective of auto-focusing) to a

hyper-Pearcey function of the form

HyPe(x, y) =

ˆ 1

�1
ds exp

⇥
i
�
s4n + ys2n + xsn

�⇤
, (5.7.14)

for integer n. Equation (5.7.14) is then form-invariant on paraxial propagation and undergoes

auto-focusing as z ! 2k. Numerical investigation of beams of this type shows that they do indeed

exhibit auto-focusing and form-invariance. However, it is not apparent that they possess any

advantage over the standard Pearcey beam with respect to properties discussed in this chapter,

nor do they have any obvious physical significance.

5.8 Discussion

Even from its initial definition, the Pearcey beam is unusual. The Pearcey function is a 2D special

function, which immediately sets it apart from all other paraxial beams, which are themselves

based on 1D special functions. The auto-focusing of the beam is a consequence of this, since

upon propagation, the beam is still described by a Pearcey function, but scales at a different rate
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in the y-direction than in x. The result is an inherent concentration of intensity with propagation

– an auto-focusing.

Mathematically, this is the result of a singularity in the path of the beam. This is analogous to

that of a paraxial Gaussian beam, though the mechanism of auto-focusing has not been studied in

depth in this chapter, and has been deferred to the next, where it sits more comfortably with the

subsequent material. The relation will be expanded further in §6.2 to see how the auto-focusing

of the Pearcey beam is a generalisation of the Gaussian waist.

In §5.4 the auto-focal spot was shown to potentially have a narrow FWHM, at least compared

to a Gaussian of equal spectral width. This was suggested by the pinching of the focus by

superoscillatory regions shown in Fig. 5.7, and initial numerical investigation indicates the

potential for further interesting results. In §6.2, further reason will come to light to suspect an

unusually narrow spot. While the results for the FWHM in this chapter are not rigorous, more

careful investigation is warranted by the remarkable potential payoff.

Analysis has highlighted similarities of the Pearcey beam to three well-known beams of

paraxial optics: Gaussian, Bessel and Airy beams. The definition of the Pearcey function and

its relation to caustics is similar to the Airy function, and, like a Gaussian, it is form-invariant

with a focus caused by a singularity (see §6.2). Moreover, the Pearcey beam’s spatial spectrum

is concentrated on a �-parabola, similar to the �-ring of a Bessel function’s Fourier transform.

Simple superpositions of Pearcey beams would therefore be easily possible because of the small

bright area required on an SLM to form them. The Pearcey beam also exhibits self-healing

properties analogously to Airy and Bessel beams, making it robust to local obstructions and

potentially useful for cell or micro-particle manipulation. The beam’s self-healing, coupled with

its faster-than-Gaussian focusing (see Fig. 5.10), might suit it to e.g. optical ablations of diseased

cells. In passing, it should be noted that since the beam is self-healing and not nondiffracting,

there is compelling reason to decouple the two concepts – self-healing beams are not de facto

nondiffracting (although the converse may be true).

It should also be noted that upon first appearance the Pearcey beam seems to be the same

as that of [Anguiano-Morales et al. 2007a]. However, while it is related, the ‘caustic beam’

arises differently, and will arise as an extension of work in §6.5 (see Fig. 6.9), again highlighting

the generality of the Pearcey function.

In the next chapter, we will see how the Pearcey-Gauss beam simulates all possible aberrations

of a 1 + 1D propagating wavepacket, with the auto-focusing plane simulating perfect, aberration-
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free focusing. Figure 2.4 is a good visual aid for this, where the perfect parabolic mirror

[Fig. 2.4(a)] corresponds to the auto-focal plane, and all other z-planes correspond to varying

degrees of aberration of this perfect focus [Fig. 2.4(b)]. This connection will be made firmer in

the next chapter.





6 | Beam beams

Consider again that dot.

Carl Sagan

6.1 Introduction

The auto-focusing property of the Pearcey beam is not entirely without precedent in modern optics.

In nonlinear optics, self-focusing is a well known phenomenon where changes in the refractive

index of a material, caused by high-intensity electric fields of a laser pulse, result in focusing and

the generation of ultra-intense plasma filaments. The increasing intensity then exacerbates the

effect, until a stable equilibrium is reached with competing dissipative phenomena. A delicate

balance can be achieved that allows pulses to travel distances of kilometres in air [Mlejnek

et al. 1998,Kasparian et al. 2003]. While fascinating, such phenomena lie outside the remit

of this thesis, though interested readers are directed to the introductory text [Strogatz 2000]

or [Couairon & Mysyrowicz 2007] for a review.

A more relevant phenomenon is displayed by circular Airy beams (CABs). Qualitatively,

these behave similarly to the auto-focusing of the Pearcey beam, with an initial intensity profile

that generates a localised, high-intensity spot after a short propagation distance. First reported

in [Efremidis & Christodoulides 2010], and later observed in [Papazoglou et al. 2011],

CABs are based on a radial profile Ai(r0 � r), where r =
p
x2 + y2 and r0 is a constant, forming

consecutive intensity rings. The curve of the the Airy beam upon propagation causes the rings to

contract with increasing z, generating a high intensity spot when the main lobe’s ring contracts

to zero radius.

However, because of the rigid translation of the Airy function, it is easily understood that

while the main lobe’s ring has contracted to a bright peak, the secondary intensity rings are still

167
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extended in the plane. Moreover, there is no singular behaviour in the case of CABs, which,

as is in emphasised in this chapter, is a vital component of the focusing effect displayed by

the Pearcey-Gauss beam. Then, the qualitatively similar behaviour of CABs is mathematically

distinct from the auto-focusing of the Pearcey beam.

There is another paraxial beam that behaves in an way analogous to the Pearcey beam.

In fact, its properties have already been examined in Chapter 1 – the Gaussian beam. In the

following section, the nature of the Pearcey beam’s focusing effect will be examined and shown to

relate to the Gaussian waist. In §6.3, another link between the Gaussian beam and the Pearcey

beam comes to light, since each transverse plane of the Pearcey beam simulates a 1+1D Gaussian

beam with varying degrees of aberration. The concept of ‘beam beams’ is then introduced -

2 + 1D beams that have transverse intensity profiles which themselves mimic 1 + 1D beams!

Section 6.4 expands on the idea of beam beams, introducing a diffraction-free version based on

Mathieu functions, and §6.5 then links those back to the Pearcey beam through phase aberration,

highlighting the generality of the Pearcey beam1 and the unique, important nature of its parabolic

spectrum. The work of the following sections details aspects of related, but incomplete research,

and the current results are connected to numerous aspects of the work from previous sections.

These links are highlighted and suggestions made as to their relevance and position in the wider

story.

6.2 Focusing and auto-focusing

Recall from §1.9 that the 1 + 1D paraxial Gaussian beam is described by the expression

GB(x, y) =
1p

1 + iz/zR
exp

✓
� x2

w2 (1 + iz/zR )

◆
, (6.2.1)

where propagation is in the z-direction, zR = k?w
2/2 is the Rayleigh distance for width w and

k? is the wavevector in the x-z plane so that k2? = k2
x

+ k2
z

, for k
x

, k
z

the spatial frequencies in

the x- and z-planes respectively.

Equation (6.2.1) can be thought of as the field generated from a point source at z = izR, one

imaginary Rayleigh distance from the real z-axis. This was first shown in [Deschamps 1971a]

and developed by [Felsen 1976], while §16.3 of [Siegman 1990] gives an alternative derivation; a
1Figure 5.6 provides a clear visualisation of a beam beam. Although the physical beam propagates in the

Z-direction, each disk simulates a 1 + 1D beam with propagation in the Y -direction. See §6.3 for an explanation
of how the Pearcey beam is linked to the idea of beam beams.
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nonparaxial analysis can even be found in [Couture & Belanger 1981]. In this interpretation,

the waist of the Gaussian beam is caused by proximity to this complex point source. That is,

the waist represents the place in the field most point-like, since it is the place ‘closest’ to the

point source. Imagine for the moment that the complex point source is free to be moved, and the

behaviour of the resulting Gaussian observed. Moving it closer to the real axis ought to generate

a ‘better picture’ of it in the Gaussian beam – i.e. a smaller waist.

This is exactly the case, since the distance of the point source from the real axis defines the

Rayleigh length, zR. Reducing this distance reduces zR, which itself is directly proportional to

the width of the beam, w2. Therefore, smaller zR gives a smaller Gaussian waist.

The interpretation of beams through complex points sources has already been generalised to

some extent. For example, it is shown in the perfunctory work of [Shin & Felsen 1977] that the

Hermite-Gaussian modes arise from complex multipoles, while [Seshadri 2002b] introduces a

virtual source for scalar Bessel-Gauss beams and [Seshadri 2002a] does likewise for Laguerre-

Gauss beams.

The infinite-energy Pearcey beam, including the spatial scalings x0 and y0, is found from the

Fourier transform of Pe(x/x0, y/y0), which is explicitly

fPe(k
x

, k
y

) = x0y0 eik
4
x

x

4
0�
�
k2
x

x20 � k
y

y0
�
, (6.2.2)

where k
x

and k
y

are then the Fourier pairs of x and y respectively. Following the same process as

for §5.3, PeB(x, y, z) takes the form

PeB (x, y, z) =
1

(1� z/ze)
1
4

Pe

 
x/x0

(1� z/ze)
1
4

,
y/y0 � z/2kx20

(1� z/ze)
1
2

!
, (6.2.3)

where ze ⌘ 2ky20 is the auto-focusing plane, and x0, y0 determine the lengthscales in the x-

and y-directions respectively. Where the Gaussian focusing in eq. (6.2.1) is controlled by the

denominator (1 + iz/zR), in eq. (6.2.3) it is the factor of (1 � z/ze) that governs the beam’s

spread. Then, the Gaussian waist corresponds to the case z = 0, while the Pearcey auto-focal

plane occurs as z ! ze, becoming singular in the limit. This can also be interpreted as the

analogous source of the Pearcey beam being real rather than imaginary! Starting at z = 0, the

Pearcey beam propagates towards its ‘source’, concentrating the field i.e. focusing. Section 6.2.1

considers whether the ‘source’ analogy for PeB(x, y, z) is valid.
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Figure 6.1: Schematic of Gaussian and Pearcey beam focusing in the complex z-plane;

the purple dot indicates the position of the Gaussian complex point source, while the

analogous source for the Pearcey beam is indicated by the blue dot. The Gaussian

beam is most tightly focused at z = 0, spreading out as it moves away from this point

along the real z-axis; from z = 0 the Pearcey beam propagates towards its analogous

singularity – a focusing effect.

A schematic of the comparison is given in Fig. 6.1, which shows the complex z-plane. The

purple dot corresponds to the position of the Gaussian complex point source at a distance z = izR,

while the blue dot indicates the analogous ‘source’ of the Pearcey beam at z = 2ky20.

Restoring the scalings to the Pearcey-Gauss beam returns the expression

PeGB(x, y, z) =
GB(x, y, z)

(1� z/ze⇣ )
1
4

Pe

 
x

x0⇣ (1� z/⇣ze)
1
4

,
y � zy0/2kx

2
0

y0⇣ (1� z/⇣ze)
1
2

!
, (6.2.4)

where ⇣ = (1 + iz/zR), the usual Gaussian z-scaling for zR = kw2/2; GB(x, y, z) here is the

2 + 1D Gaussian beam

GB(x, y, z) =
1

1 + iz/zR
exp

✓
� x2 + y2

w2 (1 + iz/zR )

◆
, (6.2.5)

which is simply the product of two 1 + 1D beams of eq. (6.2.1) in the x- and y-directions,
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propagating in z. The singularity of PeGB(x, y, z) occurs when

z = ze⇣

= 2ky20 + 4izy20
�
w2 , (6.2.6)

and solving for z gives the complex position of the singularity, zc

zc =
2ky20

1� 4iy20
�
w2

, (6.2.7)

which returns zc = ze in the limit of w2 ! 1, as expected. Separating eq. (6.2.7) into real and

imaginary parts

zc =
2ky20

1 + 16y40
�
w4

+ i
8ky40w

2

w4 + 16y40
, (6.2.8)

shows that Gaussian modulation has the effect of nudging the offending, unphysical singularity

from the real line into the complex plane. The Pearcey-Gauss beam then only passes by the

singularity, still undergoing the dramatic auto-focusing effect, but without the requirement of

infinite energy. Indeed, for w � y0 – a wide modulating Gaussian function significantly larger

than the Pearcey function – the second term in the denominator of the real part will be negligibly

small. Then, the auto-focal plane of the Pearcey-Gauss beam is approximately in the same place

as that of the infinite-energy Pearcey beam. This has already been confirmed numerically and

experimentally in Chapter 5 [see e.g. Fig. 5.5(d)].

In the case of pure Gaussians, the size of the focal spot is determined by the distance of the

complex point source from the real axis. To allow a meaningful comparison to a Gaussian, make

the assumption that y0 represents the best possible spatial resolution achievable in a given system,

the Rayleigh distance becomes zR = ky20
�
2 . Taking the ratio of this distance to the imaginary

component of eq. (6.2.8) of the Pearcey-Gauss singularity gives

zR
Im(zc)

=
(w4 + 16y40) ky

2
0

�
2

8y40w
2

=
w2

16y20
+

y20
w2

, (6.2.9)

where w in this expression is the width of the Gaussian modulating the Pearcey function, not

the width of the pure Gaussian wavepacket we are comparing against. Equation (6.2.9) can be
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arbitrarily large for w � y0, as we ought to expect since the singularity becomes real in the limit.

However, for values as reasonable as w = 10y0, eq. (6.2.9) gives that the Pearcey-Gauss singularity

as 6.26 times closer to the real axis than the equivalent Gaussian source. The experimental results

of Chapter 5 indicate that values as large as w ⇡ 150y0 are possible, for which eq. (6.2.9) predicts

the singularity of PeGB(x, y, z) would be 1400 times closer to the real axis than a Gaussian point

source.

This rough argument does not prove that the focal spot of the Pearcey-Gauss beam is tighter

than for an equivalent Gaussian. However, coupled with the numerical results of §5.4 which

hinted at a small FWHM, this perhaps provides another reason to further investigate the size of

the Pearcey-Gauss auto-focal spot.

From the results of this section, the focusing of the Pearcey beam can be considered as a

generalisation of the waist of a Gaussian beam, only the position of the analogous ‘source’ is

not necessarily complex. Then, the distinction between focusing, as embodied by a Gaussian

wavepacket and auto-focusing of the Pearcey beam is blurred. Indeed, once Gaussian modulation

of the Pearcey beam is taken into account, the focusing singularity is made complex, and its

separation from the real axis is conceptually little different to that of the Gaussian. Were a

Gaussian to be rephased so as to have converging spherical wavefronts, then it too would undergo

an ‘auto-focusing’ effect, equivalent to translating along the beam length.

It is also important to note the difference of the singularities in both cases. The Gaussian

beam really is a point source, eikr
�
r , translated into the complex plane [Deschamps 1971b].

As such, the singularity is of essential type [Morse & Feshbach 1953]. However, the Pearcey

beam’s singularity exists within an integral representation, and therefore its behaviour is less

clear. Of course, the same focusing effects occur as scalings on the transverse variables. In the

next section, it is shown that, although the nature of the singularity is different for the Pearcey

beam, it is still natural to consider it a ‘source’.

6.2.1 Singular source of the Pearcey beam

Including scalings, the form of the singularity of PeB(x, y, ze) is given by

PeB(x, y, ze) = ei⇡/4
r

⇡

y/y0 � y20
�
x20

exp

 
�i x2

�
x20

4
�
y/y0 � y20

�
x20
�
!
, (6.2.10)
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which is certainly singular when y = y30
�
x20 . Figure 5.4(a) shows the singularity of PeB(x, y, z).

To consider (6.2.10) as a ‘source’ for the Pearcey beam, it must propagate paraxially as a Pearcey

function. Checking this using the angular spectrum method of §1.8.3, the Fourier transform is

found by

gPeB(k
x

, k
y

; ze) =
ei⇡/4

p
⇡

4⇡2

¨
dxdy exp
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x20
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x20
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y

◆�
, (6.2.11)

where the Gaussian integral over x has been performed in the second line [using eq. (1.9.10)]. All

integrals in (6.2.11) are over infinite domains. The final y-integral is a scaled �-function from

(1.3.5), so the Fourier transform can finally be expressed as

gPeB(k
x

, k
y

; ze) = x0y0 e�ik2
x

y

2
0 �(k2

x

x20 � k
y

y0), (6.2.12)

where the prefactor of y0 comes from the scaling properties of �-functions [Griffiths 1998].

The paraxially propagating form is then given by the expression

PeB(x, y, z; ze) = x0y0

¨
dk

x

dk
y

gPeB(k
x

, k
y

; ze) exp
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x
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Then letting k
x

x0 ! s, (6.2.13) becomes

PeB(x, y, z; ze) =

ˆ
ds exp

✓
�i


s4

z

2ky20
+ s2

✓
y

y0
� y20

x20
� z

2kx20

◆
+ s

x

x0

�◆
, (6.2.14)

from which eq. (6.2.10) can be recovered for z = 0. Equation (6.2.14) can be rescaled so as to have

a factor of unity on the quartic term in the exponent, and therefore describes a Pearcey function

propagating paraxially as expected, albeit with redefined cartesian coordinates as compared to

the form of eq. (6.2.3).

It is then reasonable to think of eq. (6.2.10) as a source for the infinite-energy Pearcey beam,

analogous to the complex point source of the Gaussian beam, although the nature of the source
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is different, since (6.2.10) describes a line of infinite intensity with a square root decay in y and

quadratically changing phase in x. In fact, the connection between the Gaussian beam and the

Pearcey function goes even further than this, and in a rather more unexpected direction, as the

next section shows.

6.3 Gaussian beam beams

The singular source of the Pearcey beam, eq. (6.2.10), is functionally identical to the 1 + 1D

paraxial Gaussian beam of eq. (6.2.1), with z and y as corresponding dimensions, with both

variables analytically continued. Neglecting scalings, making the substitutions x ! ei⇡/4x0 and

y ! e�i⇡/2y0 in eq. (6.2.10), returns a Gaussian of the form in (6.2.1).

This connection is highlighted by considering that the �-parabola of the Pearcey beam’s spec-

trum might also be thought of as the energy-momentum relation of a nonrelativistic wavepacket,

i.e. E / p2. Such a wavepacket would propagate according to the Schrödinger equation, and

from §4.8 the link between the Schrödinger and paraxial equations is well understood. The

1+ 1D, paraxially propagating Gaussian beam must display the same relation between its Fourier

components. To wit

gGB(k
x

, k
y

) =
1

4⇡2

¨
dxdy

e�x

2/w2(1+iy/yR)

p
1 + iy/yR

e�ik
x

x�ik
y

y

=
w
p
⇡

4⇡2

ˆ
dy e�ik

y

y�k

2
x

w

2(1+ iy/yR )/4

=
wp
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e�k

2
x

w

2
�

✓
k2
x

w2

4yR
� k

y

◆
, (6.3.1)

similar to (6.2.11), where the transform is of a 1D Gaussian in the x-direction, propagating in the

y-direction, with associated Rayleigh distance yR i.e. a propagating Gaussian in the transverse

plane. So there is indeed a �-parabola relation, and in fact (6.3.1) is again functionally similar to

(6.2.12), up to analytic continuation. This Gaussian wavepacket may be propagated again, using

the angular spectrum method of (1.8.3).

Let us take moment to reiterate the system described. A one-dimensional Gaussian in x,

propagating paraxially in the y-direction, has a 2D Fourier transform with �-parabola dependence.

This spectrum may then be used to paraxially propagate the already propagating (albeit in the

transverse y-direction) 1 + 1D Gaussian into a third dimension – 1 + 1 + 1D beam2! Then, the
2This may be too much of an abuse of notation! The physical beam is 2 + 1D, where the two transverse
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Figure 6.2: The Gaussian beam beam; a 1+1D Gaussian beam in the transverse plane,

paraxially propagated into a third dimension gives rise to a Pearcey-like intensity

distribution; (a) the Gaussian beam in the z = 0 plane; (b) numerical propagation

to z1; (c) z2 and (d) z3, where z1 < z2 < z3 are spaced evenly. The Gaussian

beam becomes an analytically continued Pearcey function; the Pearcey beam can be

interpreted as a ‘Gaussian beam beam’.
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resulting system is a Gaussian beam beam, since each transverse plane is an aberrated 1 + 1D

Gaussian, which is found by

GBB(x, y, z) =

¨
dk

x

dk
y
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Familiar as the reader now is with the Pearcey function, recognise the quartic power in the

exponent of (6.3.2). Propagation of a 1 + 1D Gaussian wavepacket into a third dimension gives

rise to a Pearcey function! Figure 6.2 shows the numerical propagation3 of a 1 + 1D Gaussian

beam into a third dimension. The resulting Pearcey pattern is unmistakable.

This result suggest another interpretation of PeGB(X,Y, Z). The auto-focal plane of the

Pearcey beam is mathematically similar to a paraxially propagating 1 + 1D Gaussian beam,

and upon Gaussian modulation to ensure physicality, even visually resembles a Gaussian beam.

Figure 5.8(a) shows the auto-focal plane of the Pearcey-Gauss beam, while Fig. 6.2(a) shows

a 1 + 1D Gaussian beam, wherein the similarity is evident. Accordingly, the focal plane of the

Pearcey beam simulates perfect focusing, while different z-slices correspond to aberration of that

same perfect focus. This is exactly mirrored by the system of in Fig. 2.4 in §2.1.2, where the

parabolic mirror gave a perfect focus, but its aberration causes the synthesis of a Pearcey function.

Then, the Pearcey beam can be thought to simulates all possible focusing states of a 1 + 1D

nonrelativistic wavepacket in its transverse planes, where the auto-focal plane corresponds to

perfect focusing, while fixing z determines the degree of aberration.

Transverse intensity fields mimicking Gaussian beams have been seen before, e.g. [Lombardo

& Alonso 2011]. In the following section, the idea is examined from a different perspective to

that in this section, and the resulting solutions are found to be propagation invariant Gaussian

beam beams.
dimensions are simulating 1 + 1 dimensions. The final +1 comes from physical propagation in the z-direction.

3The full range of asymptotic mechanisms of §2.2 can be bought to bear to analyse eq. (6.3.2) to obtain closed
form approximations, but such analysis is not carried out here.
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6.4 Diffraction-free Gaussian beam beams

For reasons that will become apparent shortly, consider the Schrödinger equation for a quantum

pendulum for a particle of mass m confined to a circle of radius L. The Hamiltonian is given by

Ĥ = � ~2
2mL2

@2
✓

+mgL cos(✓), (6.4.1)

where ✓ is measured from the positive y-direction [Condon 1928]. Then, the time-independent

Schrödinger equation for eigenfunction '(✓) is

� ~2
2mL2

@2
✓

'(✓) +mgL cos(✓) = E'(✓), (6.4.2)

where E is the energy eigenvalue and '(✓) is periodic such that '(0) = '(2⇡). Equation (6.4.2)

may be rearranged as

0 =
~2

2mL2
@2
✓

'(✓) + [E �mgL cos(✓)]'(✓), (6.4.3)

so that making the substitution �! ✓/2 and rearranging coefficients gives the expression

 00(�) + [↵� 2q cos(2�)] (�) = 0 (6.4.4)

with  (�) = '(✓) and

↵ = 8m2L3g
�
~2 (6.4.5)

since E = mgL is the potential energy and

q = 4m2L3g
�
~2 . (6.4.6)

Equation (6.4.4) is the angular Mathieu equation, which arises from the solution of the 2D

Helmholtz equation, (1.4.3), in elliptic coordinates [Gutiérrez-Vega et al. 2003]. The eigen-

functions of (6.4.4) are the angular Mathieu functions, whose properties are explored in the

accessible [Gutiérrez-Vega et al. 2003], as well as [Wolf 2010] and [McLachlan 1964].

The solutions of eq. (6.4.4) come in two types – Mathieu functions of even order, ce
m

(q;�), and
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odd order, se
m

(q;�) – but this section is concerned primarily with ce
m

(q;�). A full exposition

of Mathieu functions is not given here, since they are notoriously unintuitive, and do not even

adhere to a single notation. In what follows, the notation convention of [Gutiérrez-Vega et al.

2003] is used.

This section defines ‘quantum pendulum beams’ as those with spectra described by the

eigenfunctions of (6.4.4), confined to the circle. The nature of these beams will be addressed

shortly, but first a mechanism of calculation for Mathieu functions is presented.

The even Mathieu functions can be described by their Fourier series representation

ce2n(q;�) =
1X

m=0

A2n
2m(q) cos(2m�) (6.4.7)

where the coefficients A2n
2m(q) are given by recursion relations (see §28.4 of [Wolf 2010]). Explicitly,

these are

aA0 � qA2 = 0

(a� 4)A2 � q(2A0 +A4) = 0

(a� 4m2)A2m � q(A2m�2 +A2m+2) = 0, (6.4.8)

for m = 2, 3, 4, ..., A2m = A2n
2m(✓) and a = a2n(q) is the characteristic coefficient of the even

angular Mathieu function [Gutiérrez-Vega et al. 2003]. The difficulty of calculating of

Mathieu functions – which contributes to their infrequent use – is a consequence of the functional

dependence of their Fourier coefficients on q. In this section it is sufficient to consider only

the ground state of the pendulum, the zeroth-order Mathieu function, ce0(q;�), whose Fourier

coefficients become vanishing small after only a few terms. For the purposes of numerical

investigation, such convergence is sufficient.

The spectrum of an even order quantum pendulum beam is defined by the expression

e⇤2n(q;k) = ce2n(q; ✓/2) �(|k|� k
r

), (6.4.9)

where ⇤2n(q; r) is the even order quantum pendulum beam and k
r

=
q
k2
x

+ k2
y

is the magnitude

of the fixed wavevector. By definition, the spectrum is distributed on a circle and the wavevectors

are fixed and distributed on a cone. The spectrum is then a modified version of that of a Bessel

beam, which has a Fourier transform concentrated on a �-ring. It is then expected that quantum
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pendulum beams will be diffraction-free [Mazilu et al. 2010], and possibly self-healing.

The beam resulting from the spectrum of (6.4.9), ⇤2n(q; r), is given by the Fourier transform

in circular coordinates – i.e. the zeroth-order Hankel transform [Goodman 2005]. Explicitly,

this is expressed

⇤2n(q; r) =

¨ 1

�1
d2k ce2n (q, ✓/2) � (|k|� k

r

) eik·r

=

˛
d✓

ˆ 1

�1
dk k

1X

m=0

A2n
2m(q) cos(m✓) � (|k|� k

r

) eikrcos(��✓)

= k
r

1X

m=0

A2n
2m(q)

˛
d✓ cos(m✓) eikrcos(��✓), (6.4.10)

where � and ✓ are Fourier pairs, as are k and r. Then, making the substitution � � ✓ ! ✓0,

⇤2n(q; r) becomes

) k
r

1X

m=0

A2n
2m(q)

˛
d✓0 cos

⇥
m(�� ✓0)

⇤
eikrrcos(✓

0)

= k
r

1X

m=0

A2n
2m(q)

˛
d✓0

⇥
cos(m�)cos(m✓0) + sin(m�)sin(m✓0)

⇤
eikrrcos(✓

0). (6.4.11)

The integral over sin is antisymmetric about ✓0 = ⇡, and so vanishes. The beam then becomes

) k
r

1X

m=0

A2n
2m(q) cos(m�)

˛
d✓0 cos(m✓0) eikrrcos(✓

0)

= 2k
r

1X

m=0

A2n
2m(q) cos(m�)

ˆ
⇡

0
d✓0 cos(m✓0) eikrrcos(✓

0), (6.4.12)

where, in the second line, a factor of 2 has been included and the limits of the integral reduced to

0  ✓0  ⇡ because the integrand is symmetric about ✓0 = ⇡. The integral over ✓0 is then recognised

as an mth-order Bessel function of the first kind, J
m

(k
r

r), from its integral representation [Olver

& Maximon 2010]

J
n

(z) =
i�n

⇡

ˆ
⇡

0
d� cos(n�) eiz cos(�). (6.4.13)

Finally then, the ground state quantum pendulum beam can be expressed as a sum of Bessel
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Figure 6.3: Spectra of quantum pendulum beams for increasing q; (a) q=1, (b) q=5,

(c) q=15 and (d) q=50. Increasing q corresponds physically to increasing the gravity,

thereby concentrating the spectrum at the bottom of the pendulum.
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functions in the image space as

⇤2n(q; r) =

1X

m=0

2⇡imk
r

A2n
2m(q) cos(m�) J

m

(k
r

r). (6.4.14)

Figure 6.3 shows a examples of several spectra of e⇤0(q;k) for increasing q. In the pendulum

interpretation, low q corresponds to low gravity, and subsequently the particle wavefunction only

loosely confined as in Fig. 6.3(a). For high gravity, it is highly localised on a small arc of the circle,

seen in Fig. 6.3(d). Figure 6.4 shows the beams resulting from the spectra of Fig. 6.3, described

by the first few terms of the sum of (6.4.14). The coefficients A2n
2m(q) become vanishingly small

for m & 8. Fig. 6.4(a) shows the case of low q, where the resulting beam resembles a typical

Bessel beam, as expected from its spectrum. However, for higher q, concentration of the spectrum

to a small arc of the circle is equivalent to approximating the circle with a parabola, as per the

paraxial approximation, (1.5.3). In §6.3 it was shown that a parabolic spectrum is related to

the Gaussian beam, and from Fig. 6.4(d) it is clear that this connection is strengthened here,

the Bessel-like field changing to mimic a 1 + 1D Gaussian distribution in the transverse plane.

Then, quantum pendulum beams become, in a sense, diffraction-free Gaussian beam beams!

The recently published manuscript [Dennis & Ring 2013] explores the motivations of quantum

pendulum beams in more detail.

Section 6.3 showed the relation of Gaussian beam beams to Pearcey beams, while here they

are connected to nondiffracting beams such as Airy and Bessel. Indeed, they interpolate between

Bessel beams and plane waves for 0  q  1. The obvious question arises regarding a self-healing

property, as would be reasonable to expect from a �-based spectrum. Figures 6.5-6.7 show

examples of numerically calculated self-healing for increasing q. Seemingly, self-healing for low q

is comparable to that of Bessel beams, while for higher q, the beams self-heal, but the required

propagation distance is greater. Then the quantum pendulum beam presented here constitutes a

self-healing, nondiffracting Gaussian beam beam.

It is likely that greater deviation of the spectrum from a circle will result in a greater likelihood

of undergoing diffraction after lessening propagation distances. Accordingly, in the regime of

very high q, the spectrum is localised and lacks the uniform distribution about a circle required

for nondiffraction and self-healing. Therfore, greater distance are required to recover from field

perturbations for higher q. Quantum pendulum beams then have a smoothly varying parameter

that controls the strength of their self-healing property, thereby providing an interesting new tool
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Figure 6.4: Quantum pendulum beams for increasing q; (a) q=1, (b) q=5, (c) q=15

and (d) q=50; the low q regime gives a beam very similar to the zeroth order Bessel

beam, while higher q gives rise to intensity patterns reminiscent of 1 + 1D Gaussian

beams in the the transverse plane – Gaussian beam beams.
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Figure 6.5: Self-healing of the ground state quantum pendulum beam with q = 1 – in

the limit of low q, the connection to a Bessel beam is clear. The initial disturbance is

assumed sharp-edged, completely opaque and 2D so as to be confined to the initial

plane.
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Figure 6.6: Self-healing of the ground state quantum pendulum beam with q = 5; the

obstruction is assumed opaque and two-dimensional.
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Figure 6.7: Self-healing of the ground state quantum pendulum beam with q = 100;

the obstruction is assumed opaque and two-dimensional. Self-healing requires a

greater distance in higher q regimes.
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Figure 6.8: Quartic aberration of a Gaussian beam beam, generated from a rephasing

of the quantum pendulum beam spectrum according to that of the Pearcey beam.

The presence of the Pearcey distribution in the resulting beam is unmistakeable,

highlighting its universality.

for the ongoing investigation of self-healing and nondiffraction.

This also suggests that the property of self-healing, observed in both Airy and Bessel beams,

may arise in different ways. The spectra of these beams are qualitatively very different, while

both possessing infinite energy.

6.5 Aberrated Gaussian beam beams

In the previous section, it was shown that increasing q in the ground state quantum pendulum

beam has the effect of concentrating its spectrum to a small arc of the circle. It was also noted

that a small section of a circle is approximately parabolic – evident from eq. (1.8.2) – which is the

essence of the paraxial approximation. Then the results of the previous section are, in a sense,

another manifestation of the paraxial approximation, a circle becoming approximately parabolic

with q a paraxiality parameter.

Moreover, the approximately parabolic �-arc is reminiscent of the Fourier transform of the

Pearcey function. However, the Pearcey spectrum is dependent not only on a �-parabola, but a

quartic phase of eik4x as well. The natural question arises as to whether rephasing the Mathieu

function spectrum of the ground state quantum pendulum beam to be that of the Pearcey function,

will result in a Pearcey-like beam.
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Figure 6.9: Quadratic aberration of a �-ring. This is the ‘caustic beam’ reported

in [Anguiano-Morales et al. 2007a].

This can be investigated numerically by generating the spectrum

U(q;k) = eik
4
x ce0 (50, ✓/2) , (6.5.1)

where ce0 (50, ✓/2) is the zeroth-order Mathieu function of eq. (6.4.7) for q = 50. Figure 6.8(a)

shows the spectrum of (6.5.1), wherein hue corresponds to the phase, which changes quartically.

Brightness corresponds to the intensity, and it is clear that spectrum is concentrated on the lower

arc of the circle.

The resulting beam from this spectrum is determined numerically using the methods discussed

in §1.7, and is shown in Fig. 6.8(b). The presence of the Pearcey distribution in this beam is

unmistakeable, and it is safe to conclude that rephasing of the spectrum in Fourier space is

generating a Pearcey-like beam.

This strengthens the interpretation that the 1 + 1D Gaussian wavepacket is aberrated to the

Pearcey distribution. This aberration can be enacted in Fourier space, and is equivalent to a

rephasing. This ought to be unsurprising, since propagation is only a phase modification in Fourier

space – this is the purpose of the propagator in the angular spectrum method, eq. (1.6.7). Causing

a discrepancy in propagation distance proportional to the quartic power is exactly analogous, yet

again, to the spherical aberration of a parabolic mirror seen in Fig. 2.4.

While we consider phase-modified spectra, the natural question arises as to other phase-
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Figure 6.10: Cubic aberration of a �-ring; the resulting beam appears related to the

elliptic umbilic diffraction catastrophe.

modulations besides quartic. Figure 6.9(a) shows results of rephasing a �-ring with a quadratic

phase, eik2x . The resulting beam shown in Fig. 6.9(b) is the evolute of an ellipse (see §1.3 of [Poston

& Stewart 1997]) and is precisely the ‘caustic beam’ reported in [Anguiano-Morales et al.

2007a].

Cubic aberration of a �-ring is shown in Fig. 6.10. The arising beam is evidently related to the

elliptic umbilic diffraction catastrophe, eq. (5.7.2) [Berry & Howls 2010]. Quintic aberration,

shown in Fig. 6.11, is related to the swallowtail diffraction catastrophe, eq. (5.7.1). Then, there

exists a strong connection between the catastrophe integrals and aberration by phase modification.

This is remarkable because it yet again highlights a situation wherein the diffraction catastrophes –

the patterns decorating ray caustics – arise in a modern optical system. The swallowtail spectrum,

the Fourier transform of eq. (5.7.1) for fixed z, is a quintic-based phase modulation of a �-parabola

fSw(⇠, ⌘) = exp
�
i⇠5 + iz⇠3

�
�(⇠2 � ⌘), (6.5.2)

so its occurrence here is understandable and equivalent to the Fourier transform of its z = 0 plane.

However, that of the elliptic umbilic catastrophe has a uniform amplitude similar to the Airy

function, eq. (3.2.4), and was found explicitly in eq. (5.7.8). Its appearance from the modification

of a �-ring here is more unusual.

Further investigation may well yield a more concrete connection between the other diffraction

catastrophes and differing orders of ‘aberration’. Given that they are defined as integrals over
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Figure 6.11: Quintic aberration of a �-ring; the resulting beam appears related to the

swallowtail diffraction catastrophe.

phases, such a connection might be obtainable from the Fourier transforms of the aberrated

spectra.

6.6 Discussion

This chapter has introduced several concepts that tie into the themes throughout this thesis.

Beam beams, with quantum pendulum beams included, constitute a firm stepping stone between

propagation invariant beams such as Airy and Bessel beams, and the Pearcey function in its

interpretation as a Gaussian beam beam. Modification of parabolic spectra leads again to the

Pearcey beam, highlighting once more the universal nature of that special – in all senses of

the word – function and its connection to aberration. There even exists a connection between

quantum pendula and the Talbot effect, as discussed in [Leibscher & Schmidt 2009], where

the time dynamics of superpositions of quantum pendulum eigenfunctions are discussed with a

view to quantum revival (see Figs. 2 and 6 therein).

Note that q, the strength of gravity parameter in the quantum pendulum system, is a

paraxiality parameter similar to � of Chapter 4. Large q concentrates the eigenfunction to a

small arc of the circle, which is then approximately a parabola. This is the essence of the paraxial

approximation, since the 2D Helmholtz propagator [see eq. (1.6.7)] gives k
x

and k
z

on the circle of

radius k. Expansion of the square root of k
z

, [see (1.8.2)], is then equivalent to the approximation

of that circle with a parabola.
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The continuous interpolation of the ground state quantum pendulum beam between circular

spectrum and parabolic, complements the post-paraxial approximation of Chapter 4, where

the circular Helmholtz spectrum was approximated by a 4th-order hyperbola, investigating the

transitionary regime of post-paraxiality. The nondiffraction of the low q beams becoming more

susceptible to diffraction echoes the regularisation of the ideal Airy function in Chapter 3, while

in the high q regime, quantum pendulum beams become transverse Gaussians wavepackets,

analogous to the auto-focal plane of the Pearcey-Gauss beam in Chapter 5. Then, the work here

serves as a reminder of the various topics touched upon in previous chapters.

In §6.2, the auto-focusing of Pearcey beams was shown to be an extension of the Gaussian

waist, generalising the complex-point-source interpretation to real sources, albeit not of a point-like

nature. Gaussian modulation of the Pearcey function was shown to nudge the real line-source

into the complex plane [as per eq. (6.2.8)], circumventing the troublesome singularity, and

strengthening the connection to the Gaussian focus. However, eq. (6.2.9) indicates that the

position of the Pearcey line source can be far closer to the real axis than the point source of a

comparable Gaussian. This result, coupled with the narrow FWHMs of §5.4 provides compelling

reason for further experimental investigation of the Pearcey-Gauss beam’s auto-focal plane with

a view to generation of small intensity spots required for superresolution imaging.

Chapter 5 introduced a new paraxial beam, a natural extrapolation of the Airy beam, which

itself has been readily adopted in modern optics. Its unusual properties perhaps suit it to a

range of practical applications, and at least warrant a more serious experimental investigation to

discover its limitations. Moreover, the Pearcey-Gauss beam simulates all possible aberrations of

a 1 + 1D paraxial/Schrödinger wavepacket with the auto-focal plane corresponding to perfect

focusing and z determining the degree of aberration. This mimics the simple system of Fig. 2.4.

The Pearcey function naturally arises in Chapter 4, where investigation unearthed a funda-

mental link between aberration and nonparaxiality, embodied by the replacement of a perfect

focus with a cusp-like intensity distribution. Subtly, the link is not direct, but rather produces

an incomplete version of the Pearcey function. The considerations discussed may be important

in recently investigated plasmonic systems, where pertinent lengthscales are of the order of

many wavelengths. Alternatively, the relativistic interpretation of §4.8, where the generality of

phenomenon was highlighted by exposing the same effect in an idealised quantum system, might

find application in relativistic wavepacket revivals in graphene.

The incomplete Pearcey function of Chapter 4 has a counterpart in Chapter 3, where the



6.7 Final remarks 191

unphysical, ideal Airy beam was regularised by the sharp truncation of its spectrum, generating

the incomplete Airy function and a mathematically tractable description of a finite-energy beam.

Asymptotic interpretation of the incomplete Airy beam allowed for explicit expressions linking

the spectral cutoff to the extent of its main lobe and the region of Airy-like behaviour. The same

expressions also loosely approximate the dynamics of other, less severe truncations, such as the

Gaussian modulation of a cubic phase.

6.7 Final remarks

From the contented perspective of the final few paragraphs, the reader is invited to flick back –

or indeed scroll, you technophile – through the still pristine pages of this thesis. I hope that this

might spark recollections of the many sections, similarities, connections and overlaps throughout

this work.

From the vantage point of catastrophe theory, and armed with asymptotic techniques, different

facets of the field of modern optics have been examined. One chapter back, the Pearcey beam

might now look more like an aberrated Gaussian beam beam and – back again – the perfect

self-images of the paraxial Talbot effect likely resemble an auto-focal plane. No doubt, the

incomplete Airy function of the preceding chapter must certainly now appear the simpler cousin

of the incomplete Pearcey.

Back further, and the reader will find an exposition of the mathematical mechanisms under-

pinning this whole investigation – catastrophes, propagators and Fourier transforms – some of

which are older and better established than others, but all having had a profound impact on the

field of optics.

The weary reader will be forgiven for passing over, with a brief glance, the simplest system

described in these pages – the aberrated parabolic mirror of Fig. 2.4. However, this unassuming

set-up echoes in almost every system that follows, its apparent simplicity belying its inherent

depth. Back then, finally, to the first few paragraphs, where there is sketched a perfunctory

account of the long and revolutionary history of optics, of which, these words are only the smallest

part.
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A | Analytics of the Pearcey-Gauss

beam

A.1 The Pearcey-Gauss beam

The analytic form of the Pearcey-Gauss beam, PeGB(X,Y, Z), can be calculated using the angular

spectrum method (ASM), but the spectrum, gPeG(⇠, ⌘) of eq. (5.3.2), does not lend itself to this

approach. Rather, it is easier to use the Huygens-Fresnel integral [Siegman 1990] as follows. We

must then solve

PeGB(X,Y, Z) =
1

2⇡iZ

¨ 1

�1
dX 0dY 0 PeG(X 0, Y 0) exp

✓
i

2Z

⇥
(X �X 0)2 + (Y � Y 0)2

⇤◆
.

(A.1.1)

Substituting eq. (5.3.1) for PeG(X 0, Y 0), we consider the X 0-integral first

)
ˆ 1

�1
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iX 0s� X 02

W 2
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X 02 +
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(Zs�X) +

X2

⇣

�◆
(A.1.2)

194



A.1 The Pearcey-Gauss beam 195

where s is the integration variable of the Pearcey function and I have set ⇣ ⌘ 1 + 2iZ/W 2 for

compactness. Then, by completing the square and we find
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The integral over Y 0 is identical except that s is replaced by s2, so it takes the value
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Combining (A.1.3) and (A.1.4) with the other components from (A.1.1) gives

PeGB(X,Y, Z) =
1
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Finally, rescaling the integration variable as

s

✓
1� Z

2⇣

◆ 1
4

! t, (A.1.6)

gives the propagating Pearcey-Gauss beam

PeGB(X,Y, Z) =
G(X,Y, Z)
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where G(X,Y, Z) is the usual Gaussian beam

G(X,Y, Z) =
1

⇣
exp

✓
�X2 + Y 2

W 2⇣

◆

with

⇣ ⌘ 1 + 2iZ/W 2. (A.1.8)
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A.2 Focal shape in X

At the auto-focusing plane, the intensity of the Pearcey-Gauss beam across the focal spot as a

slice in X can be found by setting Z = Ze and Y = 1 in eq. (5.3.3) to give
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exp

⇥
�(X2 + 1)/W 2⇣e

⇤

⇣e (1� 1/⇣e)
1
4

ˆ 1

�1
ds exp

"
i

 
s4 + s

X

⇣e (1� 1/⇣e)
1
4

!#

=
exp

⇥
�(X2 + 1)/W 2⇣e

⇤

⇣
3
4
e (⇣e � 1)

1
4

ˆ 1

�1
ds exp

2

4i

0

@s4 + s
X

⇣
3
4
e (⇣e � 1)

1
4

1

A

3

5

=
exp

⇥
�(X2 + 1)/W 2⇣e

⇤

⇣
3
4
e

s
W

2
p
i

ˆ 1

�1
ds exp

"
i

 
s4 + s

(s
W

2
p
i

X

⇣
3
4
e

)!#
.

(A.2.1)

where ⇣e ⌘ 1+ 4i/W 2. Then, rotate the contour such that s ! ei⇡/8t, and write the term in curly

brackets as {...} ! x. The integral then becomes
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where the exponential has been expanded out in the second line, then the sum and the integral

commuted. In expectation of a later step, break the integral into two parts
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where t ! t0 in the second line. Now, recall the definition of the �-function as

�(z) ⌘
ˆ 1

0
dr e�r rz�1. (A.2.4)
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and substituting (A.2.3) in to (A.2.2) and letting t4 ! r, the expression becomes
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The odd n-terms of (A.2.5) are all identically zero from the factor of (�1)n in the square brackets.

Considering only the terms in x4n at first
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since, by eq. 5.5.1 of §5.5(i) of [Askey & Roy 2010]

�(z + 1) = z�(z). (A.2.7)

The series may then be described as a hypergeometric function 0F2(; 1/2, 3/2;x
4/256), so that

the terms in x4n of (A.2.5) are given by
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The rest of the terms of (A.2.5), in x2m for m odd, are
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by eq. (A.2.7). Factoring out the � function, the remaining terms of (A.2.5) are given by another

hypergeometric expression
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Equation (A.2.5) is then given by the sum
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Restoring the scalings on x, and including the prefactors of (A.2.1), returns the expression given

in eq. (5.4.3),
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A.3 Focal shape in Y

The Pearcey-Gauss beam’s intensity along the X-axis has a closed form expression. Setting Z = 2

and X = 0 in eq. (5.3.3) gives
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where ⇣e ⌘ 1 + 4i/W 2. Then, rotating the integration contour so that e�i⇡/8s ! t, and writing

(Y � 1) ! ⌘, gives
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Then, rescaling the integral as

t ! r
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gives
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which is symmetric in r, so the integral can be limited between zero and infinity and multiplied

by 2. The final substitution

r ! e�i⇡/4 sinh
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gives
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Simplifying using

sinh4 x+ sinh2 x =
1
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gives
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Finally, employing the definition of the modified Bessel function
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gives the expression for the shape of the Pearcey-Gauss focal spot in the Y -direction
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